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Îáîáùåííûå ëèíåéíûå ìîäåëè

Îïðåäåëåíèå (Ýêñïîíåíöèàëüíîå ñåìåéñòâî
ðàñïðåäåëåíèé)

f (y |θ, φ) = exp

(
yθ − b(θ)

a(φ)
+ c(y , θ)

)
θ - ïàðàìåòð ñäâèãà, φ - ïàðàìåòð ìàñøòàáà.

Ïðèìåð (Íîðìàëüíîå ðàñïðåäåëåíèå)

f (y |θ, φ) =
1√
2πσ

exp

(
−(y − µ)2

2σ2

)
=

= exp

(
yµ− µ2/2

σ2
− 1

2

(
y2

σ2
+ log(2πσ2)

))
θ = µ, φ = σ2, a(φ) = φ, b(θ) = θ2/2 è
c(y , φ) = −(y2/φ+ log(2πφ))/2

2/31



Îáîáùåííûå ëèíåéíûå ìîäåëè

Ïðèìåð (Ðàñïðåäåëåíèå Ïóàññîíà)

f (y |θ, φ) =
e−µµy

y !
= exp(ylogµ− µ− logy !)

θ = log(µ), φ = 1, a(φ) = 1, b(θ) = exp(θ) è c(y , φ) = −logy !

Ïðèìåð (Áèíîìèàëüíîå ðàñïðåäåëåíèå)

f (y |θ, φ) =

(
n

k

)
µy (1− µ)n−u =

= exp(ylog
µ

1− µ
+ nlog(1− µ) + log

(
n

k

)
)

θ = log( µ
1−µ), a(φ) = 1, b(θ) = −nlog(1− µ) è c(y , φ) = log

(n
k

)
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Îáîáùåííûå ëèíåéíûå ìîäåëè

Îïðåäåëåíèå (Link function)

η = β0 + β1x1 + . . .+ βpxp = xTβ

Ïóñòü EY = µ. Òîãäà
η = g(µ)

ôóíêöèÿ g íàçûâàåòñÿ link function.
Link function íàçûâàåòñÿ êàíîíè÷åñêîé, åñëè

g(µ) = θ

Îñíîâíàÿ èäåÿ link function - ñîïîñòàâèòü ñðåäíåå çíà÷åíèå y è
ëèíåéíûé ïðåäèêòîð.

Ïðèìåð (Êàíîíè÷åñêèå link functions)
Íîðìàëüíîå ðàñïðåäåëåíèå: η = µ
Ðàñïðåäåëåíèå Ïóàññîíà: η = logµ
Áèíîìèàëüíîå ðàñïðåäåëåíèå: η = log(µ/(1− µ))
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Îáîáùåííûå ëèíåéíûå ìîäåëè

Èñïîëüçîâàíèå â R

> library(faraway) #äëÿ ïîëó÷åíèÿ äàòàñåòà
> glm1<-glm(Species~Area+Elevation+Nearest+Scruz+Adjacent,
data=gala,family=gaussian)
Call: glm(formula = Species ~ Area + Elevation + Nearest +

Scruz + Adjacent, family = gaussian, data = gala)
Coefficients:
(Intercept) Area Elevation Nearest

7.068221 -0.023938 0.319465 0.009144
Scruz Adjacent

-0.240524 -0.074805
Degrees of Freedom: 29 Total (i.e. Null); 24 Residual
Null Deviance: 381100
Residual Deviance: 89230 AIC: 339.1
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Deviance statistic

Îïðåäåëåíèå (Deviance)
Åñëè l(y , φ|y) - ëîãàðèôì ôóíêöèè ïðàâäîïîäîáèÿ äëÿ
"ïîëíîé"ìîäåëè(êîòîðàÿ ïðåäñêàçûâàåò çíà÷åíèÿ âûáîðêè
òî÷íî), à l(µ̂, φ|y) - ëîãàðèôì ôóíêöèè ïðàâäîïîäîáèÿ äëÿ
èñïîëüçóåìîé, òî deviance áóäåì íàçûâàòü:

D(y , µ̂) = 2(l(y , φ|y)− l(µ̂, φ|y))

Null deviance - deviance äëÿ "íóëåâîé"ìîäåëè(êîòîðàÿ
ïðåäñòàâëÿåò ñîáîé òîëüêî intercept)
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Áèíîìèàëüíàÿ(ëîãèñòè÷åñêàÿ) ðåãðåññèÿ

Îïðåäåëåíèå

P(Yi = yi ) =

(
ni
yi

)
pyii (1− pi )

ni−yi

Link function:
ηi = g(pi ), 0 ≤ g−1(η) ≤ 1

Îáû÷íî âûáèðàþò îäíó èç 3:
1) Logit: η = log(p/(1− p))
2) Probit: η = Φ−1(p), ãäå Φ - ôóíêöèÿ íîðìàëüíîãî
ðàñïðåäåëåíèÿ
3) Complementary log-log: η = log(−log(1− p))
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Áèíîìèàëüíàÿ(ëîãèñòè÷åñêàÿ) ðåãðåññèÿ

Èñïîëüçîâàíèå â R

> (logitmod <- glm(cbind(damage,6-damage) ~ temp,
family=binomial, orings))
Coefficients:
(Intercept) temp

11.6630 -0.2162
Degrees of Freedom: 22 Total (i.e. Null); 21 Residual
Null Deviance: 38.9
Residual Deviance: 16.91 AIC: 33.67

> (logitmod<-glm(damage/6~temp,family=binomial, orings))
Coefficients:
(Intercept) temp

11.6630 -0.2162
Degrees of Freedom: 22 Total (i.e. Null); 21 Residual
Null Deviance: 6.483
Residual Deviance: 2.819 AIC: 8.058
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Áèíîìèàëüíàÿ(ëîãèñòè÷åñêàÿ) ðåãðåññèÿ

Èñïîëüçîâàíèå â R

> (probitmod <- glm(cbind(damage,6-damage) ~ temp,
family=binomial(link=probit), orings))
Coefficients:
(Intercept) temp

5.5915 -0.1058
Degrees of Freedom: 22 Total (i.e. Null); 21 Residual
Null Deviance: 38.9
Residual Deviance: 18.13 AIC: 34.89

> plot (damage/6 ~ temp, orings, xlim=c(25,85),lwd=4
ylim=c(0,1),xlab="Temperature", ylab="Prob of damage")
> x <- seq(25,85,1)
> lines(x,ilogit(11.6630-0.2162*x),lwd=2)
> lines(x, pnorm(5.5915-0.1058*x), lty=2,lwd=2)
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Áèíîìèàëüíàÿ(ëîãèñòè÷åñêàÿ) ðåãðåññèÿ
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Îöåíêà êà÷åñòâà áèíîìèàëüíîé ðåãðåññèè

Îïðåäåëåíèå

D ∼ χ2(n − l)

ãäå n - êîëè÷åñòâî íàáëþäåíèé, l - êîëè÷åñòâî ïðåäèêòîðîâ

Èñïîëüçîâàíèå â R

# äëÿ ìîäåëè áèíîìèàëüíîé ðåãðåññèè
> pchisq(deviance(logitmod),df.residual(logitmod),lower=F)
[1] 0.7164099
# äëÿ "íóëåâîé" ìîäåëè
> pchisq(38.9,22,lower=F)
[1] 0.01448877
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Îöåíêà êà÷åñòâà áèíîìèàëüíîé ðåãðåññèè

Îïðåäåëåíèå (Àíàëîã ñòàòèñòèêè R2)

R2 =
1− exp((D − Dnull)/n)

1− exp(−Dnull/n)

n - îáùåå êîëè÷åñòâî íàáëþäåíèé

Èñïîëüçîâàíèå â R

> modl<-glm(cbind(dead,alive)~conc,family=binomial,bliss)
> (1-exp((modl$dev-modl$null)/150))/(1-exp(-modl$null/150))
[1] 0.9953178
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Ñðàâíåíèå link function áèíîìèàëüíîé ðåãðåññè

Èñïîëüçîâàíèå â R

> modl<glm(cbind(dead,alive)~conc,family=binomial,
data=bliss)
> modp<glm(cbind(dead,alive)~conc,
family=binomial(link=probit),data=bliss)
> modc<-glm(cbind(dead,alive)~conc,
family=binomial(link=cloglog),data=bliss)
> x<-seq(-2,8,0.2)
> pl<-ilogit(modl$coef[1]+modl$coef[2]*x)
> pp<-pnorm(modl$coef[1]+modl$coef[2]*x)
> pc<-1-exp(-exp(modl$coef[1]+modl$coef[2]*x))
> plot(x,pl,type="l",ylab="Probability",xlab="Dose",lwd=2)
> lines(x,pp,lty=2,lwd=2)
> lines(x,pc,lty=6,lwd=2)
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Ñðàâíåíèå link function áèíîìèàëüíîé ðåãðåññèè
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Ïðîáëåìà ñõîäèìîñòè â áèíîìèàëüíîé ðåãðåññèè

Èñïîëüçîâàíèå â R

> modl<-glm(orientation~estrogen+androgen,hormone,
family=binomial)
Warning messages:
1: glm.fit: algorithm did not converge
2: glm.fit: fitted probabilities numerically 0 or 1
occurred
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Ïðîáëåìà ñõîäèìîñòè â áèíîìèàëüíîé ðåãðåññèè

Èñïîëüçîâàíèå â R

> summary(modl)
Deviance Residuals:

Min 1Q Median 3Q Max
-2.759e-05 -2.100e-08 -2.100e-08 2.100e-08 3.380e-05
Coefficients:

Estimate Std. Error z value Pr(>|z|)
(Intercept) -84.49 136095.03 -0.001 1.000
estrogen -90.22 75910.98 -0.001 0.999
androgen 100.91 92755.62 0.001 0.999
(Dispersion parameter for binomial family taken to be 1)

Null deviance: 3.5426e+01 on 25 degrees of freedom
Residual deviance: 2.3229e-09 on 23 degrees of freedom
AIC: 6
Number of Fisher Scoring iterations: 25
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Ïðîáëåìà ñõîäèìîñòè â áèíîìèàëüíîé ðåãðåññèè

Èñïîëüçîâàíèå â R

> plot(estrogen~androgen,data=hormone,
pch=as.character(orientation))
> abline(-84.5/90.2,100.9/90.2)
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Ïóàññîíîâñêàÿ ðåãðåññèÿ

Îïðåäåëåíèå

P(Y = y) =
e−µµy

y !

Ïðè÷èíû ïîÿâëåíèÿ ðàñïðåäåëåíèÿ Ïóàññîíà:
1) Âåðîÿòíîñòü óñïåõà ìàëà, à ÷èñëî ñëó÷àåâ äîñòàòî÷íî
áîëüøîå. Íàïðèìåð, íàëè÷èå ðåäêîé ôîðìû ðàêà.
2) Âåðîÿòíîñòü ñîáûòèÿ íà íåêîòîðîì èíòåðâàëå âðåìåíè
ïðîïîðöèîíàëüíà åãî ðàçìåðó è íå çàâèñèò îò ïîÿâëåíèÿ
äðóãèõ ñîáûòèé. Íàïðèìåð, êîëè÷åñòâî òåëåôîííûõ çâîíêîâ.
3) Âðåìåíà ìåæäó ñîáûòèÿìè íåçàâèñèìû è ýêñïîíåíöèàëüíî
ðàñïðåäåëåíû. Ãëàâíîå îòëè÷èå îò áèíîìèàëüíîãî
ðàñïðåäåëåíèÿ - ÷èñëî óñïåõîâ íå îãðàíè÷åíî.
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Ïóàññîíîâñêàÿ ðåãðåññèÿ

Èñïîëüçîâàíèå â R

> modp<-glm(Species~Area+Elevation+Nearest+Scruz+
Adjacent,family=poisson,gala)
> summary(modp)
Coefficients:

Estimate Std. Error z value Pr(>|z|)
(Intercept) 3.155e+00 5.175e-02 60.963 < 2e-16 ***
Area -5.799e-04 2.627e-05 -22.074 < 2e-16 ***
Elevation 3.541e-03 8.741e-05 40.507 < 2e-16 ***
Nearest 8.826e-03 1.821e-03 4.846 1.26e-06 ***
Scruz -5.709e-03 6.256e-04 -9.126 < 2e-16 ***
Adjacent -6.630e-04 2.933e-05 -22.608 < 2e-16 ***
Signif.codes:0`***'0.001`**'0.01`*'0.05`.'0.1` '1
(Dispersion parameter for poisson family taken to be 1)

Null deviance: 3510.73 on 29 degrees of freedom
Residual deviance: 716.85 on 24 degrees of freedom
AIC: 889.68
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Íåïàðàìåòðè÷åñêàÿ ðåãðåññèÿ

Îïðåäåëåíèå

f̂λ(x) =
1

nλ

n∑
j=1

K

(
x − xj
λ

)
Yj =

1

n

n∑
j=1

wjYj

ãäå wj = K
(
x−xj
λ

)
/λ è

∫
K (x)dx = 1. Ôóíêöèÿ K íàçûâàåòñÿ

ÿäðîì ðåãðåññèè.

Îïðåäåëåíèå (Îöåíêà Nadaraya-Watson)

fλ(x) =

∑n
j=1 wjYj∑n
j=1 wj

20/31



Íåïàðàìåòðè÷åñêàÿ ðåãðåññèÿ

Èñïîëüçîâàíèå â R

> plot(waiting~eruptions,faithful,main="bandwidth=0.1")
> lines(ksmooth(faithful$eruptions,faithful$waiting,
"normal",0.1),lwd=2)
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Íåïàðàìåòðè÷åñêàÿ ðåãðåññèÿ

Èñïîëüçîâàíèå â R

> plot(waiting~eruptions,faithful,main="bandwidth=0.5")
> lines(ksmooth(faithful$eruptions,faithful$waiting,
"normal",0.5),lwd=2)
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Íåïàðàìåòðè÷åñêàÿ ðåãðåññèÿ

Èñïîëüçîâàíèå â R

> plot(waiting~eruptions,faithful,main="bandwidth=2")
> lines(ksmooth(faithful$eruptions,faithful$waiting,
"normal",2),lwd=2)
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Àääèòèâíûå ìîäåëè

Îïðåäåëåíèå

y = β0 +

p∑
j=1

fj(Xj) + ε

ãäå fj - ñãëàæèâàþùèå ôóíêöèè.

Îïðåäåëåíèå (Back�tting algorithm)
1) β0 = y è fj = 0
Ïîâòîðÿòü äî ñõîäèìîñòè:
2) fj = S(xj , y − β(0)−

∑
k 6=j fk)

ãäå S - êàêàÿ-íèáóäü ñãëàæèâàþùàÿ ôóíêöèÿ.
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Àääèòèâíûå ìîäåëè

Èñïîëüçîâàíèå â R

> amgam<-gam(O3~lo(temp)+lo(ibh)+lo(ibt),data=ozone)
> summary(amgam)
Deviance Residuals:

Min 1Q Median 3Q Max
-13.1146 -2.3624 -0.2092 2.1732 12.4447
(Dispersion Parameter for gaussian family taken to be 18.6638)

Null Deviance: 21115.41 on 329 degrees of freedom
Residual Deviance: 5935.096 on 318.0005 degrees of freedom
AIC: 1916.049
Number of Local Scoring Iterations: 2
DF for Terms and F-values for Nonparametric Effects

Df Npar Df Npar F Pr(F)
(Intercept) 1
lo(temp) 1 2.5 7.4550 0.0002456 ***
lo(ibh) 1 2.9 7.6205 8.243e-05 ***
lo(ibt) 1 2.7 7.8434 9.917e-05 ***
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Àääèòèâíûå ìîäåëè

Èñïîëüçîâàíèå â R

> plot(amgam,residuals=T,se=T,pch="*")
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Ðåãóëÿðèçàöèÿ

Îïðåäåëåíèå (Ðèäæ ðåãðåññèÿ)

J(θ) =
1

2
(y − f (Xθ))T (y − f (Xθ)) +

λ

2
||θ||L2

Îïðåäåëåíèå (Ëàññî ðåãðåññèÿ)

J(θ) =
1

2
(y − f (Xθ))T (y − f (Xθ)) +

λ

2
||θ||L1
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Ðåãóëÿðèçàöèÿ

Èñïîëüçîâàíèå â R

> library(penalized)
> data(nki70)
> lmr1 <- penalized(ER~DIAPH3+NUSAP1,data=nki70,lambda1=1)
# nonzero coefficients: 2
> lmr2 <- penalized(ER~DIAPH3+NUSAP1,data=nki70,lambda2=1)
> coefficients(lmr1)
(Intercept) DIAPH3

1.457045 -1.587166
> coefficients(lmr2)
(Intercept) DIAPH3 NUSAP1
1.4475712 -1.2150576 -0.2340205
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Èçìåíåíèå êîýôôèöèåíòîâ â ëàññî ðåãðåññèè

Èñïîëüçîâàíèå â R

lmr1 <- penalized(ER~DIAPH3+NUSAP1, data=nki70,
lambda1=0,step=50)
plotpath(lmr1,lwd=2)
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Ïîäáîð îïòèìàëüíîãî ïàðàìåòðà λ1

Èñïîëüçîâàíèå â R

> profL1(ER~DIAPH3+NUSAP1, data=nki70,plot=T,trace=F)
> optL1(ER~DIAPH3+NUSAP1, data=nki70,trace=F)$lambda
[1] 0.5486795
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Ïîäáîð îïòèìàëüíîãî ïàðàìåòðà λ2

Èñïîëüçîâàíèå â R

> profL2(ER~DIAPH3+NUSAP1,data=nki70,minlambda=0.01,
maxlambda=5,plot=T,trace=F)
> optL2(ER~DIAPH3+NUSAP1, data=nki70,trace=F)$lambda
[1] 0.6114319

31/31


