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Ñëó÷àéíûå âûáîðêè

Îïðåäåëåíèå

Ñëó÷àéíàÿ âûáîðêà ðàçìåðà n, îòâå÷àþùàÿ ñëó÷àéíîé

âåëè÷èíå X ñ ôóíêöèåé ðàñïðåäåëåíèÿ F (x) - íàáîð n
íåçàâèñèìûõ ñëó÷àéíûõ âåëè÷èí X1, . . . ,Xn, èìåþùèõ

ôóíêöèþ ðàñïðåäåëåíèÿ F (x).

Îïðåäåëåíèå

Ñòàòèñòèêà - ôóíêöèÿ ñëó÷àéíîé âûáîðêè.
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Ýìïèðè÷åñêàÿ ôóíêöèÿ ðàñïðåäåëåíèÿ

Îïðåäåëåíèå

Ýìïèðè÷åñêàÿ ôóíêöèÿ ðàñïðåäåëåíèÿ:

Fn(x) =
1

n

n∑
l=1

1(−∞,x)(Xl)

Òåîðåìà (Ãëèâåíêî)

supx∈R |Fn(x)− F (x)| −−−→
n→∞

0 ñ âåðîÿòíîñòüþ 1

Èñïîëüçîâàíèå â R

> set.seed(1);x <- rnorm(1000)

> ecdfx <- ecdf(x)

> plot(ecdfx)
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Ãèñòîãðàììà

Îïðåäåëåíèå

Ýìïèðè÷åñêàÿ ïëîòíîñòü ðàñïðåäåëåíèÿ(ãèñòîãðàììà):

fn,h(x) =
1

nh

n∑
l=1

1(xh,xh+h)(Xl)

ãäå xh = [x/h]h

Òåîðåìà

Åñëè n→∞, h→ 0, nh→∞, òî ∀x , òàêèõ, ÷òî f (x) -
íåïðåðûâíà, fn,h(x)→ f (x) ïî âåðîÿòíîñòè.

Èñïîëüçîâàíèå â R

> h <- hist(x)
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Îöåíêè ïàðàìåòðîâ ðàñïðåäåëåíèÿ

Îïðåäåëåíèå (Âûáîðî÷íîå ñðåäíåå)

X n =
1

n

n∑
l=1

Xl

Îïðåäåëåíèå (Âûáîðî÷íàÿ äèñïåðñèÿ)

S2
n =

1

n − 1

n∑
l=1

(Xl − X n)2

Èñïîëüçîâàíèå â R

> m <- mean(x)

> v <- var(x)
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Êîýôôèöèåíò êîððåëÿöèè

Îïðåäåëåíèå (Âûáîðî÷íûé êîýôôèöèåíò êîððåëÿöèè)

Rn =

∑n
l=1 (Xl − X )(Yl − Y )√

S2
n (X )S2

n (Y )

Èñïîëüçîâàíèå â R

> corx <- cor(x)
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Äîâåðèòåëüíûå èíòåðâàëû

Îïðåäåëåíèå (Äîâåðèòåëüíûé èíòåðâàë)

Èíòåðâàë (θ(X1, . . . ,Xn), θ(X1, . . . ,Xn)) íàçûâàåòñÿ
äîâåðèòåëüíûì äëÿ ïàðàìåòðà θ ñ óðîâíåì çíà÷èìîñòè α, åñëè

P(θ(X1, . . . ,Xn) < θ < θ(X1, . . . ,Xn)) ≥ 1− α
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Äîâåðèòåëüíûå èíòåðâàëû

Ïðèìåð

Ëåãêî ïîêàçàòü, ÷òî äëÿ âûáîðêè èç íîðìàëüíîãî

ðàñïðåäåëåíèÿ N(θ, σ2)

√
n · X n − θ

σ
∼ N(0, 1)

Òàêèì îáðàçîì, äîâåðèòåëüíûé èíòåðâàë äëÿ ïàðàìåòðà θ
áóäåò

(X n −
z1−α

2
σ

√
n

,X n +
z1−α

2
σ

√
n

)

8/15



Ïðîâåðêà ñòàòèñòè÷åñêèõ ãèïîòåç

Îïðåäåëåíèå

X1, . . . ,Xn ∼ F (x , θ), θ ∈ Θ = Θ0 ∪Θ1, Θ0 ∩Θ1 = ∅
Íóëåâàÿ ãèïîòåçà H0: θ ∈ Θ0

Àëüòåðíàòèâíàÿ ãèïîòåçà H1: θ ∈ Θ1

Ñòàòèñòè÷åñêèé êðèòåðèé - ïðàâèëî, ïîçâîëÿþùåå îòâåðãíóòü

èëè ïðèíÿòü íóëåâóþ ãèïîòåçó.

Îïðåäåëåíèå

Âåðîÿòíîñòü îøèáêè ïåðâîãî ðîäà α - âåðîÿòíîñòü îòâåðãíóòü

ãèïîòåçó H0 ïðè óñëîâèè, ÷òî îíà âåðíà.

Îïðåäåëåíèå

Âåðîÿòíîñòü îøèáêè âòîðîãî ðîäà - âåðîÿòíîñòü ïðèíÿòü

ãèïîòåçó H0 ïðè óñëîâèè, ÷òî âåðíà ãèïîòåçà H1.
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Ïðîâåðêà ñòàòèñòè÷åñêèõ ãèïîòåç

Ïðèìåð

Åñòü âûáîðêà X1, . . . ,Xn ∼ N(θ, σ2), ãäå σ2 - èçâåñòíûé
ïàðàìåòð, à θ - íåèçâåñòíûé.
Õîòèì ïðîâåðèòü ãèïîòåçó θ = θ0.
Ïîñ÷èòàåì ñëåäóþùóþ ñòàòèñòèêó:

√
n · X n − θ0

σ

Åñëè θ = θ0, òî ýòà ñòàòèñòèêà èìååò ðàñïðåäåëåíèå N(0, 1).
Òàêèì îáðàçîì, åñëè â êà÷åñòâå ñòàòèñòè÷åñêîãî êðèòåðèÿ

ðàññìîòðåòü ïîïàäàíèå â äîâåðèòåëüíûé èíòåðâàë

(X n −
z1−α

2
σ

√
n

,X n +
z1−α

2
σ

√
n

),

òî âåðîÿòíîñòü îøèáêè ïåðâîãî ðîäà áóäåò α.
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Ïðîâåðêà ñòàòèñòè÷åñêèõ ãèïîòåç

Ïðèìåð

Ìàøèíà äîëæíà çàïîëíÿòü óïàêîâêó âåùåñòâîì íà 250 ãðàìì.

Çàäà÷à: èìåÿ âûáîðêó èç 25 óïàêîâîê, ïðîâåðèòü ñ óðîâíåì

çíà÷èìîñòè 0.05, ïðàâèëüíî ëè îòêàëèáðîâàíà ìàøèíà. Ðàíåå

áûëî îöåíåíî, ÷òî ðàñïðåäåëåíèå çàïîëíåíèÿ âåùåñòâà

íîðìàëüíî ñî ñðåäíèì îòêëîíåíèåì 2.5 ãðàììà.

Ïðàâèëüíî ëè îòêàëèáðîâàíà ìàøèíà, åñëè ñðåäíåå çíà÷åíèå

âûáîðêè 251 ãðàìì?
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Ïðîâåðêà ñòàòèñòè÷åñêèõ ãèïîòåç

Îïðåäåëåíèå (P-çíà÷åíèå)

Ïóñòü åñòü ñëó÷àéíàÿ âûáîðêà è íåêîòîðàÿ ñòàòèñòèêà ñ

èçâåñòíûì ðàñïðåäåëåíèåì.

Îáû÷íî (!), P-çíà÷åíèå - ýòî âåðîÿòíîñòü òîãî, ÷òî ñëó÷àéíàÿ

âåëè÷èíà, èìåþùàÿ òî æå ðàñïðåäåëåíèå, ÷òî è ñòàòèñòèêà,

ïðèìåò çíà÷åíèå, áîëüøåå(â ñëó÷àå äâóñòîðîííåãî

ðàñïðåäåëåíèÿ, âîçìîæíî, è ìåíüøåå) ôàêòè÷åñêîãî çíà÷åíèÿ

ñòàòèñòèêè íà äàííîé âûáîðêå.

P-çíà÷åíèå ñëåäóåò ñðàâíèâàòü ñ êàêèì-íèáóäü çàðàíåå

âûáðàííûì ïîðîãîì, íàïðèìåð 0.05. Åñëè îíî ìåíüøå, òî

íóëåâàÿ ãèïîòåçà îòâåðãàåòñÿ.

12/15



Ïðîâåðêà ãèïîòåçû íîðìàëüíîñòè

Îïðåäåëåíèå (Ñòàòèñòèêà Øàïèðî-Óèëêà)

W =
1

s2

[
n∑

i=1

an−i+1(xn−i+1 − xi )

]2

Èñïîëüçîâàíèå â R

> shapiro.test(x)

Shapiro-Wilk normality test

data: x

W = 0.9988, p-value = 0.7258
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Ïðîâåðêà ãèïîòåçû íîðìàëüíîñòè

Èñïîëüçîâàíèå â R (Ãðàôèê êâàíòèëü-êâàíòèëü)

> qqnorm(x)

> qqline(x)

14/15



Ìåòîä ìàêñèìàëüíîãî ïðàâäîïîäîáèÿ

Îïðåäåëåíèå

X1, . . . ,Xn - ñëó÷àéíàÿ âûáîðêà ñ ïëîòíîñòüþ ðàñïðåäåëåíèÿ

f (x , θ). Îöåíêîé ìàêñèìàëüíîãî ïðàâäîïîäîáèÿ äëÿ θ
íàçûâàåòñÿ

θn = argmax
θ

(f (X1, θ) · . . . · f (Xn, θ))

Èñïîëüçîâàíèå â R

> library("MASS")

> f <- fitdistr(x,"normal")

mean sd

-0.01164814 1.03439825

( 0.03271054) ( 0.02312985)
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