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[Mnan nekuyun

Hom-dyHkTopei



Hom-dyHkTopb! Jlemma Nowneps KaTeropun npepny4kos

Onpepnenexne

» [yctb A — 0bbekT HekoTopoli KaTeropun C. Toraa
CYWECTBYIOT PYHKTOPSI

Homc( ) C — Set

Hom¢(—, A) : C°? — Set
» Ha obbekTax oHu peicTeytoT cnegyowmm obpasom:
Homc(A, —)(B) = Homc(A, B) n
Home(— ,A)(B) Home(B, A).
» Ha mopdmsmax oHu geiicteytoT cnegytowmm obpasom:
Homc(A,—)(f) =g+ fogun Homc(—,A)(f) =g+ gof.
> 3T PYHKTOPbI Ha3bIBAOTCSA (KOBapUAHTHBIM 1
KOHTpaBapuaHTHbiM) Hom-gbyHkTOopamu.



Hom-dyHkTopb! Jlemma Nowneps KaTeropun npepny4kos

Onpegenetne (ko)npegenos vepes Hom-dyHkTopbI

» CywecTsyer onpegenenue (Ko)npenenoe yepes
Hom-dyHkTopbl u (ko)npeaens B Set.

» Ecom D : J — C — guarpamma n L — o6bekt C, TO nycTb
Conusp(L) = limje yHomc(L, D(j)) — MHoxecTBO KOHYCOB
anarpammel D ¢ BeplumnHoii L.

» Ecnn C — koHyc guarpammel D, To cylecTBYeT ecTeCTBeHHOe
npeobpasosanue ax : Homc(X, L) — Conusp(X),
onpegensiemoe kak ax(f); = Cjof.

» Konyc C siBnsieTcst npefenom TOrga U TOJbKO TOrfa, Korga o
— €CTECTBEHHbIi N30MOPU3M.

» OTcropa cneayert, yto Hom(X, —) coxpaHsieT npegensi.



Hom-dyHkTopb! Jlemma Nowneps KaTeropun npepny4kos

[Mpumep

» Hanpuwmep, nycts J — guckpeTHas kateropust Ha {1,2},
D(j) = A;.

» Torpa L BmecTe ¢ cbyHkusimu ; : L — A; aensetcs
nponseegerHnem A; n Ay Torga um TONALKO TOrga, Korga
cbyrkuun Hom(X, L) — Hom(X, A1) x Hom(X, A7),
NOPOXAAEMbIE KOMMO3NUMEN C NPOEKLNAMU SBAAIOTCS
buekunamu ans awboro X.

» AHanornyHole yTBEPXKAEHUS BEPHbI U ANSA
Hom(—, X) : C°? — Set. Hanpumep, oH coxpaHseT npegensi.

> [eiictBuTensHo,
Homc(A1l B, X) — Homc(A, X) x Homc(B, X) sinsietcs
buekumne.



Hom-dyHkTopb!

[Mpunoxxerne

» [lokaxkeM, 4TO npaBblii conpsixeHHblii pynktop G : D — C
COXPaHSIET Npeaensb.

> [yctb F — neeblii conpsxertblii k G, D: J — D -
anarpamma B D n L — ee npegen. Torga

Hom(X, G(L)
Hom(F(X), L

limje ;Hom(F(X), D(j)
limje yHom(X, GD(j)

12

12

12

)
)
)
)-



[Mnan nekuyun

Nemma Noneppl



Jlemma I7|oHe,qb|

Jlemma Nonenbl

Lemma

lyctb a — obvexT kateropun C u F : C°P — Set — HekoTopbIli
¢yukTOop. Torpa cywectsyer buekyums

Homg,cor (Home(—, a), F) ~ F(a) ecrectsenras no a.

[lokasaTenscTBo.

Ecav o : Home(—,a) — F, To onpegenum T (o) = a,(idy) € F(a).
Ecim x € F(a), 1o onpegenum S(x) : Home(—,a) — F kak
S(x)b(f) = F(f)(x). EcrectBenHocTb S(x) cnepyet u3 Toro
tbakTa, 4TO F COXpaHsieT KOMNO3nLuK.



Jlemma I7|0He,qb|

Jlemma Nonenbl

[lokazaTenbCTBO.

HyxHo nposeputs, 4To T n S B3ammoobpathbl. [Nycte x € F(a),
torga T(S(x)) = S(x)a(ids) = F(ida)(x) = x.

Mycts o : Home(—, a) — F. Torpa

S(T(a)p(f) = F(f)(T(a)) = F(f)(aa(ids)) = ap(f). Nocneanee
PAaBEHCTBO CNeAyeT U3 eCTECTBEHHOCTN (.

OcTanock nposepuTb €CTECTBEHHOCTL no a. Ee goctaTouno
nposeputb ans S. Ecam g 1 a — ¢ n x € F(¢), To HyxHO
nposepuTb, 4T0 Sc(F(g)(x))n(f) = Sa(x)p(g o ). IT0 cnepyer
HENOCPeACTBEHHO M3 onpeaeneHns S. O



Hom-dyHkTopb! JNlemma Nonepbt Karteropumn npeanykos

Bnoxenne Nonenb

v

o op
Iins noboii kateropun C dpynkrop Home(—, —) : C — Set©
ABNSIETCSA MOJNHBIM U CTPOTrUM.
[HelictentensHo, B nemme loHeabl JOCTAaTOYHO B3sITh B
kauectse F dyHktop Homc(—, b).
2TOT PyHKTOp Ha3bIBAETCS BAOKEHUEM VIoHEAb! 1

cor

oboznavaetcs y : C — Set™ .
[ns toro, 4tobel npoeepuTh, 4TO 06BEKTHI @ U b kaTeropun C
N30MOpPHbI, JOCTaTOYHO NPOBEPUTL, YTO ya =~ yb.
Ecam f :a — b, 1o f aensetca nsomopgunamom torga un
TOJIbKO TOrAa, Korga ans noboro ¢ komnosnuus ¢ f 3agaet
buekunto Ha mHoxecTBax Home(c, a) u Home(c, b).



Jlemma I7|oHe,qb|

[Mpumep

» B kauecTse npumepa ncnonbL30BaHUs 3TOro hakTa MoKaXkeMm,
4TO B [1eKAPTOBO 3aMKHYTOIA KaTeropuu BepHo a?lc ~ ab x ac.

> [eiicTBuTensHO,

Hom(x, a?M¢

)

Hom(b1I c, a)
Hom(b, a*) x Hom(c, a~)
)
)-

12

12

12

C

1

Hom(x, a?) x Hom( X,a

Hom(x, a’ x a°



Hom-dyHkTopsl JNlemma Nonepbt KaTeropun npepny4kos

Ko- nemma VoHeneb

» VuTynTueHo, ko- nemma VloHegsl roBopuT, 4TO NPOM3BONBLHLI
yHkTop P : CP — Set siBnsercs konpegesom pyHKTOPOB
BUAA ya.

» ObwbekTbl KaTeropuun Jp — 310 napel (a, x), roe a — obwvekt C,
x € P(a).

» Mopduamsl mexay (a,x) n (b,y) — 310 mopduamsl f :a — b
kateropun C, Takue, uto P(f)(y) = x.

» [Ouarpavmmva Dp : Jp — Set®” kaxpgomy (a, x) conocraensier
ya.

> Ko- nemma Vionens: yTeepxaaet, 4to P sisnsiercs
konpegenom Dp.



Jlemma I7|oHe,qb|

Ko- nemma VoHeneb

JokasaTenbcTBO.

Mo nemme oHegbl LOCTaTOYHO NPOBEPUTDL, YTO

Hom(P, —) ~ Hom(colim Dp,—). VY Hac ecTb creayrowjas
NoCNefoBaTeNbHOCTb BuekLnii.

Hom(colim(, xyc(ya), R) =~
/im(ayX)GJHom(ya, R) ~

Iim(a7X)EJRa,



Hom-dyHkTopb! JNlemma Nonepbt Karteropumn npeanykos

Ko- nemma VoHeneb

HokazatenscTBo.

HyxHo nposeputs, 4to Hom(P, R) = lim, ,yc Ra, v 3Ta buekums
ecTectseHHa no K.

Ho anemenTbl MHOXecTBa Hom(P, R) — 3T0 ecTecTBeHHble
npeobpazosaHusi, To ecTb pyHKLUM, KOTOpble kaxxgomy a € Ob(C)
u x € P, conoctagnsitoT aneMeHT R, n yAOBNETBOPSAIOT YCAOBMIO
€CTECTBEHHOCTM.

C apyroii cTOpoHbI, MHOXeECTBO /im(, x)e yRa cocTONT 13 Takmx xe
hyHKUN «r, YAOBNETBOPSIOLNX YCIIOBUIO, Y4TO Ans ntoboro
f:a— becan P(f)(y) = x, 7o a(a,x) = R(f)(a(b,y)). ITo
YC/0BME B TOYHOCTU YC/IOBNE ECTECTBEHHOCTHN (.

EctectBenHocTs no R npoBepsieTcst Hanpamyto. O



[Mnan nekuyun

Kateropumn npegny4kos



Hom-dyHkTopsl JNemma Noneap KaTeropun npegnyykos

[Mpumepsl

> [Ipeanyyok Ha manoii kateropuu C — 310 cbyHkTOp
C° — Set. Kateropusi npeiny4kos — 370 KaTeropus
dbyHkTopos Set®” .

» Ecam P - npeanydok Ha C un a — obbekt C, To Mbl bygem
nucaTe P, Bmecto P(a).

» KaTteropus rpachoe — 370 KaTeropus npesnyyKos.

> KaTeropvm HOCﬂC,ﬂ,OBaTeJ'IbHOCTeﬁ MHOXECTB

X1 X5 X3

ABNAETCA KaTEFOpVIEM npeany4kKos.

» Kateropusa geiicteuii rpynnbl G — kKaTeropusi npegnyy4koB Ha
G.



Karteropuu npeanykos

CeolicTBa KaTeropuii npeany4kos

v

KaTeropmm npeany4YkKoB NONHbIE N KOMNONHbIE.

v

[eiicTBUTENBHO, B KaTeropusx yHKTOPOB Npeaebl u
Konpegenbl CYHUTAOTCH NMOTOYEYHO.

v

KaTteropnmn npeanyykoB AekapToBbl 3aMKHYTbI.

v

HeiicteutensHo, nycts P, R — npeanyykun Ha C. Ecnn RP
cywecTsyet, To ans noboro a € C gonxHo 6bITe BEpHO

(RP)a ~ Hom(ya, RF) ~ Hom(ya x P, R)

» Mbl MOXEM UCMONL30BaTh 3TO CBONCTRBO Kak onpeaenerue RF.



Karteropuu npeanykos

lokazaTenbCcTBO

Mebl y>ke BMAENN, 4TO CBOWCTBO SKCMOHEHTbLI BEPHO Asi
npeacrasumMeix dyHkTopos. OcTanock NpoBepuThL ANs
MPOU3BOJbHbIX:

)
Hom(colim,(ya), RF) ~
lim,(Hom(ya, RP)) ~
lim,(Hom(ya x P, R)) ~
Hom(colim,(ya x P), R)
Hom(colim,(ya) x P, R) ~
Hom(X x P, R)



Hom-dyHkTopsl JNemma Noneap KaTeropun npegnyykos

[[eHepaToOpbl KaTeropuu

» Konnekuus S obbekToB kaTeropumn C HasbiBaeTca ee
reHepaTopom, ecan ans noboit napsl MOpn3MoE
f,g : A— B BepHo, 4to ecaun f o s = g o s gns noboro
mMopdm3sma s ¢ gomeHom B S, 10 f = g.

» [pyrumn cnosamu, 4Tobbl NPOBEPUTL PABEHCTEO ABYX
CTPE/IOK, JOCTAaTOYHO NPOBEPUTL UX PABEHCTBO Ha 0ObekTax

us S.
» Ecnn S sensietca renepatopom kateropun Cun x € S, 1o

Mopcb13Mbl BUAA X — @ Ha3bIBAtOT 060bLEHHBIMYI
2/1emeHTamMy obbeKTa a.



Karteropuu npeanykos

[lpumMepbl reHepaTopoB

> B Set renepaTtopom SIBNSETCS MHOXECTBO, COCTOSILLEE N3
OLHOTO OZHO3JIEMEHTHOrO MHOXECTBA.

> OboLLEeHHbIE IEMEHTBI /1St TOFO reHepaTopa — 3TO NPOCTO
3/1EMEHTBI MHOXECTBA.

> Konnekuus obbekToB BUAA ya SIBASETCA FeHEpaTOpPOM Ast
KaTeropuu Npeany4Kos.



[Mnan nekuyun

Mpumepsi
KaTeropus rpados
KaTeropus rnobynsipHeIX MHOXECTB



Hom-dyHkTopsl JNemma Noneap KaTeropun npepny4kos Mpumepsbi

000

KaTteropus rpados

Kateropus rpacos Graph

» B 3Tom pazgene mbi npocTo pasbepem nogpobHo npumep
KaTeropuu rpacos.

» [padh G cocTtonT M3 MHOXeCTBa BepwinH Gy, MHOXECTBa
pebep Gg u napwl doyukunii d, c : Ge — Gy,
COMOCTOB/IAIOLLMX KaXXAOMY pebpy ero Ha4ano n KoHed.

» Takum obpasom, kaTeropus rpados Graph — 3to kateropus
npennyykos Ha KaTeropuu C, cocTosiweii us geyx obvektos V
n E n gByx He TOXXAECTBEHHbIX MOP(U3MOB.

d
V—=XE
c



Hom-dyHkTopb! JNlemma Nonepbt Karteropumn npeanykos Mpumepsbi

0800

KaTteropus rpados

Nemma Voneas anst Graph

» Bnoxernne Mloneap rosoput, 4to kateropusi C BknagbiBaetcs
B KaTeroputo rpacos.

> yV — 370 rpad, COCTOAWMIA N3 OAHON BEPLUNHbI.
» yE — 370 rpadc, cocTosawmii us ogHoro pebpa.

» yd n yc — dpyHkuun, oTobpaxatowme eguHCTBEHHYIO BEPLUMHY
rpacba yV B neBbili nnu npasbifi KOHEL, €AMHCTBEHHOTO pebpa
rpacda yE.

» Jlemma Vonegp rosopuT, 4T0 Homgraph(yV, G) ~ Gy.

» [eiicTBuTensHo, Mopgusmel ns rpacga yV 8 G — 310 B
TOYHOCTN BepwuHbl rpada G.

» Jlemma Monegpl rosopuT, uTo Homgraph(YE, G) ~ GE.

» [eiictBuTensHo, mopcdpuambl s rpaca yE 8 G — 310 B
ToyHoCTK pebpa rpadha G.



Hom-dyHkTopsl JNemma Noneap KaTeropun npepny4kos Mpumepsbi
[e]e]

KaTteropus rpados

Ko- nemma Monegsl gns Graph

v

O konpegenax MOXHO LyMaTb reOMETPUYECKN.

» Hanpumep, ecnu Gy — nogrpad rpacpoe G n Gs, To nywayT
Gp g, Gz — 370 rpadp, “ckneennbiii” us Go n Gz sponb Gi.

» Takum, obpasom Kko- nemma |7|0Hep,b| roBopuT, 4TO Atoboii
NPeANyHOK MOXHO “CKNenTh” N3 NpeacTaBuMbIX MPEeLnyYKOB.

» B cayuae c rpachamu 310 03Havaet, 4To Ntoboii rpacd MoxHo

cknentb 13 rpacpos yV un yE.

> [eiicTBuTensHo, ntoboii rpad MOXHO CKIENTL U3 BEPLUMUH W
pebep, KOTOpble B HEM CoaepXaTcs.



Hom-dyHkTopb! JNemma Noneap Karteropumn npeanykos Mpumepsbi
[e]e]

KaTteropus rpados

[eHepaTopbl B KaTeropuu rpados

» Konnekuus rpacdpos {yV,yE} asnserca renepatopom
kaTeropuu Graph.

» [lelicTBUTENbHO, YTOOLI NPOBEPUTL, 4TO MOpdhU3Mbl rpacos
f,g: G — H paBHbl, 4OCTaTOYHO NPOBEPUTL, YTO OHM
COBMajatoT Ha BeplMHax n Ha pebpax.

» [pyrumn cnosamu, JOCTaTOYHO NPOBEPUTH, HTO OHU
coBnagatoT Ha mMopcpusmax us yVv n yE.

» Ob60bLeHHbIi 31eMeHT ANs 3Toro reHepatopa — 3To aubo

BeplwmHa rpaca (0bobuieHHbI snemenT Buga yV), nnbo ero
pebpo (oboweHHblli anemeHT Buga yE).



Mpumepsbi

@0

KaTeropus rnobynsipHbix MHOXecCTB

KaTeropus rnobynsipubix mHoxects Glob

> [10bynsipHOE MHOXECTBO — 3TO MPEANYHOK Ha CAEAYHOLLEil

KaTeropummn:
S0 S1 S2

0 1 2

to t1 [%]

roe sj;110s; =tip108 M S0t =tiy10t;.

> [pyrumun cnosamu, obbEKTbI 3TOM KaTeropum — HaTypasbHble
ancna, Hom(n, n) = {id,}, Hom(n, k) = @ ecan n > k, n
Hom(n, k) coctout n3 aByx anemenToB, ecam n < k.



Hom-dyHkTopb! JNlemma Nonepbt Karteropumn npeanykos Mpumepsbi

[e]
KaTeropus rnobynsipHbix MHOXecCTB

Nemma Voneab ans Glob

> O rnobynsipHbIX MHOXECTBaX BMAA YN MOXKHO AyMaTb Kak O
N-MEepHbIX Luapax.

> y0 — Touku, yl — oTpesku, y2 — gucku, y3 — 3-MepHble Lapsl,
n .4

> yS, BKJIAAbIBAET N-MEPHbIN LWIap B BEPXHIOIO MONOBHY rpaHuLbl
(n + 1)-mepHoro wapa.

> yt, BKNAAbIBAET N-MEPHbIA LWap B HUXKHIOK MONOBHY FpaHuLbl
(n+ 1)-mepHoro wapa.

» Takum obpasom, ys, u yt, nepecekatorcst no (n — 1)-mepHbim
wapam.

> Jlemma Monegpi roeoput, uto ecnn X — nobynsipHoe
MHoxecTBO, To Hom(yn, X) nsomopcro mHoxecTBy X, ero
N-MEpHBIX LUapOB.

» Ko- nemma Moneabl rosopuT, 4to ntoboe rnobynsipHoe
MHOXECTBO CKJ/IEEHO U3 LLAPOB.
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