
Çàäà÷à 1, àíàëèç ñîáñòâåííûõ ÷èñåë

Äàíà ìàòðèöà

A =

(
2 a

−1 −1

)
1. Êàêîå ìàêñèìàëüíîå è ìèíèìàëüíîå çíà÷åíèå ìîæåò ïðèíèìàòü xTAx

ïðè ||x|| = 1?

2. Ïðè êàêîì a ðàçíèöà ìåæäó ýòèìè çíà÷åíèÿìè ìèíèìàëüíî? Ïðè êà-
êîì a îòíîøåíèå ýòèõ âåëè÷èí ìèíèìàëüíî?

3. Ïðè êàêîì a ìèíèìàëüíîå çíà÷åíèå ìàêñèìàëüíî? Ïðè êàêîì a ìàê-
ñèìàëüíîå çíà÷åíèå ìèíèìàëüíî?

Ðåøåíèå

Äëÿ íà÷àëà çàìåòèì, ÷òî

xTAx = (xTAx)T = xTATx =
1

2
xT (A+AT )x.

Îáîçíà÷èì b = a−1
2 è B + 1

2 (A + AT ). Ìàòðèöà B ñèììåòðè÷íà è èìååò
ñëåäóþùèé âèä

A =

(
2 b

b −1

)
Òàê êàê B ñèììåòðè÷íà, òî ñóùåñòâóåò îðòîãîíàëüíûé áàçèñ, ñîñòîÿùèé èç
ñîáñòâåííûõ âåêòîðîâ B, îáîçíà÷èì ýòè âåêòîðà v1 è v2 è ñîîòâåòñòâåííûå
ñîáñòâåííûå çíà÷åíèÿ λ1 è λ2, òîãäà ëþáîé âåêòîð x ïðåäñòàâëÿåòñÿ â âèäå
x = α1v1 + α2v2, à çíà÷èò

xTBx = (α1v1 + α2v2)
TB(α1v1 + α2v2) = (α1v1 + α2v2)

T (α1λ1v1 + α2λ2v2)

= α2
1λ1||v1||2 + α2

2λ2||v2||2.

Íå óìàëÿÿ îáùíîñòè ìîæíî ñ÷èòàòü, ÷òî λ1 ≤ λ2 è òîãäà ïðè ||x|| = 1

λ1 = λ1||x||2 ≤ α2
1λ1||v1||2 + α2

2λ2||v2||2 ≤ λ2||x||2 = λ2

Òàêèì îáðàçîì íàèìåíüøåå çíà÷åíèå xTAx � λ1, íàèáîëüøåå � λ2. Íàõîäèì
λ1, λ2 êàê êîðíè õàðàêòåðèñòè÷åñêîãî ìíîãî÷ëåíà:

0 = (2− t)(−1− t)− b2 = t2 − t− b2 − 2

λ1,2 =
1±

√
1 + 4(b2 + 2)

2

çíà÷èò íàèáîëüøåå çíà÷åíèå �
1+
√

1+4(b2+2)

2 , à íàèìåíüøåå �
1−
√

1+4(b2+2)

2 .

Íàèáîëüøåå çíà÷åíèå äëÿ
1−
√

1+4(b2+2)

2 äîñòèãàåòñÿ ïðè b = 0 (a = 1
2 ) è
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ðàâíî −1, íàèìåíüøåå çíà÷åíèå äëÿ
1+
√

1+4(b2+2)

2 òàêæå äîñòèãàåòñÿ ïðè

b = 0 è ðàâíî 2. Íàèìåíüøàÿ ðàçíîñòü � 3, íàèìåíüøåå çíà÷åíèå λ2

λ1
åñòü

−∞.

Çàäà÷à 2, èíòåðïîëÿöèÿ è íàèëó÷øåå ïðèáëè-

æåíèå â L2

Äàí íàáîð òî÷åê íà ïëîñêîñòè:

x 0 1 2 3

y 3 0 −1 2

(a) Íàéòè äèôôåðåíöèðóåìóþ ôóíêöèþ f : R→ R, ãðàôèê êîòîðîé ïðî-
õîäèò ïî ýòèì òî÷êàì

(b) Íàéòè êâàäðàòè÷íóþ ôóíêöèþ g òàêóþ, ÷òî âåëè÷èíà
∑4
k=1 |g(xk) −

yk|2 ìèíèìàëüíà.

(c) Íàéòè êâàäðàòè÷íóþ ôóíêöèþ h òàêóþ, ÷òî âûðàæåíèå∫ 3

0

(f(x)− h(x))2dx

ìèíèìàëüíî, ãäå f � íàéäåííàÿ ê ïóíêòó (a) ôóíêöèÿ.

Ðåøåíèå

Ïóíêò (a) � èíòåðïîëÿöèÿ. Ñîîòâåòñòâóþùóþ ôóíêöèþ ìîæíî ïîñòðîèòü â
âèäå ìíîãî÷ëåíà ñòåïåíè 3. Ìíîãî÷ëåíû Ëàãðàíæà äëÿ ýòèõ òî÷åê âûãëÿ-
äÿò ñëåäóþùèì îáðàçîì

P1(x) = −
1

6
(x− 1)(x− 2)(x− 3) =1− 11

6
x+ x2 − 1

6
x3

P2(x) =
1

2
x(x− 2)(x− 3) = + 3x− 5

2
x2 +

1

2
x3

P3(x) = −
1

2
x(x− 1)(x− 3) =− 3

2
x+ 2x2 − 1

2
x3

P4(x) =
1

6
x(x− 1)(x− 2) =

1

3
x− 1

2
x2 +

1

6
x3

f(x) = 3− 10

3
x+

1

3
x3

Ïóíêò (b): îáîçíà÷èì g(x, a, b, c) = ax2+bx+c è φ(a, b, c) =
∑4
k=1(g(xk, a, b, c)−

yk)
2, òîãäà äëÿ ìèíèìóìà ôóíêöèè φ âûïîëíÿåòñÿ

0 = φ′a(a, b, c) = φ′b(a, b, c) = φ′c(a, b, c).
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Îòìåòèì, ÷òî φ � êâàäðàòè÷íàÿ ôóíêöèÿ è, ñîîòâåòñòâåííî, å¼ ÷àñòíûå
ïðîèçâîäíûå � ëèíåéíûå ôóíêöèè, îòñþäà, óðàâíåíèå ∇φ = 03 çàäàåò ëè-
íåéíóþ ñèñòåìó óðàâíåíèé 3× 3. 4 6 14

6 14 36

14 36 98


 c

b

a

 =

 4

4

14


Ïîñëå ïðèâåäåíèÿ ìåòîäîì Ãàóññà 4 6 14

0 5 15

0 0 4


 c

b

a

 =

 4

−2
6


Íàêîíåö ðåøåíèå c

b

a

 =


31
10

− 49
10
3
2

 , P (x) =
31

10
− 49

10
x+

3

2
x2.

Ïóíêò (c). Åñëè â ïóíêòå (a) áûë èñïîëüçîâàí ñïîñîá îòëè÷íûé îò èí-
òåðïîëÿöèè, òî ýòîò ïóíêò ìîæåò îêàçàòüñÿ íåðåøàåìûì. Äëÿ ïîëèíîìîâ
æå èíòåãðèðîâàíèå ïðîèçâîäèòñÿ äîâîëüíî ïðîñòî, ÷òî ïîçâîëÿåò ñâåñòè íà-
õîæäåíèå êâàäðàòè÷íîãî ïðèáëèæåíèÿ ê ðåøåíèþ ëèíåéíîé ñèñòåìû 3× 3
àíàëîãè÷íî ïóíêòó (b). Ïóñòü h(x, a, b, c) = ax2 + bx+ c, òîãäà

d

dc

∫ 3

0

(f(x)− h(x, a, b, c))2dx =

∫ 3

0

d

dc
(f(x)− h(x, a, b, c))2dx

=

∫ 3

0

2h′c(x, a, b, c)(h(x, a, b, c)− f(x))dx =

∫ 3

0

2(h(x, a, b, c)− f(x))dx = 0.

Àíàëîãè÷íî äëÿ b, a ïîëó÷àåì

0 =

∫ 3

0

2x(h(x, a, b, c)− f(x))dx =

∫ 3

0

2x2(h(x, a, b, c)− f(x))dx

Ó÷èòûâàÿ f(x) = 3− 10
3 x+ 1

3x
3 è èíòåãðèðóÿ ðàâåíñòâà ïîëó÷àåì 3 9

2 9
9
2 9 81

4

9 81
4

243
5


 c

b

a

 =


3
4

− 3
10

0


Ïîñëå ïðèâåäåíèÿ  3 9

2 9

0 9
4

27
4

0 0 27
20


 c

b

a

 =


3
4

− 57
40

81
40


3



Ðåøåíèå:  c

b

a

 =


69
20

− 77
15
3
2

 h(x) =
69

20
− 77

15
x+

3

2
x2.

Ðèñ. 1: f(x) � ñèíÿÿ êðèâàÿ, g(x) � êðàñíàÿ, h(x) � çåëåíàÿ
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Çàäà÷à 3, ïîëèíîìû Ëåæàíäðà

Íàéòè ìíîãî÷ëåí P (x) ñòåïåíè 2 ñî ñòàðøèì êîýôôèöèåíòîì 1, äëÿ êîòî-
ðîãî âåëè÷èíà ∫ 1

−1
P (x)2dx

ìèíèìàëüíà.

Ðåøåíèå

Ïóñòü P (x) = x2+αx+β. Çàìåòèì, ÷òî
∫ 1

−1 P (x)dx � êâàäðàòè÷íàÿ ôóíêöèÿ
ïî α, β, áîëåå òîãî, î÷åâèäíî, ÷òî ìîæíî ïîäîáðàòü ïàðàìåòðû òàê, ÷òîáû
ñäåëàòü èíòåãðàë ñêîëü óãîäíî áîëüøèì, çíà÷èò äëÿ íàõîæäåíèÿ ìèíèìóìà
äîñòàòî÷íî ïðèðàâíÿòü ïðîèçâîäíûå ïî α, β íóëþ:

∂

∂α

∫ 1

−1
P (x)dx =

∫ 1

−1
2x(x2 + αx+ β)dx =

4

3
α = 0

∂

∂α

∫ 1

−1
P (x)dx =

∫ 1

−1
2(x2 + αx+ β)dx =

4

3
+ 4β = 0,

÷òî äàåò

P (x) = x2 − 1

3

Çàìå÷àíèå. Ìíîãî÷ëåíû òàêîãî ðàäî íàçûâàþòñÿ Ìíîãî÷ëåíû Ëåæàíäðà

Çàäà÷à 4, ìåòîä ìíîæèòåëåé Ëàãðàíæà

Ìèíèìèçèðîâàòü xyz ïðè óñëîâèè x2 + y2 + z2 = 1.

Ðåøåíèå

Ïóñòü F (x, y, z, λ) = xyz − λ(x2 + y2 + z2 − 1). Ñîãëàñíî ìåòîäó ìíîæè-
òåëåé Ëàãðàíæà, åñëè x, y, z � ðåøåíèå çàäà÷è, òî îíî óäîâëåòâîðÿåò 0 =
d
dxF (x, y, z

∗, λ) = d
dzF (x, y, z, λ) =

d
dyF (x, y, z, λ), îòñþäà ïîëó÷àåì ñèñòåìó

x2 + y2 + z2 = 1

yz − 2xλ = 0

xz − 2yλ = 0

xz − 2zλ = 0

Êîìáèíèðóåì 2-3, 3-4, 2-4 è ïîëó÷àåì x = 0 èëè y2 = z2, y = 0 èëè x2 = z2,
z = 0 èëè y2 = x2, èç ÷åãî çàêëþ÷àåì, ÷òî x2 = y2 = z2, òàêèì îáðàçîì
ìèíèìóì äîñòèãàåòñÿ ïðè x = y = z = − 1√

3
ëèáî, åñëè äâå ïåðåìåííûõ

ðàâíû 1√
3
è îäíà − 1√

3
.
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https://en.wikipedia.org/wiki/Legendre_polynomials


Çàäà÷à 5, ïðîñòàÿ

Íàéòè ïðÿìîóãîëüíûé òðåóãîëüíèê íàèáîëüøåé ïëîùàäè ïðè óñëîâèè, ÷òî
ñóììà äëèí êàòåòîâ ðàâíà åäèíèöå.

Ðåøåíèå

Ïëîùàäü òðåóãîëüíèêà ñî êàòåòàìè x, 1−x ðàâíà x(1−x). Äèôôåðåíöèðóÿ
ïîëó÷àåì 1− 2x, ÷òî äàåò x = 1

2 .
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