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BBenenue

Mbr GyJiem mpejioJiaraTh, YTO aJropuTMbl rdpoBaHus / IemndpoBaHnsi BCEM M3BECTHBI (T.e.
no security by obscurity).

1. CoBepinienHast HAIEKHOCThH

Onpenenenne 1.1. Cucmema wudposanus ¢ 3aKPuLMbLM KAOUOM — 9TO TIapa aJrOPUTMOB
E(k,m) u D(k,c), rakas, aro Jyisg ao6bix k u m somosansiercsa D(k, E(k,m)) = m. Cucrema
HA3BIBACTCS COBEPULENHO HADENCHOT, eCIIU ISl JIIOOBIX JIBYX COOOIIEHHN M1 U My CIydaiiHble
sesmansbl E(k,my) u E(k, my) npu k <— U(K) pacupesernensl oguHakoBo (K — mpocTpaHcTBO
KJIIOUCH ).

Samevanue 1.1. Cucrema mmmdpoBanusi ¢ OJHOPA30BBIM MUMPOOJTOKHOTOM ABJISETCH COBEP-
IIEHHO HaJIEXKHOM.

Samevarue 1.2. JIjast coBepieHHONR HAAEKHOCTH HEOOXOIAMMO, UTOOBI JIJIMHA KJIFOYa ObLIa HE
MeHee JIJINHBI COOOIICHU.

Teopema 1.1. IIycmv P = NP. Tozda das 210000 cucmemvl wu@dposarus, ¢ 3aKPuIMBIM KA10-
wom (E, D) ¢ noaunomuasvroim aszopummom E, 6 xomopoti |m| > |k|, cywecmeyrom coobuie-
HUA My U My U NOAUHOMUANLHVIT aszopumm A, 0as Komopozo

ir[A(E(k;,mo)) =1]— lzr[A(E(k,ml)) =1]| > %
Jlokazameavcmeo. He ymenbiag obmmoctn npeanosoxum, aro K = {0,1}"" 1. Bosbmém B
katectee mo = 0. Ilycrs S = {E(k,0") | k € K}. Jlerko Bugers, aro S € NP u |S| < 271
BosbMéM B KadecrTBe ajropurma A MOJMHOMHUAJBHBI paspenammui ajiropurM s S, T.e.
A(y) := [y € S] (ou cymecrByer o npenosnoxenuo P = NP).

Tzt kazxoro coobmenns m pacemorpnM t, = |{k | E(k,m) € S}|. Ecim cymectsyer
coobieHne m*, I KOTOPOTo Ly, < 2771 1o m; = m* ynosierBopseT TpebOBaHUSIM.

[Ipe oo KM Tenepn, 9To t, > 2""2 aig mo6oro m. DTo 3HAYUT, 9TO CYIIECTBYIOT Goiee
2n=2.9n = 2212 pap kmou-coobmenue (k, m), ausa koropuix E(k,m) € S. Cnenosarebno, st
nexkoroporo y € S cymecrsyer 6osee 2272 /|S| > 2" nap (k,m) : E(k,m) = y, T.e. cymecTsy-
10T K04 k 1 aBa pasimaneix coobmenus m' u m”: E(k,m') = E(k,m”). 9o nporusopednt
KOPPEKTHOCTH CHCTEMBI MM POBAHHISL. O

2. Opsoctroponnue (QyHKIUN

JlokasbIBaTh HAJAEKHOCTH KPUITOrpadUIeCKUX IIPOTOKOJIOB 06€3 KAKUX-JIN00 MPeIIoI0KEeHNiA,
K COXKAJIEHHIO, He II0JIy9aeTcsd — U3 TaKOoro JoKasareIbeTBa cienoBaso O6b1 P # N P. Bolio Obl
3JI0POBO IOKa3aTh, 9TO Kpunrorpadus Bo3MoxKHa, eciu P # N P, HO 9T0 TOXKe He MOJIyvIaeTCs
cyenaThb. IlosToMy B JlasibHEiiIeM Mbl OyIeM OTTAJIKUBATBLCH OT 60Jiee CHJILHOIO IPEIIOJI0Ke-
HUE — IIPEIIIOJIOKEHNs O CYIIeCTBOBAHUK 00HOCMOPOHHEL PyHKyuL.

B nasbeiiniem Mbl GyaeM paccMaTpHBaTh cemeiicTsa dynkmuit f, : {0, 1} — {0, 1},
rie k(n) u l(n) GyayT HeKOTOPBIME TIOJIMHOMAaME. KpoMe TOro, HaC MovTH Beerja OyjiyT UHTe-
pecoBaTh (DYHKIMH, KOTOPBIE MOXKHO BBIMUCJIATD 34 IIOJMHOMHUAILHOE BPEMs.

Onpegnenenue 2.1. Cemeiicrso dynxmumit f, : {0, 1}*™ — {0, 1} naswsaerca noauromu-
AABHO GUHUCAUMDBLM, €CITTU UMEETCsI aJITOPUTM, KOTOPBI TI0JIydasi Ha BXOJ YUCJIO N U T JIJINHbI
k(n) Beraucnsier f,,(x) 3a MOJIMHOMUATBHOE OT 7. BPEMSL.



2.1. OpgsocTopoHHUEe DYHKIMH C XYyAIIIEM CJIydae

Onpenenenne 2.2. IlosmroMuanbho BbraucianmMoe cemeiicrso dbyukimit f, : {0, 1}’“(”) —
{0, 1} maspBaetcst odnocmoportum 6 Tyduem cayHae, ecii He CyIecTBYeT MOJTMHOMHAATBHO
BLIYHCIMOiT (DYHKIH g, 910 1715t moboro o € {0, 11 sepro f,(gn(fu(7))) = fu(z).

Teopema 2.1. Odnocmoponnue pyrnkuuu ¢ rydwem cayvae cyuecmeyrom <= P # NP.
Jlokasamenavcmeso.

= Ilycts P = NP. Oupenenum s3bik L = {(1",y,2) | 3z, |z| = k(n),z C o, fo(x) =y}, L €
N P. Tlo mpeinioiozkeHuio Jijis L cyIiecTByeT HOJIMHOMUAJIBHBIN Pa3peaioniuii aJropuTM.
J1s1 HaxXoXK eHnst Mpoobpasa Y 3allyCTHM 9TOT aJrOPUTM CHadasa Ha ciaose (17 y, \), rie
A — mycrag cTpoka. Ecimm 3To cji0oBO He NpuHAIEXKUT L, TO y He mMeeT IpoodOpasa.
B mporuBHOM citydae BoccTAaHOBHM TPOOOpa3 y Mo OMTaM: CHadasa 3aIlyCTHM aJTOPUTM
st ciaosa (17, y,0) u mpoBepuM, ecTh Jin y y Ipoobpa3 HaunHatommiica ¢ myss. Jlaee
AHAJIOTUIHO BOCCTAHOBUM BTODOIl 1 BCe mocseyomue ourebl. Ham morpebyercst k(n) + 1
3aIlyCK MOJIMHOMHAJILHOTO aJrOPUTMa, T.€. IPoo0pa3 MOXKHO HAWUTH aJTOPUTMUYECKH 3a
MOJIMTHOMUATEHOE BPEMS.

< Ecmu P # NP, T0 MOXXHO TIOCTPOUTH OJTHOCTOPOHHIOIO B XY/IIIEM Ha OCHOBe Jii000it N P-
TpyaHoit 3amaan. [lycrs R(x,y) — 910 orHOmeHue, 3amaomee N P-rpynnyio 3agady S
(manpumep, aig S = SAT: R(¢,a) =1 <= ¢(a) = 1). llycrs fo(z,y) = (z, R(x,y)).
Ecim f7! Beramcnsercst 3a moJMHOMEUAIBHOE BPEMst, TO U 3aJa9y S MOXKHO PEIUTH 32
IOJIMHOMEAJIbHOE BpeMs, Bbraucus [~ (xz, 1).

]

2.2. OpgHoctopouHUe DYHKIINU JIJIsT AJITOPUTMOB

Mg Gyziem onpeiensatb odnocmopontue dynrkyuu (one-way function, owf) s npoTuBHUKA, KO-
TOPBIH SABJISIETCH BEPOSITHOCTHBIM TIOJIMHOMHUAJILHBIM aJrOPUTMOM, T.€. JJIS PABHOMEPHO20 NPO-
MUBHUKG.

Onpenenenune 2.3. [lomunoMuaibHO BEIYUCIIMOE CEMEUCTBO f, HA3BIBAETCHA CAabO0 00HOCMO-
POHHUM ONA PABHOMEPHO20 NPOMUBHUKA, €CJIN CYTIIECTBYET TAKO ITOJTMHOM P, UTO JJIs JII0OOr0
MOJTMHOMUATLHOTIO BEPOATHOCTHOTO aJIropuT™Ma R Ipu Becex J0CTaTOYHO OO/IBINNX N

1
n _
Pr(fu(R(1", fu(2))) = fo(z)] <1 - —.
o p(n)
Onpe,ue.neHI/Ie 2.4. IlosuHOMEAJIBLHO BBIYUCANMOE CEMerCcTBO fn Ha3BbIBACTCA CUADHO 00HO-
COPOHHUM OAA PABHOMEPHO20 NPOMUSHUKG, €CJIA JIJIsT JTIOOOTO OJIMHOMA (¢, ITO JIJIs JTI0OOro
IIOJIMHOMHAJIBHOT'O BEPOATHOCTHOI'O aJI'OPpUTMa R IIpu BCEX JOCTATOYIHO 60.HBH_H/IX n

1
Pr(fu(R(1", fu(2))) = fu(2)] < —.
@R q(n)
2.3. OI[HOCTOpOHHI/Ie beHKIII/II/I AJId HEpaBHOMEPHOTI'O ITPOTUBHUKA

AHaJIOrmIHBIM 00Pa30M MOXKHO OIPEeTUTh OJHOCTOPOHHME (DYHKIIUN /I TPOTUBHUKA, ABJIS-
IOTTETOCST TIOCTIETOBATEILHOCTHIO CXEM, T.€. JIJIsT HEPASHOMEPHO20 NPOMUSHUKGE.



Onpenenenune 2.5. [lomunoMuaibHO BEIYUCIIMOE CEMEHCTBO f, HA3BIBACTCS CAAO0 00HOCMO-
POHHUM ONA HEPABGHOMEPHO20 NPOMUBHUKG, €CJIH CYIIIECTBYET TaKO! MOJUHOM P, 9TO JJIsl JIFO-
60it mocegoBaTesibHOCTH cxeM (), TOJIMHOMHUAIBLHOIO pa3Mepa MPU BCEX JIOCTATOYHO OOJIBIIIX
n

Pr(fu(z) = fu(Cu(fu(2)))] <1 - —.

g p(n)
Omnpenesienne 2.6. [lomnHOMIATIBHO BBIYUCIAMOE CEMEHCTBO f,, HA3BIBALTCS CUALHO 00HOCTNO-
POHHUM 0N HEPABHOMEPHO20 NPOMUBHUKG, €CJIU JIJIS JFOOr0 MOJUHOMA ¢, 9TO JJIs JIH000i
nocseioBaTesibHocTu cxeM C), TOJHHOMUAIBHOTO pa3Mepa MPHU BCEX JI0OCTATOYHO OOJIBINNX N

1
%MﬂﬁZEKMh@DN<%B-

Samevanue 2.1. Opuocroporuue pyHKIUN JIJIsi HEPABHOMEPHOI'O IPOTUBHUKA MOXKHO OBLIO ObI
OIIPEJICNIATD JIJIST 6EPOAMMHOCIVHYLL CXEM, T.€. JIJIsT CXeM, KOTOPBIM Ha BXOJ HOJAI0T HE TOJHKO
fn(z), HO U HEKOTOPYIO CTPOKY €O ciydaitabivu Guramu r. OJHAKO, JIEMKO MOKA3aTh, YTO OT
CJIyYaHBIX OUTOB B TAKHUX OIPE/IETICHUSAX MOYKHO H30aBUTHCS: JIJIsT 9TOTO HYKHO JIJIST KayKJI0r0
n BBIOPATDH OJHY “‘CAMYIO JIYUIIYI0 CTPOKY 7T, HA KOTOPOIl JJOCTUIaeTCsd MaKCHUMAaJIbHAasT BEPOsT-
HOCTH Obparenus f,, u “3ammTh’ € B cxemy. HeTpyHO yBUJIETH, YTO BEPOSATHOCTH OOpAIEeHUsT
pu r = r, OyJeT He MEHbIIe, IeM 10 BCEM ' B CPEIHEM.

B maspHeiimemM Mbl 9acTO OYIeM TOBOPHUTD IIPO OJHOCTOPOHHEE (hyHKUUU, TIOIPA3YMEBas IO
ITUM cemeticmea OTHOCTOPOHHNX (yHKImi. Korma roBopat mpo 0dhocmopornion GyHnryuo, To
UMeeTCd B BUJLy CHJIBHO OJTHOCTOPOHHSAA (DYHKITHS.

Omnpenenenune 2.7. Eciu B onpesiesieHnn 0HOCTOPOHHEH (DyHKIINKT yOpaTh TpeboBaHUE IO/~
HOMWAJBHON BBIYUCIMMOCTH, TO TOJyIUTCS ONpPeseseHne Heobpamumoti PyHKITNN.

2.4. Ilpumepsbl OTHOCTOPOHHUX (DYHKITUIA

HewnssecTHO, CyIecTBYIOT J OJJHOCTOPOHHUE UK XOTs ObI 1800 omHOCTOpOHHNE (DYHKINH (/18-
JKe JIIsl PABHOMEPHOIO MPOTHBHUKA). J{oKa3aTe/IbcTBO UX CYIIECTBOBAHUS MOBJIEUYET 32 COOOM

P+ NP.

Teopema 2.2. Fcau P = NP, mo a0b60e nosuHoMUuGAbHO BbMUCAUMOE CEMETCMEO dyrkuu
fn me asasemces caabo meobpamumvim dadice OAf PABHOMEPHO20 NpomusHuka. boaiee mozo,
cywecmsyem 0emepMuURUPoSaAHHLT GAOPUMM, KOMOPHIT 0as 6cex T no n U f,(x) 3a nosuno-
MUAADHOE OM N 8PeMA HAToduUm HeKomopuil npoobpas f,(x) daunwe k(n).

Joxazamenvcmeo. Cwm. yHKT “=" 10Ka3aTeaIbCTBa TeopeMbl 2.1. n

IIpumep 2.1 (npoussesienne HaTypaabHbix dnces). CeMelicTBO f,, yCTPOEHO CJielyomum obpa-
3oM: k(n) = l(n) = 2n, BXOJ T JIEJIUTCS TIOMOJIAM, KarKJ/asi MOJOBUHKA MPEJICTaBJIsieT COOOi
n-OMTOBOE YHCJIO, Pe3ysbrar f, — Npou3BejieHne 3TuxX quces (mojydurcd He Oojee dem 2n-
OUTOBOE YUCIIO).

IIpumep 2.2 (SUBSET-SUM). Cewmeiictso f, st SUBSET-SUM yerpoeno ciemytonum obpa-
som: k(n) = n? +n, I(n) = n? + 2n + [logn], Bxox r pazéusaerca Ha n + 1 GJIOK JTMHBI
n, TIepBbIe 1 6JI0KOB MHTEPIPETUPYIOTCS KaK N-ONTOBBIE YUC/IA T, . . ., Ty, & MOCACIHIN GI0K
HHTEPIPETUPYeTCst Kak nojmuoxkectso [n]. Torpa f,(x) = <:1c1, Loy Tny D iy xz>



2.5. IlocTtpoeHue CHMJIIBHO OJHOCTOPOHHUX (PYHKIMI U3 cJIabo OTHOCTOPOHHUX

Teopema 2.3. Ecau cywecmsyrom caabo 00HOCMOPOHHUE GYHKUUL, MO CYULLCTNEYIOM U CUND-
HO 00HOCMOPOHHUE PYHKUUYL (9MO 6EPHO OAA NOOLT NPOMUBHUKOS).

Jokxazameavcmeo. Bynem nokasbiBaTh JjIs PABHOMEDHOTO MPOTHUBHUKA — JIJIsi HEPABHOMED-
HOI'O JIOKa3aTe/IbcTBO OyeT aHasiorudubiM. [lycrs f — ciabo omnocTroponHuss byHKIU, T.€.
CYIIECTBYET TaKO MOJMHOM P, 9TO JIJIst JTF000T0 MOJIMHOMHUAIBLHOTO BEPOATHOCTHOI'O aJITOPUTMA,
R tipu Bcex j1ocTaTovHO OOJIBINNAX N

n b
Prlfu(x) = Fu(RO™, fule) 1)) <1 o

Omnpenenum dyukimio F', KoTopasi onpeessieTcsa CaeyonnM COOTHOIITEHTEM:

Fo(xy, 29, ..., xn) = (fulz1), fu(z2), ..., fulzNn)),

re. F, : {0,1}V*m 5 L0, 13V Tna Toro, urobn obparuts F), Ham ny:kuo N pa3 oGpaTuTh
dyurmmo f,. B kaxaoMm ciydae BeposTHOCTH OIMUOKK He Menbine 1/p(n), mostomy obmias

BEPOATHOCTD ycrexa e Gomee (1—1/ p(n))N. st N = n-p(n) sra BeposiTHOCTD OJIM3Ka K €7,

4TO yOBIBaeT ObICTpee JiIoOoro obparTHoro mojuHoma. Takum obpazom dyukIius F — CHJIBHO
OJTHOCTOPOHHSIS.

B mpempiaymem paccykiaeHun Kpoercs: ommoOKa. Jlesio B ToM, 9TO MBI IpeoaraeM, ITo
oOpaIalonnii aaropuT™ OyJIeT 00g3aTeIbHO YCTPOEH CJIELYIONUM 00Pa3oM: OH OyJIeT IbITaThCA
N paz obpatuth f,, T.e. HaiiTu poobpasbl s fr (1), fu(z2), ..., fu(zy). DTO HE 0bsI3aTEIBHO
TaK — MBI HE MOYKEM IPEJIIO/IAraTh, YTO ITOT aJITOPUTM OYJIET YCTPOEH KAKUM-TO KOHKPETHBIM
obpazom. [losTomy mpebiayinee MOKa3aTeILCTBO OMIMOOTHOE, XOTs TOJIy IUBINAACT (DYHKITUAS
F nefictBuTe IbHO CUJIBHO OJTHOCTOPOHHSIS.

KoppekThoe jokazareibcTBO 3TOro pakrta OyjIeT yCTPOeHO JIpyruM obpaszoM. Mbl mpeiio-
JIOKUM, 9TO (pyHKIMs F' He SaB/IsieTcs CHILHO OJHOCTOPOHHEN U M3 3TOrO0 IMOKasKeM, UTO B CBOIO
ouepesib yHKIUS f He ABISETCS C1aD0 OFHOCTOpOHHEH. I 5TOr0 MBI BOCIOJIB3yeMCs AJi-
TOPUTMOM, KOTOPKBIi obpataer F', s mocrpoenns ajaropurMa obparenus f. [Ipemgmomoxum,
9T0 aaroput™M Rp ymeer obpamarb F' ¢ BepogTHOCTBIO ycrexa Gosiee 1/q(n) mis HEKOTOPO-
ro mojamHoMa ¢. Torjia MBI ITOKazKeM, 9TO CYIIECTBYeT aJrOpUTM [, KOTODBIi obpamaeT f ¢
BEPOATHOCTBIO ycrexa 6osee 1 — 1/p(n).

Asropur™m Ry Mor ObI OBITH yCTPOEH Tak: Jls OOpallleHHs y Mbl BbIOEpPEM CilydailHble
T, X3,...,TN W 3alycTUM ajgroput™m Rp ma Bxome (Y, fn(x2), fu(xs),. .., fu(zy)). HeiicrBu-
TeJIbHO, eciin Rp HalaérT mpoobpas Jjis 9TOr0 BXO/a, TO OH B T.4. HAiAET m mpoobpas s
y. BepositHOCTD yenexa Rp Ha TaKOM BXOJe I CJIy9IallHOTO Y HE MEHee BEPOSTHOCTH yCIIeXa
Rp ns cayqaiiupix Ty, ..., ry. OJHAKO HAM 9TOrO HEJIOCTATOYHO — MBI XOTEJN ObI MOy IUTh
BEPOSTHOCTD ycCIiexa OJIN3KYIO K eJINHUIIE.

Jtst 3T0rO0 Oy/IeM UCIOIB30BATH JIBa JIOTIOJTHUTEIHHBIX IPUEMA:

e OyjieM IBITATHCS MOJCTABUTH Y HE TOJBKO Ha MecTo f,(x1), a JyIst KaxIoro ¢ OymeM 3a-

nyckarb ajroput™m Rp Ha Bxoge (fn(x1),. .., fu(®ii1),y, fu(®iz1), ..., fulzy)) Joast city-
JAMHBIX T1, ..., Tie1, Tigls- - TN

e OylIeM IOBTOPATH Kazkylo ureparuio M pas Jjid pa3IndHbIX CIydaillHbIX HE3aBUCUMbIX
HAOOPOB X1, ..., T 1,Lit1,--.,TN-

1970 puém HeobxoMM, T.K. B IIPOTHBHOM C/Iydae Y HAC He TIOJIyUUTCs yBeJUYHBATH BEPOSITHOCTD yCIIexa.
JeficTBITEIEHO, €CJIH TIPEJICTABUTD, YTO AJIrOPUTM R He paboTaer Ha CTPOKAX, Y KOTOPBIX ePBbIit GUT HYJI€BOI,
TO BEPOSITHOCTD yCIeXa TAKOrO aJrOpUTMa BIOJIHe MOxKeT ObITh 1/2. Ho Torma m BeposTHOCT ycmexa Ry He
MOKeT ObITh Bbime 1/2.



[aBaiiTe BbIIMM OAMH payrd ajJropuTMa Ry: e KayKIOTo ¢ BRIOMPACTCS HE3aBUCHMBbILIL
caydafiHbIii HAOOP BXOMOB Ty, ...,%; 1,Tit1,---,LN W BBI3bIBAETCI ajaroput™ Rp Ha BXoue
(fo(z1)y- oy fu(micn), y, fu(zig), ..., fu(zy)). DrOT 91811 Gyer nosropén M pas. Suauenne M
MBI BbIOEDEM TI037Ke, 9TO OY/IyT HEKOTOPBIH MOJMHOM OT 7.

Yepes s;(x) Mbl OyjieM 0603HaYATH BEPOSITHOCTH TOTO, YTO ajJroput™m Ry Haiinér npoobpas
(fu(x1), oy fu(@ict), fu(@), fu(@ic1), - -, fo(Tn)) 0TSt CTIYIARHBIX T1, ..., Ti_1, Tig1,- - -, TN- de-
pe3 §(x) 0bo3HAYNM BEPOSTHOCTD yCIIEXa OIHOIO payHja aaroputMma Ry. DTa BepOATHOCTD 3a-
BEJIOMO He MeHbIIle MaKCHMAaJIbHOI BepOATHOCTH cpein Beex s; (), T.e. §(x) > max; s;(x).

Paccmorpum oT/iesibHO BXOABI &, KOTOPBIE HAII ajJropuT™ [y obpaliaeT ¢ MaJIeHbKOI Be-
POSATHOCTBIO, T.€. 3TO “TpyjHbIe” JJisd oOpallleHnusl BXOJbl. ByJaeM TOBOPUTH, UTO & — TPYI-
HBIA, ecim $(x) < € JjIsi HEKOTOPOro OOPATHOrO MOJMHOMA €, KOTOPbIi MbI BbIOEDEM JIAJIb-
mie. /oo TpyaHbIX “TPYAHBIX’ CJIOB CPEJM BCEX CJOB JIIMHBI N Mbl 0003HAYMM Uepe3 0, T.e.
d = Prycp,[8(z) < €.

JlanbHeiinmee 10Ka3aTEILCTBO OYIET MOCTPOEHO TaK: MbI IIPEIIIOI0KNAM, ITO TTOJTY THBITHACST
ajroput™ Ry He obparmaeT GyHKIUIO f ¢ Hy?KHOI BEPOATHOCTBIO, T.€. BEPOATHOCTD €r0 OMNOKH
Gosbriiee 1/p(n). U3 sroro Gyzaer ciiegoBaTh, UTO J0Jisi TPYJIHBIX CJIOB 0 JOBOJBHO OOJIbIIAST
(6oJibllle HEKOTOPOTO OOPATHOTO TOJIMHOMA). A pa3 TPYAHBIX CJIOB MHOTO, TO U BEPOATHOCTH
ycrexa Ry He MoxkeT ObITh Gostbiiie 1/g(n). Takum o6paszoM Mbl IpuiéM K nporuBopednto. s
peaim3aIyy 9TOTO TJIaHa TOTPeOyeTes CIeyoNne TBe JIEMMBI.

Jlemma 2.1. Bepoamnocmo owubku Ry npu obpawenuu caosa fr,(z) daa cayuwatnozo T we
boavwe § + (1 — €)M,

Aoxasamenvcmeo. 1lo dpopmysie mosHoi BepogTHOCTU BEPOATHOCTh OIUOKK [Ty 1pu obparie-
HUU 0B, f,, () Jyist CIIy9aiiHOrO & MOXKHO PACIUCATh KAK BEPOSITHOCTD OMIMOKY Ha “TPYIHBIX
BXOJ/IaX U Ha MIPOCTHIX BXOJIAX.

Prlommbka Ry| = Prjomubka Ry | §(x) < €] - Pr[s(z) < €

x,r T T

+ Prlommbka Ry | §(x) > €] - Pr[s(z) > €]
<1-04+(1—-e™-1.
[

Jlemma 2.2. Bepoammnocms ycnexa aszopumma Ry npu obpawenuu crosa F(T) daa cayyadi-
1020 T = x1,..., TN ne boavwe Ne+ (1 —0)N.

oxazamesvemeo. OneHnM BEPOITHOCTH yCIlexa CBEPXY MO (popMyJie MOJTHON BEPOSITHOCTH:

Prlycnex Rp| = Pr[ycuex Rp | 3i, 5(z;) < €| - Pr[3i, §(z;) < €]

Z,r

+ Prlycuex Rp | Vi, 5(x;) > €] - Pr[Vi, §(x;) > €
<e-No+1-(1-0)N.
[

[Tpe/o102KuM Tenephb, Y4To y HOJIyIUBIIerocd ajaropuTMa Ry BepogTHOCTh OMIMOKHT OoJIbIIIe,

geM 1/p(n), T.e. Ry obpamiaer f ¢ BEpOSATHOCTBIO ycIexa Memblie 1 — ﬁ. [Momoxum M = n/e.

Torya Bropoe ciaraemoe B jgemme 2.1 Oyaer mopsjka e~ ", 94To IpU P JTOCTATOYHO OOJIBIIIX
N MeHbIIIEe, YeM T}n)‘ Takum obpasom § >

1
2p(n)”



Tenepb Mbl X0TUM onpeiesinTb N U € Tak, YTOOBI BEPOATHOCTH ycrexa Rp oKa3ajaach MeHb-
me, deMm 1/g(n). Beibepem N = n - p(n), Trorma mpu § > %(n) MBI TIOJIy9aeM, UTO BTOPOE

caraemoe B jteMMe 2.2 Gysier nopska e~

n/2
1 \ne) 1\ 2
(1—5)N<(1— ) o (1——>p ~ e 2,
2p(n)

[Ipu nocrarouno GOJBIIUX 1 ITO MEHBINE, YeM m. Ocrajioch ONpeenTh € TakK, 9TOObl 1
1

mepBoe cjaaraemMoe jeMme 2.2 ObLIO MEHbIIIe SR Hamnpumep, 3To jocturaercs mnpu
1 1
2N - q(n)  2n-p(n)-q(n)
ITpu Taxum M, N u € 1ojrydaeTcs, 9TO aJaropuT™M I BHI30BET HOJMHOMUALHBIN aaroput™ Ry
ne Gosee M - N = 2n? - p*(n) - ¢(n) pas, r.e. Ry cam 1o cebe Gy/eT NOJMHOMUATBHBIM.

€ =

O

2.6. YacTtuyHble OAHOCTOPOHHUE (DYHKIIUU

OtnocToponHue (DYHKITUN, KOTOPbIE MbI OIPEJICIUIN BbIIIE, ONPEICICHBI JIjI BCEX CJIOB JIJTUHBI
k(n). MoxkHO 06001TUTH 9TO ONpe/Ie/IeHIe Ha CIIydail 9acTHIHbBIX (DYHKITH, KOTOPBIE OIPe Iese-
uel Ha HekoTopom D,, C {0, 1}¢(™. Jlna Toro, uTo6br Takne dbyHKIMN MOKHO GBLTIO TPUMEHSATH
JUTS TIOCTPOEHNST KPUITOrpaduIecKnX TPOTOKOJIOB, MBI JIONOJTHATETHLHO TOTPeOyeM BO3MOXKHO-
CTU T€HepUPOBATH NOYMIU paBHOMEPHOe pacupejesienue Ha D,,.

Onpenenenne 2.8. IlocienoBare/IbHOCTL pacipe/ie/ieHuil BeposTHOCTEH [, HAa MHOYXKECTBE
JIBOMYIHBIX CJIOB HA3BIBAETCS NOAUHOMUGNOHO MOOJCAUPYEMOT, €CTU CYIIECTBYET MOJTUHOMUATH-
HBII BEPOSITHOCTHBIH anroputm K, takoii, aro jyist Beex © € {0, 1}*

Prr[K(ln,r) = x| = pn(x).

Omnpenenenne 2.9. Cmamucmuveckum paccmosruem MeEXKIY Pacupeie/eHUIMI BePOSITHO-
CTeil |t M V Ha3bIBaeTCHd

S(n,v) = max |u(A) = v(A)|.

AC{0,1}*
He coxkno nokasarb, 910 MakcuMmyM jgocruraercs npu A pasuom {z | u(z) > v(z)} u ero
JionoiHeHno. TakuM obpa3om

S(ot) = 5 3 lulw) = (o).

Omnpenenenne 2.10. [lociemoBarenbHOCTH PACIPEIETCHUN [, U Uy, HA3BIBAIOTCA CMAMUCTIU-
YECKU HEOMAUNUMDLMAU, €CJTH CTATUCTUICCKOE PACCTOSTHUE MEXKJIy HUMHU CTPEMUTCA K HYJIIO
obicTpee JI060T0 0OPATHOTO MOJIMHOMA OT 1 IIPU N — OO.

Onpepnenenne 2.11. Ciyuaiinble BeJUIAHBL (v, U [, HA3BIBAIOTCSH CIMAMUCTIUNECKU HEOMAU-
YWUMBLMU, €CJIN UX pactpenesnenus [i,(x) = Prla, = z] u v,(z) = Pr[8, = z| crarucruyeckn
HEOTJINYUMB.

Onpenenenune 2.12. Pacupenenenne 1, Ha3blBaeTcsa JoCcmynHviM, €CIN OHO CTATUCTUIECCKU
HEOTJIMIUMO OT HEKOTOPOTO IMOJTMHOMHUAJBLHO MOJIEJIUPYEMOTO PaCIpejIesIeHUsT Uy, .



Onpenenenune 2.13. CemeiictBo dacTu4dnbX pyHKIHUi f, ¢ obaacrsamu onupenesienus D, Ha-
3BIBAETCS CUALHO 00HOCMOPOHHUM, €CIN f, TOJNHOMUAIHHO BBIYHCINMO, PABHOMEDHOE DPac-
upejiesienne na D, JOCTYIHO, U Jjis JIIOOOTO TOJUHOMA ¢ U JJIS JII0OOrO MOJMHOMUAIHLHOTO

BEPOATHOCTHOIO aJIFOPUTMa R,
1
Pr [fn(x) = fn(R(ln’fn<x)’T))] < — =

zDp,r q(n)

IIPU BCEX JOCTATOIHO OOJbIMX 7. CHIBHO OJIHOCTOPOHHEE CeMeiCTBO YaCTUIHBIX (PYHKIUN f,
HA3BbIBAETCS CUALHO 00HOCMOPOHHED nepecmanoskoll (one-way permutation, owp), eciu s
BCEX 7 OHO SIBJISETCS IIePEeCTaHOBKOM CcBoell objacTu onpepeaeHus D,,.

AHaJIOrTIHBIM 00Pa30M OIPEIENIAIOTCA CAGO0 00HOCTOPOHHUE DYHKIUA U 00HOCTNOPOHHUE
Pyrryuy 1710 HepaBHOMEPHOTO ITPOTUBHUKA.

ITpumep 2.3 (TIpenooKUTeIbHO CUIIBHO OJJHOCTOPOHHKE YaCTUIHbIE (DYHKIIUY).

1. Qynxyus Pabuna. Oyuxius f, onpejueseHa Ha cjIoBaX BuJa xy JjauHbl 4n, rue |r| =
ly| = 2n. Tlpu 510M U y UHTEPUPETUPYIOTCST KaK 2n-0MTOBBIE YHUCIIA, YOBIETBOPSIIONINX
CJIEJTYIONIUM TPEOOBAHUSIM:

(a) y=p-q, vae p u q upocTbie n-6uTOBbIe Yncaa Bujga 4k + 3;

(b) x = 2* mod y A1 HEKOTOPOTO Z, B3AUMHO IPOCTOTO C Y.
Bnavenue GyHKINT Ha Y paBHO KOHKaTeHAINH cjoB 2 mod y u v.

2. Oynxuyus RSA. O@yukius RSA asisgercsa obobimenunem ¢dpyuknun Padbuna. Ona onpeesre-
HA Ha CJIOBAX BUJA TYZ, IJIE T, Y U 2 UMEIOT JJINHY 21 U MHTEPIPETUPYIOTC KaK JTBOUIHbIE
3aIMCH IHCEJT, YIOBJIETBOPSIONIUE CJIELYIONMM TPeOOBAHUSM:

(a) y =p-q, rjie p u ¢ IPOCThIe N-GUTOBBIE YHUCIIA;

(b) z € [1,pq — 1] n B3aEMHO TPOCTO C Y;

(¢) z B3ammHO mpocto P(pg) = (p—1) - (¢ — 1).
Buavenne GyHKINN Ha Y2z PABHO KOHKaTeHaruu cjioB (x* mod y), y u z.

3. Jluckpemmnas sxcnonernma. QyHKIUS ONpe/iesieHa Ha CJIOBaX BUJIA TYZ, TJE X, Y U 2 UMEIOT
JITUHY 1. ¥ COOTBETCTBYIOIINE YUCJIA YJIOBJIETBOPSIOT CJIEIYIONMMM TPEOOBAHUSIM:

(a) y — n-6uroBOE ITPOCTOE YHCIIO,

(b) = € [2,y — 1], nopoxKaer BCIO MyJIbTUIIMKATUBHYIO PYIILY BBIYETOB MO MOJLYJIIO Y
(T.e. 10601 HEHYJIEBOi BBIYET SABJIACTCS CTENEHBIO ),

(c) ze[l,y—1].

Buavenne GyHKIUN Ha TYZ PABHO KOHKaTeHanuu cjaoB x, y u (z* mod y). Obparienue
9TOi (DYHKIMN — SABJIAETCS JUCKPETHBIM JIOTapH(DMUPOBAHIEM.

Bostee monpobno 06 stux npumvepax cM. [1].

Onpenenenne 2.14. Yacruunas bynkiusa f, : {0, 1} — {0,111 nazpisaerca nposeps-
emot, ecJiu 10 n, JIOOMY CJIOBY & JIIUHBL k(n) U J10060MYy CJIOBY Yy W3 MHOXKECTBA 3HAYCHUI
frn MOXKHO 3a IOJMHOMHAJIBLHOE BpPEMs IPOBEPUTH, BEPHO JIM, YTO [, ONpeae/]eHa Ha T U e
3HaYEHUE Ha T PABHO Y.

Samevanue 2.2. Hemssectno, sisercs i ¢yrkius Pabuna nmpoBepsieMoil, T.K. HESICHO, Kak 3a
IIOJIMHOMMAJIBHOE BpeM#A IIPOBEPUTDL, ABJIACTCA JIM JaHHOEC YHCJ/IO KBaJApaTUYIHBIM BbIYME€TOM IIO
COCTABHOMY MOJLYJIIO.



3. T'eneparopsl 1ceBaOCayYaTHBIX YNCEJI

3.1. BpruncanTejabHO HEOTJINYUMbIE c.nyqaf/iHbIe BeJINYNHDBI

Onpenenenne 3.1 (st mepaBHOMepHOTO nporuBHUKA). CirydailHble BeJIMUUHBL (v, U [, 38-
BUCSIIIE OT HATYPAJIbHOTO [IapaMeTpa 1, CO 3HAYEHUSIMEI B MHOYKECTBE CJIOB HEKOTOPOH JJIMHBI
[(n) HA3BBIBAIOTCS GHIYUCAUMEADLHO HEOMAUHUMBLMU, €CITH JIJIS JTIO00T TTOCIeI0BATETEHOCTH CXEM
Co,C1,...,Cp, ... pazmepa poly(n) (c I(n) BXOZAME 1 OJHUM BBIXOJOM) BEPOSITHOCTE COOBITHI
Ch(an) =11 Cy(f,) = 1 ormmyaorcs Ha MPEHEOPEKIMO MAJIyIO BEJINUUHY, T.C.

|Pr[Cr(0) = 1] = Pr[C(B,) = 1]| < €,

rjie €, yobiBaeT ObicTpee jiroboro obpaTtHoro nojguHoMa. Cxema C), B 9TOM KOHTEKCTE HA3BIBACTCS
Mecmom ¥ MbI TOBOPHM, UTO CIydaiiHas BeIWdIuHA vy, npoxomut tect C,, ecin Cp(a,) = 1.
Takum obpazom, MbI Tpebyem, ITOOBI (v, U [3, TPOXOIUIN JIOObIE TECThI IMOJTUHOMHUAIBHOIO
pasmMepa ¢ IpUOJIU3UTEIHHO PABHON BEPOSITHOCTHIO.

Onpenenenne 3.2 (/g paBaomeproro nporuBhuka). CirydaiiHble BEJIMIUHBL (v, U 3, 3aBU-
CsIle OT HATYPAJbHOIO MapaMeTpa 1, O 3HAYEHUIMU B MHOXKECTBE CJIOB HEKOTOPOIi JIJINHbBI
[(n) HA3BIBAIOTCS GLIYUCAUMENLHO HEOMAUNUMDLMU, €CIIU JJIs JTI0OOT0 BEPOSITHOCTHOIO TOJIH-
HOMHUaJbHOrO ajaropurma 1’ BeposgTHOCTh cobbiTii T'(1", cv,) = 1w T'(1™, B,,) = 1 ormmuatorcs
Ha, IPEHEOPEKUMO MAJIYIO BEJIMYUHY, COOTBETCTBEHHO

‘Pr[T(l",an) =1]—-Pr[T(1", B,) = 1]’ < €n,

Tae €, y6bIBaeT 6bICTpee JII000Tr0 O6paTHOI‘O IIOJIMHOMaA.. AJIFOpHTM T B 5TOM KOHTEKCTE Ha3bIBa-

eTCst Mecmom U Mbl TOBOPHM, UTO CJIydaiiHast BeJIMIUHA &, ipoxoaut tect 1) ecom T'(1™, av,) =
1.

Samevarue 3.1. Ecim o, m [, craTucTUYecKd HEOTJIMIUMBI, TO OHH U BBIYMC/IATE/IHHO HEOT-
JMYUMBI (HAIIpUMED, /sl HEPABHOMEPHOTO MPOTHBHUKA), TOCKOJIBKY DA3HOCTh BEPOSTHOCTENl
o, u [, B Muoxectso {z | C,(x)}, 3anaBaemoe tectom C),, HE HPEBOCXOUT CTATHCTHIECKOTO
PACCTOSTHUST MEXKILY (ty U [3y,.

Jlemma 3.1 (CpoiicTBa BBIYHCIUTEILHOM HEOTIHIUMOCTH ).

1. Ommnowenue 6buUCAUMENOHOT HEOMAULUMOCTIU pe@JL@?{ICUGHO, CUMMEMPUYHO U TMPAH-
3UmMueHo.

2. JIAs HEPABHOMEPHO20 NPOMUBHUKG: BUHUCAUMENLHO HEOTMAUNUMBLE TNOCALOOBAMENDHO-
CMU CAYHATHDIT BEAUNUH iy U [y BUHUCAUMEADHO HEOMAUNUMbL U BEPOAMHOCTIHOLMU
MECMAMU NOAUHOMUANDHOR0 PASMEPG. IMO 03HANAEM, YMO 0Af4 110000 NOCACIOSAMEN-
nocmu Ty, 6EPOAMNOCTIVHOLT CTEM NOAUNOMUAALHO20 om N padmepa ¢ L(n) erodamu, Ge-
poamuocmu cobmut T, (a,) =1 u T,,(8,) = 1 npubausumenvro pasroL.

3. Ecau a,, u B, svivucaumennvro neomauvwumos, a Cy, — nocaedosamesvHocmy 6eposmHmocm-
HOLT CTEM NOAUHOMUAALHO020 pasmepa ¢ [(n) exodamu, mo u cayuatinvie seaudunst Cp (o)
u Cy(Br) vivucisumenvo Heomauiumst. Anarozuino 0as pasHOMEPHO20 NPOMUBHUKA.

4. Hycmov cayuatinoe 8eAudUHbL by, By U Yy uMetom coemecmmuoe pacnpedenenue. M nycmo
s 206070 NocAed0BAMEALHOCTNY, 3HAMEHUT Cp CAYUATHOT BEAUMUHDL Yy, CAYHATHDIE G-
2unurol (g | Yo = ¢p) u (By | Yo = ¢n) 6vruucaumenvro neomavuumo. Tozda u apy, u
BnYn 66HUCAUMENDHO HEOMAUNUMDL.

Jlas pasromeprozo npomusHuka amo ce0UCmeo Cnpasediuso MoabKko 0Ad HEe3A6UCUMDLL
CAYUATHBLT BEAUNUN Clyy Vi, NPUUEM CAYUATUHAA BEAUNURG Yy O0NAHCHE ODIMD NOAUHOMU-
aAbHO MOJEAUPYEMOT.



Joxazamenvcmeo.
1-2. OueBuaHo.

3. Ilycrs mana nocienoBaresbHOCTD TecToB T, mozossier ormdarh Cy(ay,) u Cy(B,). To-
ria nociaegosarenbHocTs cxeM D, () = T,,(Cy(z)) Gymer BepoATHOCTHBIM TECTOM IIOJIH-
HOMAJIbHOI'O pas3Mepa JJist CJIyIailiHbIX BEJIUIUH Oy, U [y,

4. JlomycTuM, 9TO CyIIECTBYET MOCIEI0BATEILHOCTh CXEM-TECTOB 1), TIOTMHOMHUAJILHOTO Pas3-
Mepa Takas, 910 BepoaTHOCTD 1), (o Vn) = 1 T, (Bnyn) = 1 otmvaercst € = 1/poly(n) mis
6eckoHeTHO MHOIEX N. Pasnoctsb BepositHOCTEll cobbithit 1), (v, y,) = 1 u T, (Bnyn) = 1
paBHa CpeIHEeMY 3HAYCHUIO PA3HOCTH BEPOSATHOCTEN

Pr[T,,(anc) | vn = ] = Pr[T(Bnc) | yu = ¢

[0 CJIy9aiiHO BBIOPAHHOMY ¢ (B COOTBETCTBUU C PACHPEE/ICHUEM CJIYUYaiHON BeJTUIUHBI
). TosToMy Jy1si GECKOHEYHO MHOTHX N HAWJETCS ¢ = ¢, B MHOYKECTBE 3HAYCHUH 7,
JIJIT KOTOPOI pa3HOCTb BEPOATHOCTH He MeHbine €. Kemam “3amurs’ ¢, B cxemy 1), TO
HOJIy YU TCs TIOJIMHOMUAJIbHBIA TecT, pasiundaomuii (a, | v, = ¢,) u (B | Yn = ¢n)-

]

3.2. TI'eHepaTopbl NCEBAOCIYYaANHBIX YNCEJT

Onpenenenne 3.3. [lycrs ganst Mmoorowienst k(n) u l(n) rakue, aro [(n) > k(n) s Beex n.
T'enepamopom ncesdocayuatinor wucea muna k(n) — I(n) 6yjem Ha3bIBaTH ceMeHCTBO (DYHKITHI
Gr 1 {0,1}F) — {0, 1} yroieTBopsIomee CIeIyIONuM YCIOBIM.

1. CewmeiictBo (&, BBIYHUCIMMO 3a ITOJUHOMUAJIBHOE OT 1. BPEMS.

2. (Hamexxuocts reneparopa [1CH.) Coyuaitnas ennunna G,(S) st paBHOMEPHOTO CJTy-
YAHOTO § BBIYUCIUTETHHO HEOTIMYNMA OT CJIyYailHON BeJIMYMHBI pABHOMEPHO pacIpejie-
JICHHOIl Ha BCeX CJI0Bax JUIMHGL [(1).

Onpenenenne 3.4. [enepamop ncesdocayuatinor wuces muna k(n) — 0o GyneM Ha3bIBATH
cemeiicTBo otobpazkenuit G, : {0, 1}*™ — {0, 1}*, ynosersopsiomiee cieayomum TpeGoBan-
SIM.

1. CymiectByer ajaropuTM, KOTOPBIN 10 CJIOBY S U HATYPAJbHOMY YHCIY | BBIYUCTISET dJIe-
MeHT nocsieoBaresibioctu G, (8) ¢ HoMepoM | 3a BpeMs, MOJMHOMEUAILHOE OT |s| + [.

2. Cayuaiinas seananaa G, (S) BBIUUCIUTENHHO HEOTINIMMA OT PABHOMEDHO PaCIpPeiesIeéH-
HO# OECKOHEYHO TOC/Ie0BATEILHOCTH HYJICH U €/INHMUII, (STO O3HAYAET, 9TO JIJIsI JIIOOOrO
nosimaoMa p(n) uepsble p(n) 6utoB G, (S) BBIUNCIUTENHHO HEOTIUIUMBI OT CJIyJaitHOM
BEJIMYMHBI PABHOMEPHO PACIPE/ICJIEHHO Ha BCEX CI0BaX JJIMHBI p(n).)

Samevwanue 3.2. ITo remeparopy I1CY rtuna k(n) — oo mMoxHO moctpouth rereparop [1CH
tuna k(n) — I(n) mua moboro nosmuomMa [(n) (Hy?KHO B34TH 11epBbIii [(n) 6uToB).

Teopema 3.1. Ecau cywecmsyem zenepamop I1CY G, muna k(n) — l(n), mo cywecmeyrom
U 00HOCTMOPOHHUE GYHKUUU.

10



Joxazamenvcmeo. JleficTBUTEIBHO, MOXKHO PacCMOTpPeTh caM rereparop (i, Kak ciabo OIHO-
croponHion dyuknuoo. /laBaiite mokaxkem, 9TO HUKAKasl MOC/IEI0BATETLHOCTh CXEM TIOJIMHO-
muaibHOro pasmepa (), He obpamaer (, ¢ BEPOSITHOCTBIO ycrexa Gosiee 3/4 jjist GECKOHETHO
MHOTEX N. [IpenmonokuM, 4To Takas MOCIeI0BATETbHOCTE CyIIecTBYeT. Torna MOXKHO paccMOT-
peThb CJIEYIONIHii TTOJIMHOMUAJIbHBI TECT JJIst OC/Ie0BaTeIbHOCTel JnHbL [(1): 171 BXO/a, ¥
nposepsieM, 9to G, (C,(y)) = y. Eciu s10 Bepro (T.e. obparierne mpou3oIIo yAadHo), TO Bbl-
naém 1, a mnade 0. BepositHocTh TOrO, uto G, mpoiinér takoii Tect He Menee 3/4. Ilpu sTom
pPaBHOMEDHO pacrpe/ieJiéHHas Ha [(n) ciydaiiHasi BeTMIHHA TPONIET 9TOT TECT ¢ BEPOSATHOCTHIO
ue 6osee 1/2 (T.K. pasmep obpaza G, ue 6oee 1/2). O

ObparHOe yTBEpKJIeHIE TOXKE BEPHO.

Teopema 3.2 ([4]). Ecau cywecmsyem 00mocmoportas GyrKuyus, Mo CYuecmeyem u 2eHepa-
Mop NcesooCAYUATUHDIT YUCEN MUNG T — OO.

Mpr1 ke jrokazkeMm 6oJjiee IpoCToe YTBEPXK IeHHE.

Teopema 3.3. Ecau cyuwecmsyem o0HOCMOPOHHASL NEPECTMAHOBKE, MO CYULLCTNEYEM, U 2EHEPa-
mop NcesooCAYHATHDIT HUCEN MUNG T, — OO.

B nasibueiiinemM Mbr Oy/1eM TOBOPUTH TIPO NOAUHOMUAALHOZ0 NPOMUSHUKA TIOJIPA3YMEBasT ITO]T
9THUM JIB€ BO3MOYKHBIX (POPMYIUPOBKU: TTOJTUHOMHUAILHBIN BEPOATHOCTHBIN aJITOPUTM U CeMeii-
CTBO CXEM ITOJIMTHOMUAJLHOTO pa3Mepa.

3.3. Tpynassblit 6ut

Ounpenesienne 3.5. /{1 mapbl COBMECTHO PACIIPEIETIEHHBIX CIyIaHBIX BeTHIUH ([, Yy ), TIE
B pacupenenena Ha {0, 1} 6yaemM roBOpUTH, 9TO [3,, SABIISETCH SbHUCAUMENLHO MPYIHOT OTHO-
CUTEJIBHO 7y, €CJIN JIJIsA JTF0O0r0 TOJTUHOMUAIBHOIO IPOTUBHUKA B

1
JJIA JIIO6OFO IIOJIMHOMa p AJId JOCTaTOIHO 6OJIBIHI/IX n.

Teopema 3.4. Cayuatinaa sesuvuna B, Sbl4UCAUMEALHO MPYOHA OMHOCUMENLHO Y, MO0200 U
MoALKO Mo20a, K0206 CAYYATHAA BEAUMUHG By Yn BBIMUCAUMENLHO HEOMAUNMUMG O TyYp, 20€
rn — 9mMo pasromepro pacnpedeaéhran na {0,1} cayuatinas sesununa.

ﬂonasameﬂbcmeo.

< IlycTpb cymecTByeT IpOTUBHUK B, KOTOPLIN g OECKOHEYHOTO YHCIa N ITPEICKA3bIBAeT
By O 7, € XOpoIleil BepOITHOCTHIO, T.€.

Pr[B(’Yn) = ﬂn] > % + €n,

rjie €, — obparHblil nmojuHOM. Vcmonb3ys nporuBHuKa B MOCTpOUM MPOTUBHUKA A, KO-
TOPBINA PABIHIACT 3, Yy U T Vn-

A9 =0, Bl £+

Torma Pr[A(B,y.) = 1] > % + €n, a Pr[A(r,y,) = 1] = %

11



= Ilyctb cymectByer npoTuBHUK A, KOTOPBIi J/isi OECKOHEYHOIO YHC/Ia N PA3JIUIacT [, Yy,
U 7'pYn C XOPOIIEll BEepOATHOCTBIO, T.C.

PrlA(Buyn) = 1] = Pr[A(ram) = 1] > €5,

rjie €, — obparubit mosimaoM. [locTponMm mporuBHuKa B, KOTOPHBIH MpecKa3biBaeT [, 10

Yn-
r, A(0z) =0, A(lx) =0,

Blz) = 1, A(0z)=0, A(lz) =1,

0, A(0z)=1, A(lx) =0,

r, A0z) =1, A(lz) =1,

rjie  O3HA4YAeT CJIydailHbIil OuT.

[Tokazkem, 910

Pr[B(y,) = Bl = % + Pr[A(Buyn) = 1] — Pr[A(ryy,) = 1] > % te,

JlaBaiiTe JOKaXKeM 3TO PaBEHCTBO I (DUKCUPOBAHHOTO 7Y, = I:

Orcrosia o popmyJie MOTHON BEPOSITHOCTHU MOJTyIaeTcst TpedyeMoe paBeHcTBO. st TorO,
YTOOBI yOEIUTHCS, YTO STO PABEHCTBO BEPHO, HYZKHO IOJ/ICTABUTH BCE YETHIPE BO3MOXKHbBIE
BapraHTa U3 OIpe/ieJIeHnsl B 1 TPOBEPUTH, YTO PaBEHCTBO BBINOJIHSeTCs. Hampumep, B
IIEPBOM CJIydae BEPOsITHOCTH cJieBa Oy/ier paBHa 1/2; T.K. B BO3Bpamaer cjiydaiHblii Our,
a crpaBa 00e BepOATHOCTH paBHBbI HYI0. [l BTOporo ciydait BEpOSITHOCTD CjieBa Oy/eT
paBHa TIEePBOii BEPOSITHOCTH CIIpaBa, a mocjenss = 1/2.

Samevanue 3.3. B ciydae HepaBHOMEPHOIO IIPOTUBHUKA, JAHHAA KOHCTPYKIIAA TaéT Bepo-
ATHOCTHYIO CXEMY, KOTOPYIO, KaK OIIMCaHO BbIIIEC MOXKHO IiepeejiaTb B JeTEePMUHUPDOBAH-
Hyio. B ciiydae paBHOMEPHOTO IPOTUBHUKA HaM MOTPEOOBAJIOCH OBl TaK:Ke (PUKCUPOBATH
BHYTpPEHHIE OUTHI BEPOATHOCTHOI'O AJITOPUTMA.

]

Omnpenenenue 3.6. s oamocroponneii nepectanosku f, : D, — D, rae D, C {0,1}¢(),
Oy/ieM Ha3bIBATH MPYIHLIM OUMOM TAKYIO TIOJTUHOMHUAIBHO BRIMUCJIUMYIO (hyHKIWHUIO Ay 0 D, —
{0, 1}, aya xoropoit caydaiinas sesmanna h, (U(D,,)) tpynna gus f,(U(D,,)).

YrBepxkaenuue 3.1. [lycmo f, : D, — D, — odnocmoponnsas nepecmanoska ¢ mpyoHvim ou-
mom hy, = D, — {0,1}. Toeda cayuatinan seauvuna hy,(z)f,(z) evuucaumenvio neomauvuma
om rx, 2de x < U(D,), ar <+ Uy.

Jloxazameavcmeo. Samernm, 9to f, () pacupenesieHo Tak ke, Kak & (BaxKHO, 4TO f, — I1epe-
craHoBka). [losromy rf,(x) pacnpemeneno tak xke, kKak rz. OcTajgoch NpUMEHUTH Teopemy 3.4

st v fr(x) u hy () fr(x). O

DTO KOHCTPYKIMIO MOKHO urepupoBarb. Hampumep, hy,(z)h,(fn(z))fn(fo(z)) mosBomser
HOJIYINTh JiBa OnTa. 3aMeTnM, 4To ecau ciaydaiinasg seaunauna Ry, (z)h, (fn.(z)) fu(fo(x)) orm-
auma, o 7hy, (fn(2)) fu(fu(x)), TOo ormuaumer by, (x) fr(x) u rf,(z) (HepBble MOKHO MOJTYYIUTD U3
BTOpBIX). [Ipomomkast paccyxaenne nomydaeM, 910 Ay, (z)h,(fn(2)) fo(fo(2)) HEOTIMYIMA OT
rr'x, roe r,r' < Uj.
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Teopema 3.5. I[Iycmo f, : D, — D, — odnocmopornas nepecmanoska ¢ mpyonvim 6umom
hyn : Dy — {0,1}. Tozda cayuatinas seavvuna

R ()R (o () - P (fPD) fPOIHD ()
BUMUCAUMENDHO HEOMAUMUMEA 0T CAYHATHOT 6eAUMUNHDL
F1T - . Tp(n) T,
ede i, ..., Tpm) < Ur, x < U(D,).

Caeacrsue 3.1. G, () = hy(2)ha(fa(2)) - - - o (FPO) fPO (1) s60emen nadéocrvm 2e-
HEPAMOPOM NCEEAOCAYMATINBIT “UCen.

Joxazamenvcmeo. JlokazaTebeTBO ,,F UOPUIHBIM S METOJIOM.

To= (@) ha(fa(@)) oo ha(fOO70) £ ()
= n () o hn(f=2) PO (g
L= n Ry (fEM=8))  pPm=2)
Tpmy = 11 T2 ) T

[ycre B3nommuk B ormmuaer Ty or T, Te. Pr[B(Ty) = 1] — Pr[B(Ty) = 1] > €, ana
OECKOHEYHOTO YHUC/Ia 1 1 00paTHOIrO MOJIMHOMA €,. Torjaa cyIecTByeT Takoe ¢, 9YTO

PrB(T) = 1] - Pr[B(T1) = 1] > €,/p(n).

T.e. MbI Hay4INJIUCh OTJIMYAaTb

o 1 ha(2) ha(fu(2)) ... hp(fEMITIED) f,(Lp(”)_i)(x)
e T Tigr o he(T) oo hp(fR)2)) fép(n)*ifl)(x)

Hcnonb3yst MpOTUBHUKA, KOTOPBIA OTJIMYAET 9TH JBE CJIydailHble BEJIMUUHBI Mbl MOXKEM OTJIH-
qath hy,(f)fu(x) or re — 10 3TUM CiryYaiHBIM BeJIMIMHAM MOXKHO JIETEDMUHUPOBAHHBIM aJI0-
PUTMOM [OCTPOUTH COOTBETCTBYIONME 3HaueHust 1; u Tjyq, ITO IPOTHBOPEUUT YTBEPIKJICHUIO
3.1.

Samevanue 3.4. B aTom joKazaTeIbcTBE MbI BOCIIOIH30BAJIMCH TEM, UTO HAIIl Y HAC HEPABHOMED-
HBI TPOTUBHUK, T.€. /I CXeMa, T.K. MBI B 9Ty CXeMy 3allllJINd YUCI0 ¢. B citydae ¢ aaropurmamu
MOKHO B34Th CJIydaiiHOe ¢ 1 JIOKa3aTh, YTO C XOPOIIeil BEPOATHOCTHIO OHO MOJIOMIET.

]

Teopema 3.6 (Losapeiix, Jlepun). I[lyemo f, : D, — D, — odnocmoponnas nepecmanoska,
D,, C {0,1}*™ Paccmompum dee dymmyuu: g, : D, x {0,1}* — D, x {0,130 4 h,, :
D,, x {0, 1} — {0,1}, maxue wmo

k(n) k(n)
i=1

i=1
Toz0a g, — 00HOCMOPOHHAA NEPECTNANOEKA ¢ MPYOHLIM OUMOM hy,y.

Onpenenenne 3.7. Kod Yoawua-Adamapa — 3710 Kox uctnpasmsiomait omuokn W H : {0, 1}F —
{0,1}?", onpenensuommit ciemytomum coornomennem WH(z) = (z © Y)yeio13k-
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Kox Yommra-Ajamapa He 09eHb yJI00€H B NMPAKTHIECKUX TPUMEHEHUSX, T.K. OH YIJIMHSIET
CTPOKH B 9KCIOHEHTY pa3. OHako oH 00/1a/1aeT OJHUM OY€Hb XOPOIIUM CBOHCTBOM.

Vreepxaenne 3.2. Kod Yorua-Adamapa umeem paccmosnue 2871,

Joxazamesvcmeo. Iyers x; # y;. Pacemorpum 7 u 7 roe r,r® € {0,1}* u ommvaiorca
ToJILKO B GuTe 7. Toryma mbo x @ r ormyaercd or x O r® jmbo y © r ormyaerca ot y O o,
T.e. Bce {0, 1}* MoxKHO pasbUTh Ha NApLI, Pa3JIHYAIONIIEcs B OJHOM OUTE, TO BCE Maphl CTPOK

UMEIOT KOJbI, OTJINYaloIuecd POBHO B IIOJIOBUHE BCEX OUTOB. ]

Jdemma 3.2. ITyemo s € {0,1}2" u Pryfs; # WH(x)] < 1/2 — € (6 mepmunazr paccmoanus
Xemmnueza A(WH(x),s) < (1/2 — €)2™). Cywecmsyem eepoammuocmuviti asrzopumm A® co
epemenem pabomu, poly(m, ), komopuiti 6wdaém cnucor L caos daunoe m maxot, wmo x € L
¢ seposmmuocmuro ne menee 1/2 (anzopumm noayuwaem opakysvroul docmyn K cmpoke s ).

Joxazamenvcmeo meopemuvr Tordpetiza-Jlesura. OyHKINSA g, SBIAETCA IIepeCTaHOBKOIA. JIerko
I[I0Ka3aTb, 9TO €CJIM IIPOTHUBHUK B3JIaMbIBa€T (,, TO OH B3JIaMbIBacT U fn7 T.€. gn YABJIAETCA
OJITHOCTOPOHHEN TIEPECTAHOBKONA.

Tenepb HYKHO MOKa3aTh, 9YTO h,, ABJISETCS TPYAHBIM OUTOM ¢,. IlycTh cymecrByeT Hepas-
HOMEDHBIl TpoTUBHUK B (B najbHeieM Oy1eM [pe/Inojararb, 9T0 NIPOTUBHUK — 9TO BCEra
CEMENCTBO CXeM ), KOTOPBIii TIpeJICKa3biBaer h,, T.e.

Pr [B(f(z)y) =z0y] >1/24+¢,

x<—U(Dn)7y<_Uk(n)

Jyisi GECKOHETHOIO Yuc/aa n U oOpaTHOro nosuHoMa €,. [locrpoum nporusauka C', KOTODBIil
obparmaer f,, T.e.
Pr |[C(fu.(x)) = 2] > €,/4.
P O =] 2 af

[Tporusruk C' GyjIeT UCIOIB30BATH AJITOPUTM JIEKOJANPOBAHUST CIIMCKOM KOJa Yourrma- A jamapa
u3 JleMMbl 3.2 u pu obpaienun K 6uty y BbigaéMm 3uadenne B(f(z)y). B crucke L, KoTopbIii
BO3Bpaiaer ajaroput™ A uiem z takoe, uto f,(z) = f,(x). Ecau takoe z Hamuiocs, TO BbLIAEM
ero, MHaue BBLIAEM JIIOOYIO CTPOKY.

lHyers M C D, ux € M < Pryeu,, [B(fu(2)y) = 20 y] > 1/2 + €,/2. Nasatire
nokazkeM, 9to Pry. y(p,y[r € M] > €,/2. Ilycrs 910 HE Tak, Torma

Pr[B(fu(z)y) = 2 ©y] = Pr[B(fu(2)y) =2 Oy | v € M] - Prlz € M]
+Pr[B(fale)y) =20y |z & M]-Prlz ¢ M]
<1-€6/24+(1/2+¢€,/2)-1<1/2+¢€,.

Bamernm, uro Pr,[C(f,(x)) =z |z € M] > 1/2, .. ¢ BepoaTHOCTb He MeHee 1/2 B crmcke
OyaeT nckombril ssiementT. [losromy nosydaem

€9 €n

2 4

PriC(fu(z)) = 2] > Pr[C(fu(2)) = @ | € M] - Pr[z € M] >

T

| —

]

Jloxasamenvcmeo aemmov, 3.2. Bynem pacemarpuBarh Koj Yoia-Ajamapa Kak TabJMILy HC-
tuaHocTH HekoTopoit dyukmun f : {0,1}™ — 1. Ilycte W H(x) coorBercrByer f, a KOIOBOE
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cJ10BO § — HekoTopoit dpyukiuu f. Takum 06pa3oM i BOCCTAHOBJICHUsI & HAM HY?KHO BBIUHC-
guthk f Ha Bxomax 100---0, 010---0, 001 ---0,... [deilicrBuTe/ibHO,

z1 = £(100---0)
29 = £(010---0)

2z, = f(000---1)

Ucnosp3yst IHHEHHOCTD f MBI MOXKEM BBITHCIIATE f(2) CeLyomnmM o6pa3oM: BeIGEpeM Crydaii-
ublii 7 1 BeraucauM f(z) = f(r)® f(z@r). [Ipobmema B ToM, uTO JOCTyIA K f y HAC HET, a €CTh
JOCTYII K f, PO KOTOPYIO H3BECTHO Pr,[f(y) # f(y)] < 1/2 — €. Ucnons3ys njeio ¢ anHeiHo-
CTBIO MBI MOYKEM TOIpoGoBaTh BEruCIATs f(2) = f(r) @ f(z @ r) (no6asaenue r mo3BOMIsET
BBIYHUCTIATH f B cAY4atiHotT TOYKe, B TO BpeMs KaK 3HaueHUe f Ha cTrpokax Bujia 00 ---010---00
MOZKeT ObITh HeIpaBUIIbHBIM ). Ecim 661 onibKa B f CJIydaliach ¢ BEPOSITHOCTbIO MeHee 1/4 — €,
TO cyMMapHasl OMHIOKa IIPH TakoM Bbranciaennu f(z) Obuia Obr He Gosee 1/2 — 2e. Torga Mo
Moryu Obl €€ aMIIuUIUpoBaTh U MOJYIUTh f(2) ¢ Xoporieil BepositHocThI0. OHAKO, OMIOKA
B [ citydaercst ¢ OOJIbITeil BEPOATHOCTBIO.

NMpuest. Eciu 661 y HAC OBLI TOCTYI K HCTUHHOMY 3HAYEHHIO, TO TOIJIA ObI TOXKE BCE cpaboTasio
f(2) = f(r) @ f(z @ r). [pemmonoxum, 9T0 MBI BCE e yMeeM BbIaucaath f(r) Bmecro f(r).
Toryma MbI MOXKeM BBIMUCTUTH f(2) coemyromum o6pa3oM: BbIOEpEM CilydaifHble 1, 7o, ..., TN
u Beraucany maj;{ f(r;) @ f(z @ r;)}. C Xopormeil BEPOSTHOCTBIO MOIYUYEHHOE 3HAUYECHHE Oy-
Jer coBnagarh ¢ f(z). YTobbl OleHNTH ITO JaBaiiTe BCIOMHUM CJIeAYIONHil (hakT U3 Teopuu
BEPOATHOCTEN.

Bamewanue 3.5. Hepasencrso Yebbiména (3akoH OOIBIMX TUCET /I 2-HE3ABUCHMBIX CJTydaii-
ubix BejimauH). [lyers X7, X, ..., Xy — OJMHAKOBO pacrpe/ieJiéHHbIe MONapHO-HE3aBUCHMbIE
Bepnynuesckue cirydaiinbie Benannsl, Vi, Pr[X; = 1] = p, Torma

X, 1
P = > < —.
TN P2 = e

g mpuMeHeHHs 3TOr0 HepaBeHCTBA HAM HYYKHBI IIOIIAPHO HE3aBUCHUMbIE CIyYaliHbIe Be-
muaunel. Ilyers N = 2% — 1, xonkperHoe 3Hadenne i N MBI OIpee/ M T03Ke. Bribepem
t1,to, ..., tp < U, — He3aBucuMble cjydaiiuble cTpoku. M3 3Tux ciydaflHbIX CTPOK MOYKHO
creHeprpoBaTh N IMONAPHO HE3ABUCUMBIX CJIEIYIOMIM 00pa30oM:

VJQ {1,...,]{3}, J%@, TJ:@ti.
ieJ
YrBepxkaeune 3.3. Ecau J; # Jo, mo vy, u Ty, 6ydym He3a6UCUMBMU.
CaencrBue 3.2. {r;}; — 2-nezasucumvie cAYHaTHbIE BEAUNUHDL.

Terteps omnuieM ajaropuTM JEKOJAUPOBAHUS KOja Youria-AaMapa UCIOIb3ys HAIILY HJICIO C
serancsierne f(r). CreHeHupyeM He3aBuUCHMBIE q,to, ..., 1 < U, W 110 HUM ONpEIeuM T 5 =
@D, ti, J C [n],J # 0. Tak xax gocryna K f y HAC HET, TO BHIMUCIUTD f(1) MBI HE MOZKEM.
Bwmecto sroro Mbl riepebepém Bee 3uadenus st f(r). Eciam 661 Bee 7 ObLIM HE3aBUCHMBIL, TO HAM
npumLIoch 661 mepebpath 2V pazmmanbIx snadenuit. OHAKO, HAIIN T HOJIyYaloTca u3 k CTPOK
t;. llosromy nocrarouno nepebparsb 3Havenus [ Ha t;. [lycers Vi, a; = f(1;), Torna

107y = £(Dt) =D Ft) = Poas.

JjeJ jeJ JjeJ
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Taxkum 06pa3oM, aJropuT™M JEKOIUPOBAHUA JIJIS BCEX BO3ZMOXKHBIX a1, ..., a; € {0,1} mobasBur

B CIIUCOK L CTPOKY X1, . . ., Ty, HOJYUEHHYIO IO CJIEJIyIOMIEil Tpome Ly pe:
. x J
T —mfj{@aj@f((()"'}"'())@’/’ )},
j

g ycnexa x; DOKeH OBITh BEPEH € BEPOATHOCTHIO HE MeHee 1 — 1(+m (Torga Bech x MbI
yrajiaeM ¢ BeposttHocTbio > 9/10). Oupesesnum ciydaitnbie Benannbl { X7} Takue, uro

X/ =1 f((0-1--0)@r7) = f((0---1---0) @ 7).

[ycts p = Pr[X; = 1] > 1/2 + €. Ilo 3akony 6o/1bImx 4uces BEPOSITHOCTH TOTO, YTO DU

BBIUMCIEHUN Maj MbI [TOJIy4IrM 0oJiee IMOJOBUHBLI HEIPABUJILHBIX 3HadYennii [ He GoJiee ﬁ
) — X/ 1
Pr[z; ommubounsrii] = Pr E N < 5
— X/ (1
=Pr Ll —+e)] < —¢
Y- (5=
L J
X/ 1
<Pr L — | =—+4e€l||l>c¢€
<p Y35
Ll g
X/ 1
< Pr L _pl >l < —.
= ZJ: N P=¢=an
Taxum obpaszoM, Mbl Tpebyem, ITOObI EQIN < 1(+m’ cieioBareibno N > 18—27”. O

4. HpOTOKOJIbI C CeKpeTHbIM KJIIOYOM

Onpenenenne 4.1. [lycrs nana nocrynnas ciaydaiinas senndusa d,,. O0Hopazosvil npomokon
C CEKPEMMHBIM KANUOM 38JAETCA IBYMSI BEPOATHOCTHBIME OJHHOMHUAIBHBIME AJITOPUTMAMU
E(d,z) u D(d,m), rakumu, aro D(d, E(d,x)) = x. Bygem roBoputh, 910 9TOT IIPOTOKOJ Ha-
0EotCHIL, €CITN TSI HEKOTOPOTO TOJIMHOMA [ 1 JTIIOOBIX MTOCJIEI0BATEIBHBINA CTPOK Ty U Yy, JJTHHBI
l(n) cayuaitabie Beauansbl E(d,, z,) v E(d,,y,) BEIYUCIUTEIHHO HEOTIHINMBI.

Takoil IPOTOKOJI MBI y7Ke MOYKEM HOCTPOUThL. BO3bMEM TeHepaTop MCeBIOCIY YaiiHbIX THCeT
G :{0,1}" — {0, 1}'™. Bospmém d,, = U, u gaa x € {0, 1} onpepesnm

E(d,z) = G(d) & z,
D(d,m) = G(d) ® m.

Ecii 6bI TIPOTHBHUK HAy9IHJICST OTJIMYATh ciydaitabie Bennaudbl F(d,, z,) u E(d,,y,), T0 OH
TaK:Ke Haydujcd Obl OTIMYATb OJIHY M3 THX CJAYyYalHBIX BEJIMIUH OT PABHOMEPHOT'O paciipe-
nenenud Uy,. Ilycrs on ymeer orimvars E (dp,xy) oT Ui(n)- Torma MbI MOXKEM 3allUTh T, B
cXeMy M TakuM o0pa3oM HaydnThes oTmudaTh oopas G(dy,) or Ujy).

Omnpenenenne 4.2. Iycrs S, C {0,1}™ u ana moboro s € S, omnpenenena dbynxmus f° :
{0,1}" — {0, 1}". Muoxkecrso dyukimit {f5}scs, Ha3bIBAETCH CEMEUCMEOM NCEEIOCAYIATNHIT
PynKyul, ecii BBIIIOJHSIIOTCSI CJIEJYIONIUe CBOMCTRA.

1. CymiecTByeT TOJMHOMUABHBIN aJIropuT™, KOTOPBI 10 (8, ) Braucger f5(x).
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2. Pacnpenenenne U(S,,) qocTymHo.

3. (caabas nadéorcrnocmy) st 106010 MOJIMHOMA P ¥ JJIs1 JTIOO0r0 HAbOpa Pas3ImdHbIX CTPOK
ts . tpm) € {0, 1} coayuaitnas senumauna fi(th) f3(t2) - - - fr(tp(n)) BEIINCINTENBHO HEOT-
srauMa, 0T Uy, 1€ 8 <= U(Sy).

3. (cuavnan nadéocrnocmn) s moboro mosmHOMa P, JIOOOI0 CEMEHCTBA CXEM HMOJMHOMMI-
-1

aanoro pazmepa {C; Y] ™1y moboro t; € {0,1}" ompemesum cirydaiinble BeJTHIHHBI

{yZ 1 CJIeLyIOMIIM 06Pa3oM:

(Sn);
t1),
Ci(t1,y1),
falta),
Co(t1, y1,92),
falts),

s« U
fal

S

Torna ciryvaitHas BeJMYHHA Y1Ys - - - Yp(n) BBIYHCIUTEIBHO HEOTIHINMA OT Uppny (Ipn
YCJIOBUH, 4TO BCE 1; PA3IHIHBI).

Teopema 4.1. Ecau cywecmeyem 2enepamop nce8OoCAYMATHDIT HUCEA, TO CYULECTNEYEm. U
cemeticmeo ncesiocryHatHuT PYHKUUTL.

Joxazamenvcmeo. yers Gy, = {0, 1} — {0, 1}*". Mbl HoCTponM ceMeiiCTBO MCEBI0CTY YailHbIX
dbyuxumit {f2}ses,, rue S, = {0,1}", f2: {0,1}" — {0,1}". s sroro oupenesnnm byHKIUI
GV {0,1}" — {0, 1}" ucxons U3 CJIEIYIOMEr0 COOTHOIICHNUS:

Gn(r) = GO (r) G(l)(r).

n n

Torma
Fi(z) = :vn)( G(CUQ)(G(xl)(S))...)'

n n
MozkHo IIpE€ACTaBUTh BbIYHCJ/ICHUE f;z Ha BCEBO3SMOZKHBIX X B BHU/EC 6I/IHapHOI‘O JepeBa:. B KOpHE

3aIMCAHO YUC/IO $; €CJU B BEPIIUHE 3aIlMCAHO YUCJIO Z, TO B €r0 HACICIHUKAX OyILyT 3alucaHbl
GO (2) u GMV(2); B macTbax gepesa GyayT Bee BO3MOKHBIC f5(1).

f2(000)/53(001) £3(010)£;(011) £;(100)/;(101) f7(110)f7(111)

Bynem jokasbiBaTh ruOPUIHBIM METOIOM. [IJIsi 9TOro HaM Hy’KHO IIOCTPOUTH MOCTIEI0BATE b
HOCTb PAaCIIpe/IeJIeHNH, KOTOPbIe TIOCTEIIeHHO CXO/ISATCsI K PaBHOMEepPHOMY. VI3HadaibHOe pacipe-
JlesieHne 33128 jiepeBo Tj, B KOpHE KOTOPOIro BBIOHPAETCs S, & JIAJIbIINE BHIUYUCICHUE TIPOMCXO-
JUT JgeTepMUHIpOBaHO. Kaxkmoe t; 3a1aéT HEKOTOPBIA IIyTh OT KOPHs K JUCThIM. MbI Oyaem
MOIUIPOBATH UCXOIHOE JIEPEBO CJIELYIOIIIM 00pA30M: JIJisl KaXK/I0# BEPIIUHBI Ha IIyTH CO-
OTBETCTBYIOIIEMY t; MBI OyJeM ymaidTh 3Ty BEPIINHY U3 JlepeBa U 3aMeHSATh €€ ChIHOBel Ha
cay4vaitasie crpoku u3 U(S),).
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f2(000)f;(001) £7(010)f3(011) f;(100)f5(101) f3(110)f;(111)
it npumepa t; = 010.

S1 ---77T - 52
Q) Q)
D J =

YiasiseM KOPHEBYIO BEPIIHHY W 3aMeHsIeM eé ChIHOBel Ha Si, So <— U(S),)

G

\\\\83
PAEERN Q)
R &N
81' \82

YiaajsieM CJIeJIyolLyo BEPIINHY U 3aMeHsieM ChIHOBeil Ha cirydaiiabie sjiemenTsl u3 U(S),).

\
7/

- R
&

> FN S < S !

C/Y YN YN
S9 53

YiasseM MOC/Ie/[HIO BEPIINHY ¥ 3aMeHsAeM CBIHOBell Ha cirydaiinble smemeHTsl u3 U(S,,).

B konre sToro nporecca B BepIIMHe, KOTOpas PaHbIIE COOTBETCTBOBAJA t1, OyJIeT HEKOTOPBIH
s; <= U(S,). Mbl nosropum 10T mporecce ajs Beex t;. Takum oOpasoM MOJIy<IHTCS HOCTIeN10-
np(n)

BaTeILHOCTD U3 1 - p(n) + 1 mepesa, Koropble 3aai0T pacupejenenus {71;}, 2" . B mociemaem
pacupegenenun T,y 3HaUeHne JId Kaxaoro f:(t;) seioupaerca usz U(S,), T.e. 310 cooTBeT-
CTBYET PaBHOMEPHOMY PACIPE/IETIEHUIO.

Ecim cymecTByer IpOTUBHUK, KOTOPBIil OTVIMYAET IIEPBOE PACIIPE/IesIEHIEe OT HOCJIE/IHETO, TO
CYIIECTBYIOT U JIBa IIOCJIE€/IOBATEIbHBIX PACIPeeIeHNs, KOTOPBIE 3TOT IPOTHBHUK PA3IHYIAET C

XOpomiell BEpOATHOCTBIO:

Pr [B(z)=1]— Pr [B(z)=1]>¢, = Ji: Pr[B(z)=1]— Pr [B(z)=1]>

z+<To Z(_Tnp(n) z<T; Z{—Ti+1 np(n)

epeso pacnpejenenus T;,1 ormdaercd oT 1; B TPEX BepITUHAX:
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S

/

GO (s,) GM(s,) Su, Suw
T; Titq

Taknm 06pa30M MPOTHBHUK MOYKET OTAMYMTL 06pas remeparopa G(s,) = GO (s,)GWV(s,) or
HOJTHOCTBIO CJTyIaiHOM CTPOKHU Sy, Sy, C BEPOSITHOCTBIO GoJIbIle €, /(n - p(n)). O

Samevarue 4.1. D10 OBLIO JOKA3ATEILCTBO HAJAEXKHOCTH B cMbIce 11.3. To Ke camoe jgoKaza-
TeJbLCTBO paboTaeT u Jis 1.3’

Onpenenenue 4.3. Ilycrs d, — nocrynmas ciydaitnas semmuamna d, € {0, 1}, Muozopa-
306011 NPOMOKOA C CEKPEMMHBIM KAOUOM — ITO Tapa MOJTUHOMUAJILHBIX BEPOATHOCTHBIX AJITO-
purmoB E(d, x) u D(d, m) takux, aro D(d, E(d,z)) = =, 1 BbIIIOJHIIOTCS CIEJYIONIee YCIOBUe
HAJIEYKHOCTH.

a) (caabas nadéorcnocmn) st JIOOBIX MOJMHOMOB p U ¢ W Jis Jiio6oro Habopa coobiie-
HUR T1, . .., Tpm) € {0, 1}9) 1pu d + d,, ciaywaitnbie sesmunnst E(d, z1) - - - B(d, Tpn)) U
E(d,09M) ... B(d,09™) BEIMECANTEIHHO HEOTIMTHMEL.

b) (cusvras nadéorcrocmy) s mobbIX TOIMHOMOB p 1 ¢, moboro x1 € {0,1}4™ u cemeit-

C p(n)—1 p(n) 6 .
cTBa MOJMHOMHUANBHBIX cxeM {C;}i ) onpemenuM {z;}; 5 CIemLyonmmM o6pasom:

d <« d,,

¢ = E(d, 1),

xy = Cy (21, 1),
o = E(d, 1),

xg = Co(x1, 1, C2),
c3 = E(d, ),

Ty = 03(%701,02,03),

Tpn) = Cp(n),1($1, Ciy. - 7Cp(n)71)7
Cp(n) = E(d, l‘p(n)).

Tora mosryduBIIasiCs CrydaiiHas BEIUIHHA C1, . . . , Cp(n) BBITHCINTEIBHO HEOTINIHMA OT
caryaaitnoit sestmamabt E(d, 09M) .. B(d, 09M).

Teopema 4.2. Ecau cyuwecmsyem cemeticmeo nce8dociyualinox Gynruyut, mo cyuecmsyem
U MH020PA306bLT NPOMOKON C CEKPEMHBIM KAIOUOM.

Joxazameavcmeo. Jlokazkem i coobieHust u3 ojHoro oura. I3 sroro Oyjer cieoBaTh, 9TO
eCThb IPOTOKOJI Jyist coobrenus joboit symuer. [lycrs fo @ {0,1}" — {0,1} — cemeiicrBo mces-
nocaydaitabix Gyuknuii, s € {0,1}". Torna d, = U,. Anropurm mudposanusa E(d,m) ajis
kioda d < d, u 6ura m € {0,1} Bebupaer z < U, u Boigaér (m @ fq(2), z). Aaropurm
nemudposku D(d,y), tae y € {0,131, y = bz, Beigaér b @ fy(z). KoppekrnocTs npoTokosa
oueBniHA. Hy»KHO JI0Ka3aTh MHOIOPA30BYIO HAJIEXKHOCTD.

IIycrb KoApl COOOIEHHt 1My, . . . , M) COOTBETCTBEHHO

(fd(Zl) b mq, 21), (fd(z2) © ma, 22)7 cey (fd(zp(n)) D Myp(n), Zp(n))'
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Hy>xm0 nokazarb, 4T0 Takasg cjiydailHasg BeJIMYNHA BBIYUCIUTETLHO HEOTIMINMA OT CTPOKU U3
Uln+1)p(n)- Ecma 3To He Tak, TO MBI MOL/IM ObI OTJIMYUTH IICEBIOCTyYaliHble (DYHKIUKM OT paBHO-
MEPHOIO pacIpejiesiennst (CM. COOTBETCTBYIOIIEE ONpPeIeeHIe HAJEKHOCTH [ICEBIOCITY Tail HbIX

dbyuKImiL). O

Samevanue 4.2. Y 9T0i cXeMbl €CTh CYIIECTBEHHBIN HeI0CTaTOK: JanHa mudpa B n + 1 pas
IIMHHEE CaMOTO COODIIEHNMSI.

4.1. DddekTuBHasE cxeMa MNMPPOBAHUSA C 3aKPBITHIM KJIIOYOM

Jns mudposanms coobmenmit m € {0, 1} pospmém cemeiicTBO TiceBOCTyYARHBIX DYHK-
it f* : {0,1}" — {0,1}", tue s € S, = {0,1}", u reHepaTop NCEBIOCTYIARHBIX YUCEIT
G : {0,1}" — {0,1}*™"). Torma anropur™ mucdbpoBaHusa MOKeT GBITH YCTPOCH TaK: BHIGEDEM
cayuaiinoe 2 < U, u onpegennm E(d,m) = (G(f%(z)) ®m, z), D(d,(c,2)) = G(f4(z)) ® c.

YrBepxkaenue 4.1. Onucannasn cxema wudposarus Hadércra.

Cxema doxazamesvcmea. JlokaspiBaeM rEOPHIHBIM METOIOM B JIBa drana. CHada a 3aMeHseM
dbyukiuy f* Ha cydaiinble CTPOKH JUTMHBL 1 (32 OJUH IIar), & IIOTOM 3aMEeHsieM [TPUMEHEHNUS
reHepaToOpoB Ha CJIydaifHble CTPOKHU JUMHbI k(1) (3a p(n) maros). O

0. HpOTOKO.HI)I C OTKPBITBIM KJIIOYOM

Onpenenenne 5.1. Ilycrs (e, d,) — mocTynHble cayvaiinbie Benmnaubl. [apa BeposSTHOCTHBIX
HOJIMHOMUAJIBHBIX aaropuT™MoB (E, D) Ha3blBaeTCs cucmemots wudposanusi ¢ OmpulmvLm Kir-
woM, ecii ajropuTMbl mudposanus u gemudposanus, E(e,m) u D(e,d, c), cBs3aHHbBI coiejty-
ouM cootHotenneM (koppektaocts): D(e, d, E(e,m)) = m. Hadéxcrocms IpoTOKOIa olpe-
JIeJIACTCS CIICLYIONMIM 00pa30M: JjIsl JIF060r0 IOJIMHOMA P 1 JIOOLIX coobmenuii z,y € {0, 1}7()
caydaitable Besmannbl (e, F(e, x)) u (e, E(e,y)) BBIYUCINTENBHO HEOTTHMIUMBL JJIsI € — €;,.

Bameuanue 5.1. B takoii cucreme mudpoBanus 3HadeHue e coodmiaercs BeeM (nybauHvil
KAt04), & d — HUKOMY (cexpemmvii Ka10u).

Bamevanue 5.2. Iudposanne ¢ 3aKPBITBIM KJIIOUOM HA3BIBAIOT CUMMEMPUyHbiM (s mmd-
pOBaHNUS U JEMUMDPOBAHIS UCIOIB3YETCsI OJUH U TOT Ke KJI0U), a MudpPOBaHUe ¢ OTKPBITHIM
KJIIOUOM — GCUMMEMPUYHObIM (KON pa3HbIe).

3amevanue 5.3. s TpOTOKOIOB ¢ OTKPBITHIM KJIFOUOM U3 OJHOPA30BOIl HAIEIKHOCTH CJIE/TyeT
MHOT'Opa30Basi Ha/IE?KHOCTh.

Onpenenenne 5.2 (trapdoor permutation family). Ilycrs 3ajan moamHOMUATBHBIH BEPOSIT-
HOCTHBII asiroput™m K, KOTOpBIi TOJTydnB Ha BX0 1" reHepupyer napy cjios (e, d) Win BbIa6T
1 (cuMmBOJ Heyaum), TPUUEM TIOCTIEHEE TIPOUCKOJUT € MPEHEOPEIKIMO MAJION BEPOSITHOCTHIO.
CiioBa € 1 d Ha3BIBAIOTCS COOTBETCTBEHHO OMKPLIMBILM U 3GKPOIMBIM KA0%AMU. Byaem depes3
A,, 0603HaUATH [IepBble KOMIIOHEHTBI BCEX BO3MOXKHBIX Hap (€, d), TeHepUpYyeMbIX aJrOPUTMOM
K na Bxoze 1". Ilycrs nisa kaxkaoro e € A, 3ajana nepectaHoBKa f° HEKOTOPOI'O MHOXKECTBA
cioB D¢ nmuner [(n). TlocnenoBarensrocts map {({e,,d,), f¢)} Oyaem HasbBaTL cemeticmeom
00HOCTNOPOHHUT NEPECTNAHOBKOT C CEKPEMOM, €CITH BBITOJHEHBI CJIEIYIONINe YCIOBHUS.

1. (JoctymrocTh pABHOMEPHOTO pacIpe/iesieHus Ha obactu ompeesnennst). CyInecTByer Be-
POSITHOCTHBIH TIOJTMHOMUAJIBHBIN aJlropuT™M B, KoTopsiii o 1™ n obomy e € A, renepupy-
eT CJIy4daiiHyIO BeJIMYUHY, CTATUCTUYECKU HECOTINYUMYIO OT PaBHOMEPHO PacIpe/ieICHHOI
Ha DS ciydaiiHoil BeJUYUHDBI DU U3BECTHOM €,. (T.e. mapa, cocrosimas U3 € u BBIXOJIA
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ajropuTMa B cTaTUCTUYeCKN HEOTIMINMa, OT TIAPhI, COCTOAIIEH U3 € U CIIy4YailHOl CTPOKHN
e
D)

o . e
U3 sroro ycoBust cieyer JOCTYITHOCTD Caydaiinoit Besumansst (e, U(DS)).

2. (ITonmmroMuasibHast BeraucauMocTb.) Oyuknus (1™, e, x) — f¢(x) BeIYECIUMA 38 TOJIUHO-
MUAJILHOE OT 7 BPEMsl.

3. (Heobparumocts.) st moboit mocstenoBaressHocTH cxeM C), MOTMHOMUAIBLHOTO PasMepa
BepoATHOCTHL Toro, uto C), 1o (e, f¢(z)) HAlmET =, cTpeMuTCs K HY/I0 GbICTpee JIIO0To
obpaTHOro mojuHOMa OT N (e BhiOupaercs ciaydaiino usz A,, x BeIOHUpaeTcs ciydaitHoO u3

De).

4. (Bo3moxKHOCTH OOpallieHrsl TIPH U3BECTHOM 3aKPBITOM Kifoue.) CyInecTByer MOJIMHOMU-
AJIbHBINA BEPOATHOCTHBIN aJropuT™M, KOTOphIid mo Tpoiike (1™, d, f¢(z)) ¢ BepodTHOCTHIO
6amsKoit K 1 Berauciisier x. 37ech mapa (e, d) BIOUPAeTcst TeHEPATOPOM CJIyJYaiiHON BeJIu-
quHbl (€,,d,), a T BeIOMpaeTcst paBHOMEPHO B DE.

Samevwarue 5.4. Ilpemonoxkenne o cymecTBOBAHIE OJJHOCTOPOHHUX IIEPECTAHOBOK C CEKPETOM
CUJIbHEE, 9eM CYIIeCcTBOBaHue OHOCTOpOoHHNX dyHKmit. Ecim dyukius Pabuna nim RSA aB-
JIsIeTCs OTHOCTOPOHHET, TO CYMIECTBYIOT OJHOCTOPOHHIE TEPECTAHOBKH C CEKPETOM.

e B ciyuae RSA oTKpbIThIM K/1040M Gyjier (p - ¢, 2), a 3akpbiThiM 2! mod ¢(p - q).

e B dyuknun PabuHa OTKPBITBIM KJIIOYOM OYIET P - ¢, & CEKPETHBIM KJIF0UoM Oyzer (p, q).

Omnpenesienne 5.3. /s ojHOCTOpPOHHEN IlepecTaHOBKU ¢ cekperoMm [ : D, — D, tiae D, C
{0, 1}*) | 6ynem maswBaTh mpydHvimM 6UMOM TAKYIO TIOJTMHOMIATBHO BEIMUCIAMYTO (BYHKIIHIO
hy : D, — {0, 1}, aus xoropoit cayvaiinas senuanna h, (U(D,,)) tpynua g (e, f(U(D,))).

Teopema 5.1. Ecau cyuecmeyem cemeticmeo nepecmanosor ¢ Cexpemom, mo cyu,ecmeyem
NPOMOKOA C OMEPOIMBIM KAIOUOM.

Jokxasamensvcmeo. 3aMeTuM, 9TO €CJU eCTh MHOTIOpPa30Basg HAJIEKHOCTH, TO JIOCTATOYHO Ha-
YaUThCs MdpPoBaTh COOBIIEHNsT U3 OHOTO 6uTa (Gy/1eM mepechuiaTh coobienne 3ammudpoBaH-
HOe 1o6uToBO). Bocmomp3syemest Teopemoit Lomapeiixa-JleBuna n o mepectaHOBKE ¢ CEKPETOM
f£ mocTpouM IEPecTaHOBKY C CEKPETOM ¢f C TPYAHLIM OuTOM AS:

gn(@, ) = falz)r, hy(z,r)=zOr.
VrBepxkaenue 5.1. Beauuwuna he(x,r) asasemcs mpyonot das (e, g&(x,r)).
Jloxazameavcmeo. AHamornaHo mokaszareabecTBy Teopembl Lojipeiixa-JleBuHa. O
Terepb OCTPOMM MTPOTOKOJI JIJIsi KOIMPOBaHust ofHoro 6ura. s kmoueit (e, d) < K:

e ajropur™m F(e,m), tne m € {0, 1}, Boibupaer ciyuaitubiii snement  <— U(D,,), ciydaii-
Hele OUTBI 74— Ujn) 1 BeLIaéT (m @ he(x,7r), g5 (x,7));

e ajropurm D(e,d, oyr) seraucager x = (¢¢)~!(y) u Bosepamaer o @ he(x, 7).

JaBaiiTe JoKazKeM, 4TO IIPH U3BECTHOM € JIJIsl JIHOOBIX HOCIIe0BATEIbHOCTEl OUTOB Yy, 2, CILY-
JaiiHble BeTUIUHbL (Y, @ he (z,7), 95 (2, 1), e) u (z, D hE(x,r), g5 (x,r), e) OyayT BEIYUCTUTETHHO
seoTsimauMbl. O6e 9Tu ciryvaiinble Beaunaunbl HeoTanauMbl oT (Up, U(D,,), e) 1o cooTBeTCTBY-
[OIet TeopemMe O TPYJHOM Oute. O

Samevarue 5.5. MoKHO HAyINTHCs TOCHLIATH HECKOJIBKO JIJIMHHBIE COOOIIEHMS, €CJIN BOCIIOJb-
30BaThCs KOHCTPYKIHEH, KOTOPYIO Mbl UCIIOJIB30BAJH JJIsl TICEBJIOCTy9aifHOrO reHeparopa (T.e.
HOJIyYUTCS TIOCTIEI0BATELHOCTD CITyIaiiHbIX OUTOB).
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6. IIporokos npuBsizku (cxema 0bsizaTeIbCTBa, commitment protocol)

O/iuH yYaCTHUK XOYeT IHOC/AATH JIPYTOMY YUACTHUKY HEKOTOPBIN 3amudpPoBaHHbII CEKpeT Ta-
KM 00pa30M, 9To

e 0e3 3HaHUdA KJ04a CEKpPET HEBO3MO2KHO paCHH/I(prBaTb,

® He CYIIECTBYET JPYroro KJo4a, KOTOPBIH pacuindpoBbiBa/l KOJI, B JIPYTroil CeKpeT.

6.1. HewmHTepaKTMBHBIII MPOTOKOJI MPUBA3KU K CTPOKE

Onpenenenue 6.1. HeunmepaxmusHuiii npomokos npusAsky K cmpoke — TO Hapa IMOJTUHO-
MUATBHBIX ajaroputmos S u R:

e BeposTHOCTHBI ajroputm S(x,1") = (¢, k) mmdpyer cexpert, rjue £ — 9T0 cekper (cTpo-
Ka), ¢(r) — mudp cexpera, a k(x) — Ko,

e JleTepMUHUPOBaHHBIH anroputm R(c, k) € {z, L} 1o 3ammdpoBaHHOMY CEKPETY U K0Ty
JInOO BOCCTAHABJINBAET UCTOOHDIT CEKPET, JIMOO COODIAeT, IYTO KJIFOU He ITOIXOIHUT.

[Ipu 5TOM BBIIOJIHSOTCS CIIELYIOIIUE YCIIOBHSI.
1. (Ilomwora) Ecom S(x,1™) = (¢, k), To R(c, k) = = ¢ BeposTHOCTBIO OM3KOiT K 1.

2. (Hepasriamenue) Jljist JIIOG0TO TIOJUHOMA P U JIIOOBIX TIOCIEI0BATEILHOCTENH CTPOK Xy, Yn,
|zn| = |yn| = p(n), ecm ¢, — upussska x,, d,, — NPUBA3KA Yy, TO CIYUANHDIH BEJTUTHHBI
cp, dn BbIYUCJ/INTEJIBHO HEOT/IMYNMBI.

3. (HemBycmbiciaennocts) Hu st Kakoro n He CyIiecTByer Takux ¢, kq, ke, 9T0 OJIHOBpEMEH-

HOo R(c, k1) #L, R(c, ko) #L n R(c, k1) # R(c, ko).

Bameuarue 6.1. JlocTaToIHO HAYINTHCS IPUBA3BIBATH K OUTY (T.€. JJOCTATOYHO HOCTPOUTH KOH-
crpykimio Jyist p(n) = 1).

Onpenenenne 6.2. Bynem Ha3bIBaTh OJHOCTOPOHHIOIO IepecTaHoBKY f, : D, — D, npa-
6UALHOT, €CITU JOCTYIIHO PaBHOMEpHOEe pactpeenenue Ha D, U{L} (T.e., eciau He TOIYIHIOCH
CTeHEepUPOBATh JIeMeHT U3 D,,, TO BbIIAETC 0coObIi cuMBoaI L& D,,).

Teopema 6.1. Ecau cyuwecmsyem npasusvhas 00HOCMOPOHHASL NEPECTNAHOSKE, MO CYULLCTNEY-
em u HeUHmMepaKMmueHuLl NPOMOKOA NPUBAIKY K OUMY.

Aokasamesvcmeo. Ilycrs f, : D,, — D,, — OJHOCTOPOHHsS [IEPECTAHOBKA C TPY/IHBIM GHTOM
h,,. Bynem npussisbiBats 6ut o € {0, 1}. Beibepem crpoky = u3 pacupesenenust Ha D,,, KOTO-
pO€ BBIUUCJIUTETHHO HEOTIIMIUMO OT PABHOMEPHOrO (€CcTh 1o CBOMCTBY JocrynHocTH). Torma
S(0,1") = ((hn(x) @ 0, fu(x)), Tn ), TAE T — 9TO CIyUaliHbIe OUTHI, KOTOPBIE HCIOIL30BAJNCEH
-
~—

J

~~

c k
quis renepanuu .2 Coorsercreenno, R(c, k) remepupyer o UCHO/b3Yys B KauecTBe CJIydailiHbIX

6utoB k u mposepsier, uro f, () coBmagaer ¢ cooTBeTCTBYOMUME Outamu ¢. Ecim 910 Tak, To
OUT 0 BOCCTAHABJIUBAETCS 110 TIepBOMY OUTYy ¢. Hecio:kHO yBHJIeTh, 9TO CBOHCTBO 1 BBITIOJIHAET-
¢TI0 TTIOCTPOEHUIO, CBOMCTBO 2 cjleayeT U3 OlpeIesIeHusT TPYIHOIo OuTa, a CBOMCTBO 3 U3 TOrO,
410 K BO3BpalllaeT TOJBKO 3JeMeHTHI u3 D,,. L]

’Hesb3s B KadecTBe KJIOYa BRIOPATH T, T.K. TOLJA HY?KHO OBLIO GBI yMeTh IIPOBEPATh, 4To = € D,,.
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7. UVHATepakTuUBHBIE TPOTOKOJIBI

Omnpenenenne 7.1. Hnumepaxmuehoili npomoxos — 3TO Napa BEPOSATHOCTHBIX aJrOPUTMOB
A(1™,z,h) u B(1",y, h), KoTOpbIe ,00mar0TCa MeK 1y coboit”, epeiaBast COOBIIEHNUST IPYT JIPY-
ry. InTepakTUBHBII TPOTOKOJI COCTOLAIIMI U3 ¢ PAyHJIOB YCTPOCH TaK:

s A(1™ 2, M),

So « B(1™, x, s1),

s34+ A(1"™, z, (s1, 82)),

sq < B(1",x, (s1, $2, $3)),

B nocsieiaeM cOOOIIEHNN Sy COJEPIKUTCS HEKOTOPDIH IIPU3HAK (HAIPUMED, CIEIUATBHBIN CHM-
BOJI), KOTODBIil CUMHAJM3UPYET 00 OKOHYAHWM OOIIEeHUsi. AJITOPUTMBI TAKOTO BUja OyjieM Ha-
3BIBATD UNMEPAKMUEGHOLMY (AA20PUMMAMU. TepPe3 T a(y) p(y) OyleM 0603HAYATH HCTOPHIO B3a-
umoielicTBust anroputMoB A u B Ha BXojax T M Yy cooTBercTBeHHO. [l t-payHmoBoro mpo-
TOKOJIA TA(z),B(y) = (51,52, --.,5:). llocie 3apepienns obuienust anropurmbl A u B enié pas
3aIlyCKaIOTCA Ha II0JIy9IeHHONH MCTOPHM M IeYaTaloT pe3y/bTaT, T.e. Ha CTOPOHe ajaropuTma A
pesyabrarom Oyger A(1", &, Ta(),B(y)), @ Ha cTopone anropurma B — B(1™,y, Ta(),B(y))- AHa-
JIOTUYHOE OTIpeJIeJIeHIe MOXKHO JIaTh W I CXeM, Hy?KHO TOJIBKO T03a60TUTBCS O TOM, YTOObI
AKKYDPATHO 3aKOJUPOBATH HEIOJHYIO MCTOPUIO (MOYKHO, HAIIPUMED, UCIOJIB30BATh ajdaBuT ¢
JIOTIOJTHUTETHHBIMU CUMBOJIAMHT ).

7.1. HMHTepakTuBHBbIE ITPOTOKOJIbI MIPUBA3KN K CTPOKE

g HEMHTEPaKTUBHOTO IIPOTOKOJIA MPUBA3KH HAM ITOTPEO0OBAJIOCH MIPEJIIIOIOKUTH CYIIECTBO-
BaHUE MPABUJIBHBIX OJJHOCTOPOHHUX IepecTaHOBOK. OKa3bIBAETCS, UTO €CIN JI00aBUTH WHTEP-
AKTUBHOCTD, TO MOXKHO MOCTPOUTH IIPOTOKOJI IIPUBA3KH IIPH OoJiee ¢J1abOM ITPEIIOI0KEHUN.

Onpenenenue 7.2. Hnmepaxmuehoili npomokos npusasky K CMPoKe — MOJUHOMUATBHBII
(o cyMMapHOMY BpPEMEHH, a CJIeJI0OBATEIHHO U 10 KOJIUIECTBY PAyHJIOB) WHTEPAKTUBHBIN IPO-
TOKOJI, 3aJIaHHBII MOJIMHOMUATBHBIMU BEPOSITHOCTHBIME ajiroputmamu S(1™, o, h) u T(1™, h),
U JIeTePMUHUPOBAHHBII MoJmHOMUAIBHBIN ajroputMm R(17, ¢, k), e S — ajJroput™ CTOPOHBI,
KOTOpas OCYIIECTBJIIET NMPUBA3KY, 1 — aJropuT™M CTOPOHBLI, KOTOpas IOJIyYaeT MPUBA3KY, &
R — ajroput™m mpoBepsIoniuil, 9To NpUBI3Ka JEHCTBUTEIHLHO COOTBETCTBYET UCXO/IHON CTPOKE.
IIpuBsI3KOil CTPOKH 0 B 9TOM HHTEPAKTHBHOM aJropuTMe Oyjer c(0) = mg(y)r. Ilocie oxkon-
JaHUS B3aUMOJIEHCTBHsI AJrOPUTM S BBIIAET K04 k(0), COOTBETCTBYIONMI STON MPUBSIZKE.
Asropurm R(c, k) Bbmaér mbo cTpoKy ¢, 110 KOTOPOii ObLIa IOCTPOeHA MPUBs3Ka, JIHOO OJINH
U3 CIIeNUAIbHBIX CUMBOJIOB g u Ly, KOTOpBIE ,,00BUHAIOT COOTBETCTBEHHO, TPOTOKOJ S 1 T’
B XKy/JIbHUYeCTBe. Kpome TOro, MO/IKHBI BBIIOJTHATHCA CJIEIYIONIe CBONCTBA.

1. (Koppexrnocts) R(Tg(0),1: kn,e) = 0 ¢ BepoaTHOCTBIO 1.

2. (ITommora) st siroboro (cxeMHOro) mpoTuBHUKA T™*

R(WS(O'),T*g kn,g—) S {0'7 LT}

C BEPOATHOCTBIO MPeHeOpe:KUMo oTanvarorieiica ot 1.
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3. (Hepasrnamenue) st jro6oro nporuauka 1%, mosmuoMa p(n) u JIIOOBIX IIOC/IE10BaA-
TEJILHOCTEH CTPOK Tp, Yn, |Tn| = |Yn| = p(n), cilyyaiiHble BEIMUUHBI Tg(p,)r+ U TS(y, )T+
BBIYHUCIUTEIHHO HEOTIMIUMBI.

4. (HemBycmbicienHnocts npussisku) [jist 106010 poTuBHUKA S* BEPOSITHOCTH
Pr(3ky, ko | R(wger, k1) #Ls, R(mse 1, ko) #Ls, R(wge . k1) # R(ms= 1, ka)]

IpEeHeOPEKNMO MAJIA.
5. Bepostrnocrs Pr[3k | R(7s« 1, k) =Lp| npenebpexkumo Masa.

Teopema 7.1. Ecau cyuecmeyem 2eHepamop nce6ioCAYUatiMHbLT HYUce, Mo CYUeCMEYem wh-
MEPAKMUBHIT NPOMOKOA NPUBAZKU K OUMY.

Jlokasameavcmeo. Onpeennm mpoToKos npussskn s oura o € {0, 1}. Bosbménm reneparop
ncesocayuaitubix ancen G, : {0,1}" — {0,1}*". Anropurm T(1") remepupyer ciy4aiimyio
cTpoKy 1 < Us, 1 nocblnaer eé S. Anropurm S(17, o) oxxuyaer nostyuenus crpoku r € {0, 1}3",
rEHEePHUPYET CTPOKY S <— U, ¥ HOCBLIAET COOOIICHIE

G(s)®r, o=1,
G(s), o=0.

t =

Kirouom i1 sToit ipuBsasku oOyaeT k = os.

Asropurm R(17, (r,t), k) mpoBepsieT, 9To Bce JIMHBI CTPOK B IPUBA3KE COOTBETCTBYIOT OXKH-
naembIM: || = |t| = 3n, |k| = n+ 1. Ecian jgymus HenpaBusibHbie, TO R 0OBUHSIET COOTBETCTBY-
forryto cropony. [locste sToro anroputm R 1o k = os Berauciser t & G(s):

e ccim nosryumiaoch 0%", To nposepsert, uto o = 0, u BbyIAéTCH 0;
® eCJIN TOJIYYUJIOCH 7', TO TPOBEpsieT, YTo 0 = 1, U BbITaeTCA 1;
® €CJIU TOJIYIMJIOCh 9TO-TO €IIE, TO BhIJIAET L g.

CroiictBa 1, 2 u 5 BeIOJIHSAIOTCA 110 TTocTpoeHuio. CBONCTBO 3 03HAYAET, YTO CJIC/LYIONINE
caydaitabie Besmaubl (1, G, (s)) u (r, G, (s) @ r) K0JKHBI OBITH BEIYUCIUTETHHO HEOTTHINMBI.
Ecii MBI yMeeM WX pasindarh, TO YMeeM OJIHY U3 HUX OTIndarh OT (r, Us,), a 9TO MO3BOJIsIeT
B3710MaTh Teneparop G,. Ocranock nmpoBepuTh cBoiticTBo 4. /laBaiiTe oreHmm

Pr[3so, 51 | Gnlso) Dt = 0°",Gp(s1) @t =1] = Pr[3so, s1 | Gu(s0) ® Gn(s1) =7] < —— =27".

7.2. IIporokos mogdOpachIBaHUSA MOHETKU

Onpenenenne 7.3. Hnumepaxmuenold npomokos nodopacvl8aHus MOHEMKY — TO TIOJTHHO-
MHAJIBHBI (110 CyMMapHOMY BPEMEHH ¥ 110 KOJHYECTBY DAyH/IOB) MHTEPAKTUBHBII ITPOTOKOI,
3aJIaHHBI TOJIMHOMHUAJIBHBIME BepOATHOCTHBIMEU asroput™amu A(1" h) u B(1", h), u gerep-
MUHUPOBAHHBI MOTMHOMHUAILHBIH asroputm D(1™, h), tie A u B — 9T0 aJIropuT™Mbl CTOPOH, a
D — asropuTym, MO3BOJISIIONIUIT 10 HCTOPUK OOIIEHUST TOJIYIUTh PE3YJIbTAT HOAOPAChIBAHUS MO-
uerkn. CTOPOHBI 3aryckaioT D 1oc/ie 3aBeplieHus IPOTOKOJIA U OIPEIeNioT pe3yasratr. s
cTopoHbl A 1 J11060r0 MPOTHBHUKA B* TO/ZKHBI BBIIOTHATHCS CIE/YIONE CBONCTBA (MHTEPECH!
CTOpOHBI A):
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1. BeposTHOCTL Pr[D(74 p+) =L 4] Ipenebpexumo Maita,
2. st ioboro o € {0,1} Pr [R(WA,B*) =0 < % + v, THE (v, — IPEHEOPEKIMO MAJIA.
Taxue ke CBOHCTBa JOIKHBI BLITOJHATLCA U JJIs CTOPOHBI B U /1I060ro NpoTHBHUKA A*.

Teopema 7.2. Ecau cyuecmeyem unmepaxmueHulil npomoxos npusaAdky ¥ bumy, mo cyuie-
CMBYEM U UHMEPAKMUSHDBLT NPOMOKOA N0JOPACHIBAHUL MOHEMKU.

Jlokasameavcmso. Tlycrs (S, T, R) — unrepakTuBHbIil npoTokos npussasku. CropoHa A rexe-
pupyeT 6uT o U 3amyckaer ajaroputm npusasku S(o), cropona B 3amyckaer ajroputm 1 B
KOHIIE TIPOTOKOJIa 00€ CTOPOHBI 3HAIOT MPUBSI3KY ¢(0), a cropoHa A emmé JOMOJHUTEIHO 3HAET
ko4 k(o). Ilotom cropona B reHepupyeT 6UT T H TOCBLIAET ero ajroputmy A, a cropona A
B OTBET IOCHUTAET K09 k(o).

Asropur™ C(c(0), 7, k(o)) 3amyckaer aimroput™ R(c(o), k(o)) 17151 MIPOBEPKH JIJIsA IPUBSBKA.
Ecin asroput™M npoBepKy MPUBA3KU OOBUHSAET KaKYyIO-TO CTOPOHY, TO C' 0OBUHSIET COOTBETCTBY-
1011y10 cropony. B nporusaom cityuae C' BbLIaET 0 6 7.

HagaiiTe mpoBepuM, uT0 HHTEpPECH! cTOPOHBI A cobsomatorcsi. CoiicTBo 1 ciemyeTr u3 mpo-
TOKOJIA MIPUBSI3KH (T.K. OOBUHEHHE CTOPOHBI BO3MOXKHO TOJIBKO B IIPOTOKOJIE TIPUBs3KN ). [Ipes-
MIOJIOYKUM, UTO BTOPOE CBOMCTBO HapyIiaercd. Tormga B* MoxKeT 1mojdupaTh OUT T TaK, YTOOBI
yTaJIbIBaTh 0 ¢ HETPUBUAJIBHON BEPOSITHOCTHIO, & 3HAYNT B* MOYKHO HUCIOJIB30BATD JjId B3JI0MA
[IPOTOKOJIA PUBI3KH.

WNurepecwl cTtopoHbl B cobJ110/1al0TCs N3-3a HEJBYCMBICJIEHHOCTU ITPOTOKOJIa, IPUBA3KH, 110~
9TOMY BEPOATHOCTH TOTO, 9TO A CMOXKET MOJIMEHUTH KJIIOY IIPEHEOPEeKIMO Maia. m

8. IIpoToKoJibI ¢ HyJIEBBIM pa3TJjallleHueM

[Iycrs amropurm A(1™,x,e), tne © € D, € < v,, 00mMaeTcs ¢ HEKOTOPOI MOJTMHOMUAILHOM
cxemoii C),, KOTOpas yzKe UMeeT HeKOTOPYIO HH(OPMAINIO O T 1 €, a uMeHHo (), 3HaeT 3HAUYCHHIEe
dbyukmm g(1™, x, e). [lycrs nmeerca emé oana dyuxims f(17, z, e). Hasaiire onpeennm, 9To
sHaqnT, agroput™m A pasescwaem uudopmanuio f(1", x,e), ecam MPOTUBHUKY yKe M3BECTHA
nadopmarus g(1", x, e) o Bxomax x, e (st KparkocTu GyeM oIyckaTh mapamerp 17).

Omnpenenenne 8.1. ByjieM roBOpuTh, 94T0 aJropuT™M A paszaauiaem moavko [ npu u3eecmmom
g Ha obaacmu D, eciii CymecTByeT MOJMHOMUAIBHBIN BEPOATHOCTHBIN aJIropuTM M, KOTOPBIi
JUTs JTEODOM MOCJIeIOBATEIbHOCTH CJIOB {x, € D, } u 000l Moc/Ie0BATeIbHOCTH MOTHHOM-
anbHbIx cxeM C), nosydasi Ha BXOJ f(r,,e) u cxemy C), B KauecTBe Y6PHOrO dAlmuKa (T.e. Kak
OpaKyJ1) TeHepUpyeT CIyIailHyt0 BeJIMIUHY (i (Ly,, €), BBIYUCIUTEIBHO HEOTIIMIUMYTO OT IIPOTO-
KoJ1a, obmieHust 3, (x,, ) Mexay amropurmMom A(z,,e) u cxemoit C,(g(zp,e), ) Ipu U3BECTHOM
g(xn,e) (T.e. caydaiinpie BeMIUHDL §(Ty, €)0y (Tp, €) B g(Ty, €)Fn(Zp, €) BEIMHCIUTEIBHO HEOT-
JauMbl ). BepositHOCTB Gepércst 1o BBIOODY € <— U, U CaydaiiHbiM Gutam aaroputMoB A(x,, )
u M. MuoxectBo D,, Ha3BIBAETCS 004ACMBI0 HEPA32AGUWEHUS AN20PUMMA, & aaropuTm M —
CUMYAATIODOM.

IIpumep 8.1. Ilycts e < U, a A nocbuiaer @ e. DTOT aJIrOPUTM UMeeT HYJIEBOE pas3lialieHue.
CuMyIaTOPY JOCTATOYHO BBIJIATH CIydailHyio cTpoky u3 U,.

Ipumep 8.2. Ilycrsb nana cxema mudpoanusd K, ;D ¢ OTKPBITBIM KJII0O9OM. /I OTKPBHITOTO
KJIoUa e anropurs mmdposanus E(e, x) pasriamaer napy (|x|, e) npu ussectroMm e. JleiicTBu-
temsio, E(e, z) Berauciutensio neormmanma ot E(e, 0121). Cunvynarop M seimaér E(e, 01]).

Ipumep 8.3. Ilycrs nan nHTEpaKTUBHBIN poTOKOJ puBsa3ku S, T, R ans oura. Aaroputm S
nMeeT HyseBoe pasriiatierne. Cumyssitop mo cxeme C' Mozesupyer obierne ajroputma S(0) u
cxeMbl C' ¥ BBIJAET IIPOTOKOJI OOIIEHUS.
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Jlemma 8.1. Bunoansiomcea caedyrowue ce0tcmea pasesaerus.

1. Jlas mobwz pynkuut f, g, h, ecau A paszesawaem moavko f npu useecmmom g, mo A
pasaaawaem moavko napy f,h npu uzsecmmom g.

2. Hasn aobwx pynkuud f,g,h, ecau A pasesawaem moavko f npu ussecmmot nape g, h,
mo A paseaqwaem moavko f npu useecmHom g.

Onpenenenne 8.2. Ecim A pasriamaer TOJIBKO ¢ MPHW U3BECTHOM ¢, TO MBI OyJeM TOBO-
pUTh, 9TO A UMeeT Hyaesoe pasziaquerue npu uzeecmHom ¢. Ecim g aBisercd KOHCTaHTHOMN
dyukumeit, To Mbl ToBopuM, UT0 A pasesawaem moavko f. Eciu npu sTtom emé u f sapiagercs
KOHCTAHTHOI (DYHKIIHEH, TO MBI TOBOPUM, 9T0 A nMeeT ny.aiesoe padziawerue.

Onpenenenne 8.3. Ilyctb A u B BepOSATHOCTHBIE IIOJMHOMUA/IbHBIE HHTEPAKTUBHBIE AJIrO-
puTMbl. BoimosnuM cnadasia A Ha ape BXOIOB T U e, a II0TOM B Ha mape BX0JO0B (z,¢) U e, rie
¢ — TPOTOKOJI OOIIEHNUsI, MOydYeHHbIl B xoje BbioHerns A. [lomydenusiit ajropurm Oyem
obosnadaTh Kak (A, B).

Teopema 8.1 (0 HepasrallleHUH TPHU TIOCTIEIOBATEIBLHOM BbIIONHEHNN). [[yems g(z,e) =
(e,k(x,e)), ede k — npoussosvhasn dynwrkyus. Jonycmum, wmo anrzopumm A(x,e) pasesawa-
em moavko f(x,e) npu useecmuom g(x,e) na obnacmu D, a areopumm B(x,e) pasenrawaem
moavko h(x,e) npu ussecmmom g(x,e) na moi owce obaacmu D,. Ilyems maxoce xoms v
odna uz gynrkyus f(x,e) uau h(x,e) nosunomuarono evvucauma. Tozda arzopumm (A, B)
paszaawaem moavko napy (f(x,e), h(x,e)) npu useecmmnom g(x,e) na obaacmu D,,.

Samevanue 8.1. Teopema o HepasrIaleHUN TP MOBTOPEHUH BBITIOJTHAETCS U B CUTYaIlun, KOTJIa
aJICOPUTMY B JIONOJIHUTEILHO Ha BXOJ, Iojgaérca mpoTokos u obmenus A u C),, a Tak xKe
HCIIOJIb30BaHHBIE TIPU 3TOM CJIydaiiHbie OUTHI A.

Teopema 8.2 (0 HepasIJIAIIIEHUH TIPH TIOCJIE0BATETHLHOM BBINIOJHEHUH, yIydinentas). [Tycmo
g(z,e) = (e,k(z,e)), ede k — npoussosvran dynxuus. Honycmum, wmo anrzopumm A(z,e)
pasenawaem moavko f(x,e) npu useecmuom g(x,e) na obracmu D, a arzopumm B(u,r,z,e€)
pasenawaem moavko h(x,e) npu ussecmmom g(x,e) na obaacmu E,. ITyemv makoce zoms
ov, 00na uz pyrnkuyus f(x,e) uau h(x,e) nosunomuarvro evuuciuma. ITycmo naxoney, das
ecex x € D, daa mpomoxoaa obwenusn u arzopumma A ¢ 060t cxemoti C, noauHoOMUAND-
HO20 PAZMEPA U €20 CAYNATHLL 6umos T ¢ nowmu edunuvwnoli eeposmmuocmoto (u,r,x) € E,.
Tozda anzopumm (A, B) pasesawaem moavko napy (f(z,e), h(x,e)) npu uzsecmmuom g(x,e) na
obaacmu D,,.

Omnpenenenne 8.4. Jlnsa uarepakrusnoro ajroputma A gepes A* Gymem o6oszHagars mociie-
JoBaTesibHOE BhIOTHeHNEe A Ha BXojax (z,1,e), (z,2,¢e),..., (z, k, e).

Teopema 8.3 (0 HepasIyIANIEHUN TP IOCJIEJI0BATEIHHOM IIPUMEHEHUHU TTOJTUHOMHUAIBLHOTO YK~
na agaroput™oB). [lyemw g(x,e) = (e, h(z,e)), 2de h — npoussosvnaa Pynkuyua, a f(x,e)
HEKOMOPAA NONUHOMUAALHO Gbiuucaumas Gynkyus. Ecau arzopumm A pasesauwaem moavko
f(z,€) npu useecmmom g(x, ), mo arzopumm A¥™ dusn nexomopozo nosunoma k pazenawaem
moavko f(x,e) npu uszsecmmom g(x,e).

oxazamesvemeo. OboznatnMm depe3 M cuMyasaTop Jjisd aaropurMa A u IOCTPOUM CHMYJISITOP
M* nna anropurma AF. Takoit cumynatop fnomken 1o Bxogam f u C' HOPOIUTDL CTydaiiHyio
BEJINIUHY, BBIYUCUTEIHHO HEOTJIMYUMYIO OT npoTokosa obimenne A*(z,e) u CY.

O6osznaunm depes A;(C, e) nporokos obrerns anroputma A(z,i,e) co cxemoit CY9, a gepes
M;(C, e), coorBeTcTBeHHO, pe3ysbrar paborsl cumyssTopa M wa Bxomax f u C.
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BadukcupyeM mpou3BoJIbHYIO HosmmHOMuabHyI0 cxemy C'. IIporokost obienus y ajroput-
Mo AF(z,e) nu C9 MOXKHO MONYYNTH TOCAEI0BATEILHBIM IPIMEHeHIeM K IIyCTOH CTPOKe I/
j=1,..., k BepoATHOCTHBIX OIIEPATOPOB

R u— uAd; (09 e).

i
Ecnu npumensars ,0/m3Kmne’ orepaTopbl

RM :u — uM;(C%" ),
TO TOJIYIUTCS HEKOTOpas CiydaiiHas peqwmauHa . [lokarkeMm, 9TO (@ BBIYUCIUTETHHO HEOTIIH-
YUMa OT 7y IIPU U3BECTHOM (.

BadukcupyeM Mpou3BOJILHYIO MTOC/IEI0BATEIBHOCTD X, CJIOB MOJTUHOMUAJIBHOMN JJTHHBI J1JTsI
asropurma AF. PaccyorpunM rubpunbIe ciIydainbie Beuaunnt Ay, 31, . . . , B, KOTOpbIE HOIyda-
IOTCsI CMEIITUBAHUEM 9THUX JIBYX BEPOSATHOCTHBIX OIEPATOPOB: JIJIs MOJIYUEHUsI CJIyIAHON BesTH-
YUHBI 3; MBI CHavaJIa MOCJIEeI0BATEILHO IIPUMEHIEM R’f‘, . ,Rf‘, a TIOTOM R%l, e R,{;Vf . IToka-
JKeM, 9TO JIBe TIOCJIEI0BATEIbHDIE CIIyUIaliHble BeJTMIUHDI 5;_1 U [3; HEOTJIMIUMBI IIPU U3BECTHOM
g (u3 3TOTO OYJIET CJIEIOBATH HEOTIHIUMOCTb ¥ = [y U av = [y).

O603HaunM 4epe3 § CaydailHyI0 BeJIMYUHY, MOJYUEHHYIO IPUMEHEHHEe K IIYCTO# CTPOKe
oneparopos R:', ... RA T.e. 310 mpoTokon mepsbix i — 1 samycka A. Yepes F(u,e) 0603Ha-
UM CIYIafHYI0 BEJTUIUHY, TOJYIEHHYIO0 U3 CTPOKU U IyTEM TOC/IEI0BATEIHHOTO TPUMEHEHUsT
RM,. ..., RY. B 91ux 0603HaTeHUAX

Bi = F(éAz(C‘q&, 6), 6), 61'—1 = F(5M1<Cg6, 6), 6).

[Tockosbky omeparop F'(u,€) MOXKHO BBIYUCIUTH BEPOSITHOCTHOM CXEMOii MOJMHOMHAIBLHOTO

pasMepa 110 T, f (T, €) 1 u, HaM JOCTATOYHO JoKazaTh HeoTamamMocTh 6.A4;(C9°, e) m 6 M;(C9, e)
npu u3BecTHOM ¢. CJI0BO § 3aBUCUT OT € U CJIy4YailHbIX OUTOB, MCIOJb30BAHHBIX A B II€PBbHIX

i — 1 sanyckax. [laBaiite 3acdukcupyem stu 6ursl. Teneps 0 cranoBurcs GyHKIwmeit o € (2, MbI

ToKe 3ahUKCHPOBAJIN), a CJIeJ0BATETHHO BBIUUCINM CXEMOil MOJMHOMUAIBHOIO pasmepa. [lo-

9TOMY JIOCTATOUHO JoKazaTh HeoTauanmoctb A;(C9, e) u M;(C% e) npu ussectnom g. Teneps

,3aIIbEM” BhIumcseHne 6 B cxeMy. Iloayuntes cxema HI = C9°. Torna

Ai(C9) = Aj(HY €e), Mi(CP) = M;(HY,e).

[To ompenenenuto cumyssaropa A;(HY, e) u M;(HY,e) BbIYUCIUTETHHO HEOTJIMIUMbBI TIPH 3~
BECTHOM ¢. DTO HaOJIOJCHNE 3aBEPIIACT J0KA3ATE/ILCTBO. O
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