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3agaun onTUMU3ALUN C OFPaHUYEHUSIMU

Obuwias 3aga4a MaTeEMaTUYECKON ONTUMU3ALIN — 3TO

MUHUMU3NpoBaTh  f(x),
npu ycnoBuu x €D.

Pewenne 3agaun — Touka x* € D Takas, 4to Vx € D@ f(x) > f(x*).

Manskoscknii H. B. (CM6AY) VYenoeua KKT 2 /31



3agaun onTUMU3ALUN C OFPaHUYEHUSIMU

Obuwias 3aga4a MaTeEMaTUYECKON ONTUMU3ALIN — 3TO

MUHUMU3NpoBaTh  f(x), (1)
npu ycnoBuu x €D.

Pewenne 3agaun — Touka x* € D Takas, 4to Vx € D@ f(x) > f(x*).

B nogaenstowem 6oNbWNHCTBE CIYHAaEB MHOXKECTBA B TaKMX 3a4adax
MPeACTaBAAIOTCA B BUAE Habopa ypaBHEHWU N HEPABEHCTB:

g(x) <0, g(x) <0, nm g(x) =0.
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B nogaenstowem 6oNbWNHCTBE CIYHAaEB MHOXKECTBA B TaKMX 3a4adax
MPeACTaBAAIOTCA B BUAE Habopa ypaBHEHWU N HEPABEHCTB:

g(x) <0, g(x) <0, nm g(x) =0.

Ecnun g — audpdeperumpyemasn dyHkums 6e3 HeperynsipHbix To4dek, To g(x) < 0
3aJaeT OTKpPbITON MHOXeCTBO, g(x) < 0 3ajaeT 3aMKHYTOe MHOXECTBO, a
g(x) = 0 3agaet runepnosepxHocTb. [1ns nepeoro ciayyas pabotaer ycnosume

* . *)
CTaUMOHAPHOCTH, T.e. ecnn X™ = argming,).o f(x), T0 VF(x*) = 0,. MoxHo sn
MoAy4YNTb NOAOOHOE AN51 PABEHCTB U HECTPOrMX HEPABEHCTB?
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Ycnosus CTaUMOHAPHOCTW AJid 3a4a4 Ha BblMYKJIbIX
MHOXECTBaX

Teopema

Mycts B 3agayve (1) mHoxecTBo D Bbinykno, a ¢yukuyus f auccdepeHympyema B
TOYKe X*, TOrga /1S TOYKU MUHUMYMA X* BbIMOJIHAETCS YCAOBUE

VF(x*)"(x —x*) >0, Vxe€D.
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Ycnosus CTaUMOHAPHOCTW AJid 3a4a4 Ha BblMYKJIbIX
MHOXECTBaX

Teopema

Mycts B 3agayve (1) mHoxecTBo D Bbinykno, a ¢yukuyus f auccdepeHympyema B
TOYKe X*, TOrga /1S TOYKU MUHUMYMA X* BbIMOJIHAETCS YCAOBUE

VF(x*)"(x —x*) >0, Vxe€D.

Dok-Bo. Mpegnonoxum, uto ectb Touka x € D Takas, uto VI(x*)T(x — x*) <0,
Torga B cuny guddepeHumpyemoct f npu JOCTaTOMHO Manbix « > 0 nonyvaem

f(x* 4+ alx — x*)) = f(x*) = aVF(x*)T(x — x*) + o(al|x — x*||) <

aVF(x*)T (x—x*) +allx—x*]] <_V1;(|T;)$TX*)> < %Vf(x*)T(x—x*) <0.

Tak kak x,x* € D, D — Bbinykno, 10 npn 0 < o < 1 Touka x* + ax — x*) Takxke
npuHagnexut D. A
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Ycnosus CTaUMOHAPHOCTW AJid 3a4a4 Ha BblMYKJIbIX
MHOXECTBaX

3ameuvanue. VI (x*) # 0, [ONYCTUMO TOJBKO B
cnydyae, ecnm x* — rpaHu4Has Todka D. Ycnosue
MOXXHO nepedopMynmnpoBaTth B CEAYIOLLEM BUAE:
ecnm VF(x*) # 0, 10 VA(x*)T(x —x*) =0 -
onopHast kK D runepnaockocTsb.

V(")
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VcnoBHbIA 3kCTpeMyM 1 MHOXUTeNn JlarpaHyka

Mycte D C R”, D otkpuito, f : D = R, g: D — R™ — nenpepbiBHO
anddeperumpyemsle dyHkunu. PaccmoTtpum 3agavy:

MUHUMU3MpoBaTh  f(x),
npu ycnosum g(x) = 0p.

yHkyueii Jlarpanxa (Wnn narpaHxmaHoM) COOTBETCTBYOLEl 3agadqe (2)
Ha3bIBaeTCA (PyHKLUUS

LX) = F(x) + AT g(x), A= (A1, A2, 2m) .

KoadpduumeHTsl A; NpUHATO HasbiBaTb MHOXUTENIMY JlarpaHxa.

Teopema
x* — T04Ka mMuHnMyma 33ga4u (2) n Bektopsl NV gi(x*) NuHeiHO He3aBUCUMBI,
Torga cywecteyet Takoii Bektop A = (A1, A2, ..., Am) ", uTO

ViL(\, x*) = 0,.
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[eomeTpudeckast uHTepnpeTauus MHoxuTeneii Jlarpanxa

o Bb6auzn x* nosepxHoctb g(x) = 0 noutn
COBMAJAET C rMMEPIIOCKOCTbIO
Veai(x*)T(x — x*) =0.
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[eomeTpudeckast uHTepnpeTauus MHoxuTeneii Jlarpanxa

@ Bb6anzn x* nosepxHoctb g(x) = 0 no4tn
COBMajaeT C rmnepryiocKOCTbio
Vgi(x*)T(x — x*) = 0.

e Ecan g(x) = 0p,. Cywiectyer eguHCTBEHHOE
pasnoxeHue rpafnenTa f B ciegytowem
suge: VI(x*) = ATVg(x*) +vT,

Vg(x*)v = 0. Vicnonbsys ato pasnoxeHne
AN JONYCTUMBIX TOYek X BGAn3m x*
nosty4aem

V()T (x=x") = (=AT)Ve(x") T (x—x")+

vi(x = x*) = vT(x—x*).
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[eomeTpudeckast uHTepnpeTauus MHoxuTeneii Jlarpanxa

@ Bb6anzn x* nosepxHoctb g(x) = 0 no4tn
COBMajaeT C rmnepryiocKOCTbio
Vgi(x*)T(x — x*) = 0.

e Ecan g(x) = 0p,. Cywiectyer eguHCTBEHHOE
pasnoxeHue rpafnenTa f B ciegytowem
suge: VI(x*) = ATVg(x*) +vT,

Vg(x*)v = 0. Vicnonbsys ato pasnoxeHne
AN JONYCTUMBIX TOYek X BGAn3m x*
nosty4aem

V()T (x=x") = (=AT)Ve(x") T (x—x")+

vi(x = x*) = vT(x—x*).

@ Ecim v (x —x*) #0, To v # 0, n x* He
SBASIeTCS TouKol MuHumyma. Ecnm xe
v = 0, To BbINonHsieTcs ycnoeune Jlarpaxxa
C MHOXUTEAAMU — A1, ..., —Ap.
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[eomeTpudeckast uHTepnpeTauus MHoxuTeneii Jlarpanxa

Vi (z*) Vga(z™)
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HokazaTenbcTBo MeToma JlarpaH»ka

Dok-Bo: O6o3Haunm 33 M runepnnockocTtb

M={y eR"| Vg(x*)Ty = 0m}.

Mycts y € M, y #£ 0, Torga ans HekoToporo a > 0 cyuiecTsyeT kpuBas
¢ :[—a,a] = R", takas uto g(¢(t)) =0 npu t € [—a, a] n npu 3TOM

0(0) = x", ©'(0) =y.

Tak kak x* — onTMManbHOE 3HaYeHNe BAOJb KPUBOW ¢, TO B CUJY YCJIOBUIA
CTaLMOHAPHOCTH

d *
0= —F((t))le=o = VF((£)) "¢ (B)le=0 = VF(x7)Ty.
N
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HokazaTenbcTBo MeToma JlarpaH»ka

Dok-Bo: O6o3Haunm 33 M runepnnockocTtb
M={yeR" | Vg(x*)Ty =0n}.

Mycts y € M, y #£ 0, Torga ans HekoToporo a > 0 cyuiecTsyeT kpuBas
¢ :[—a,a] = R", takas uto g(¢(t)) =0 npu t € [—a, a] n npu 3TOM

0(0) = x", ©'(0) =y.

Tak kak x* — onTMManbHOE 3HaYeHNe BAOJb KPUBOW ¢, TO B CUJY YCJIOBUIA
CTaLMOHAPHOCTH

= %f(@(tmt:o - Vf((p(t))T(p/(t)|t:0 — Vf(X*)T_y

Takum obpasom, nonyyaem, 4to Bektop Vf(x*) oproroHanen M, ¢ npyroi
cTopoHbl n3 onpegenenus M cnepyet, 4to BekTopbl Vg;(x*) obpasytor basnc
opToroHansHoro gononuenns M. CnepgosaTensHo, VI (x*) sgnsercs nuHeiHom
kombuHaumeli Vg;(x*), T.e. cywecTBytoT KOI(MUUNEHTBI A1, ..., Ay, TaKME YTO

0

VFA(x*) = Aigi(x*) & VFA(x*) + (-AT)g(x*) = 0,. W

i=1
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[MpocToii npumep

Paccmotpum 3apavy

MaKCUMN3NPOBATb X + V¥,
npu ycnoeum x? 4+ y? = 2%
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[MpocToii npumep

Paccmotpum 3apavy

MaKCUMN3NPOBATb X + V¥,
npu ycnoeum x? 4+ y? = 2%

JlarpaH>xuaH:
F(x,y,\) =x+y = ANx*+y?—a%).

Monyyaem ycnoeus ctaumoHapHOCTM

1-2X\x=0,
1-2\y=0.

Manskoecknii H. B. (CMB6AY) VYenoeua KKT 9 /31



[MpocToii npumep

Paccmotpum 3apavy

MaKCUMN3NPOBATb X + V¥,
npu ycnoeum x? 4+ y? = 2%

JlarpaH>xuaH:
F(X7y7>‘) =X+ty- )‘(X2 +y2 - 32)'

Monyyaem ycnoeus ctaumoHapHOCTM

1-2X\x=0,
1-2\y=0.

N3 s1ux ypasHenuii cnegyet, 4to A # 0. Beiuutas nepsoe u3 BToporo nosyyaem
2Mx—y)=0=x=y.

MNopcTaBnss B NCxofHOE ypaBHEHME MONyYaeM X = j:%. Mpn satom, ecnn a = 0,

Tox=0m YyCNnoBuna CTALNOHAPHOCTU HE BbIMOJIHAKTCA HU NPU KAaKOM A
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[MpocToli npumep
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[MpocToii npumep

Peluenne napameTpusavmeii: OKpyXHOCTb X2 + y? = a® nerko napameTpusyeTcs:
X +y?=a> & FteR: (x,y) = (acos(t), asin(t)).

[prMeHsAs ycnoBmst CTaLMOHAPHOCTU NOJyHaeM

0= %[a cos(t) + asin(t)] = a(cos(t) — sin(t)) = cos(t) = sin(t) = £

Slis

Orcioga nonyyaem, 4to x* = y* = \%
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[MpocToii npumep

Pewenne metogom muoxunTeneii Jlarpan»ka: HaillTn Takyto TOYKY Ha OKPY>XXHOCTH,
4TO KacaTesbHasi B 3TOW TO4Ke nepneHaukynsipHa sektopy V£(x,y) = (1,1).

A

Manskoecknii H. B. (CMB6AY) VYenoeua KKT
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[Mprmep: paccTosiHME OT TOYKM AO TMNEPMIOCKOCTU

Myctb B R” 3apgaHa runepniockocTb

alx = aixXy + asxxo + ...+ apx, = C.

TpebyeTtcst HaliTU pacCTOsHME OT STOM rMNEPNAOCKOCTA A0 HEKOTOPOMA TOYKM Y,
Y4TO MOXHO NMPEeACTaBUTbL B BUAE CAeayloLwel 3a834m onTuMmn3aunn:

muHummsnposath  ||x — y|> = Y7 O — vi)?,
npu ycnosum a'x=c.

Oynkuus Jlarpavxa nmeer Bug,
LA x) = [Ix = y[[* = A(a"x = ¢).

Monyyaem Heobxogumbie ycnosus

2(x —y)—Xa=0.
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[Mprmep: paccTosiHME OT TOYKM AO TMNEPMIOCKOCTU

Paspewnm oTHOCKHTENBHO X
Aa L
X="—+y.
2

MNopcTaBnsiem B ypaBHEHME rNepnioCKOCTU

)\T _aT
a2a+aTy:C7 N=2o&—2 Y

aTa ’

T
c—a
X:y+aTay.

/1 HakoHeL,, KBafpaT pacCTOSHUSA paBeH

x—vyl]2 = ara)‘:: aTa (C—aTY)ZZ(C—aTY)2
b=yl = (TG =T L = )
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[Mprmep: paccTosiHME OT TOYKM AO TMNEPMIOCKOCTU

3HadeHne % MOXXHO MHTEPNPETNPOBATh

KaK pacCTosiHMeE OT y A0 a' X = c,
N3MepeHHas B BEKTOPE a.

YnpaxHeHune. Beisectu hopmynbl paccTosiHuia A0 runepniockocTu, 3afaHHbIMM
HECKOJIbKMMM JINHENRHBIMMN YPABHEHUSIMI.
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[Mpymep: anekTpuyeckuii Tok

OkasblBaeTtcsi, n3 nepeoro 3akoHa Kunpxroda n ofHOro n3 BapraynoHHbIX
MPUHLMNOB MOXHO BbIBECTU OCTasbHblE 3aKOHbI Kupxroda. Paccmotpum
3JIEKTPUYECKYIO LieNb N3 N Y3710B, rjj — CONPOTUBJIEHNE YHaCTKa Lienn Mexay
y3namu i n j, B — maTpuua NHUMAEHTHOCTY COOTBETCTBYIOLWEro rpada ¢
Mpou3BoJibHON opueHTauuein gyr. [10NOXKMM, HTO Mbl NYCTUIN €4UHNYHBIT 3apsij
n3 s 8 t. 06ozHauMm

-1 i=s,
XF=¢ 1 i=t,
0 i#s,t

M nycTb l; — cuna Toka Ha yyacTke uenu ij, | — COOTBETCTBYOWMIT BEKTOP,
COrJIaCOBaHHbIV C HyMepauueli n opueHTaunen B, Toraa nepsoliii 3akoH Kupxroda
Ans 3Tol uenu OygeT nMeThL BUg

Bl = x*.
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[Mpymep: anekTpuyeckuii Tok

[anee nonaraem, 4T0 TOK NPOTEKAET MUHUMUBMPYS IHEPTUHD
E ril?
2 v
7

MocMoTpMM Ha 3TO Kak Ha 3ajjady onTUMK3aLMM oTHocUTenbHO /. JlarpaHxunan
nMeeT BUj,

F(I,\) = Zr,, —\TBI.

Aundbdepenunpys no /j; nonyyaem

0

ailijF(l,)\)—rUU >\+A—0
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[Mpymep: anekTpuyeckuii Tok

OTciopga BbITEKAET, 4TO
I‘,JI,J = )\,‘ — )\j.

Opyrumun cnoBamu, B 3TOM ciyyae MHOXUTeNN JlarpaH»xa sBASIOTCS BENNYUHOIA,
KOTOPYIO B pn3MKE NPUHSTO HA3bIBATb MOTEHLMAJIOM, A NOCIEAHEE HEPABEHCTBO
SABASIETCA HUYEM MHBIM Kak 3akoH Oma.
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OrpaHI/I‘-{eHI/ISI B BUAE HEPABEHCTB

o Metog JlarpaH>a nossonsieT no3sonseT 3¢pheKTUBHO pellaTh 3agaun C
OrpaHUYEHNEM B BUAE PABEHCTB.
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OrpaHI/I‘-{eHI/ISI B BUAE HEPABEHCTB

o Metog JlarpaH>a nossonsieT no3sonseT 3¢pheKTUBHO pellaTh 3agaun C
OrpaHUYEHNEM B BUJE PABEHCTB.

@ Bo mHorux 3agavax onTummusaummn BO3HMKAIOT OrpaHMYEHUs B BUAE
HEPaBEHCTB, CBECTMN KOTOPbIE K PABEHCTBOM C COXpaHeHueM ‘‘xopowwmx’
CBOWCTB (guddepeHynpyemMoCTb, BbINYKIOCTb 1 T.4.) HE NPEACTaBASETCS
BO3MOXHbBIM.
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OrpaHI/I‘-{eHI/ISI B BUAE HEPABEHCTB

o Metog JlarpaH>a nossonsieT no3sonseT 3¢pheKTUBHO pellaTh 3agaun C
OrpaHUYEHNEM B BUAE PABEHCTB.

@ Bo mHorux 3agavax onTummusaummn BO3HMKAIOT OrpaHMYEHUs B BUAE
HEPaBEHCTB, CBECTMN KOTOPbIE K PABEHCTBOM C COXpaHeHueM ‘‘xopowwmx’
CBOWCTB (guddepeHynpyemMoCTb, BbINYKIOCTb 1 T.4.) HE NPEACTaBASETCS
BO3MOXHbBIM.

o Kak okazanoch, metog MHOXuTenen Jlarpanxa MoxxHO 0600WMTL 1 Ha
cnyyaii ¢ HepaBeHCTBaMu. Takoe 0000LeHMe ObINO HE3ABMCUMO MPEASIONKEHO
Bunbsmom Kapywem (1939) n Xaponbgom Kynom, Ansbeptom Takepom

(1951), n Ha CeroAHsALWHMIA AeHb NPUHSATO Ha3bIBaTb YCJAOBUSIMN
Kapywa-KyHa-Takepa.

Manskoscknii H. B. (CMB6AY) Yenoeua KKT 16 / 31



OrpaHI/I‘-{eHI/ISI B BUAE HEPABEHCTB

Paccmotpum dyrkumio g : R” — R™ n obnacTtb, 3a4aHHY0 HEPABEHCTBOM

g(x) < 0. Ons 0606LieHns MHoxuTeneln JlarpaHxa JOCTaTOYHO NogMeTUTb fBa
Ba>KHbIX MOMEHTA:

o Ecnm gi(x) < 0 n gi(x) HenpepbiBHa B TOuKe X*,
10 gi(x) < 0 B HEKOTOPOIi OKpecTHOCTU X*, a
3HAYMT 3TO OrPAHMYEHNE HE BINSIET HA
JIOKaNbHbIE CBOWCTBA 3a4aqn Ans ToukM x*.

e Ecnm gi(x) =0, 10 Kak 1 B Ciiyyae
orpaHuyeHnii B Buge paseHcTs, Vgi(x*) 3apaer
Hanpas/ieHne, BAOb KOTOPOro CABUraTbCA
Henb3sa. OTANYNE HEPAaBEHCTB COCTOMT B TOM,
YTO HEeNb35 CABMMaTbCA TONLKO NPOTUE
rpafiMeHTa, HO MOXHO CABUMaThLCS BAOb.
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Jlemma o HYBCTBUTEJNIBHOCTW

Paccmotpum 3agaqy

muHnmMu3upoBate  f(x),
npu ycaosum g(x)
h(x)

rge c € R™ d € R*. Mycrs x*(c,d), \(c,d), u(c, d) — peenne 3agaun n
COOTBETCTBYIOLME eMy MHOXUTEAN JlarpaHxa, yaosaeTsopsaiome

VAN

c,
d,

VF(x*(c,d)) + M, d)TVeg(x*(c,d)) + pu(c,d) " Vh(x*(c,d)) = 0,.

Ipaguenter Vgi(x*(c,d)), Vhi(x*(c,d)) npu i : gi(x*(c,d)) = ¢; nuneiino
He3aBucumebl. Toraa

Ve (x*(c, d)) = —A(c, d),
Vaf(x*(c,d)) = —u(c, d).
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Jlemma o HYBCTBUTEJNIBHOCTW

[oxk-Bo. OuesugHbiv obpaszom, ecnn gi(x*(c, d)) < ¢;, To

a ., . B
aCif(x (c,d)) =0.

Danee cuntaem ans npoctotsl, 4T0 gi(x*(c,d)) = ¢; ans Beex i € {1,..., m}.
MpumeHsis ycnoBusi CTaLMOHAPHOCTY MOSyHaeM CUCTEMY

VF(x* (¢, d)) + Ae, d) T Vg(x*(c, d)) + (e, ) h(x"(c, ) = 0

g(x*(c,d))=c

h(x*(c,d)) =

n

)

Q
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Jlemma o HYBCTBUTEJNIBHOCTW

Mo Teopeme o HesiBHOM oTobpaxkeHuu x*(c, d) — puddeperunpyema (Bmecte ¢
A, d) n u(c,d)), npu 3TOM BLINOAHAIOTCS CnefytoLme paBeHCTBa

Manskoecknii H. B. (CMB6AY)

)) = Vif(x*(c,d))Vex*(c, d),
) = Vxf(x*(c, d))Vax™(c, d),
) = Vxg(x*(c, d))Vex™(c, d),
)) = Vxg(x*(c, d))Vax*(c, d),
)) = Vih(x*(c,d))Vex™(c, d),
)) = Vxh(x*(c,d))Vax*(c, d).

VYenoena KKT
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Jlemma o HYBCTBUTEJNIBHOCTW

I'Iocnep,OBaTeano NPUMEHAA 3TN PAaBEHCTBA NONy4aeM
Vf(x*(c,d)) = Vif(x*(c,d))Vex*(c,d) =
~(A(c, d)" Vg (x*(c,d)) + ulc,d)"Vxh(x*(c, d)))Vex*(c, d) =
e, d)" Vig(x*(c,d))Vex*(c,d) —p(c, d)T Vih(x*(c,d))Vex*(c,d) =
=Vcg(x*(c,d))=In =V h(x*(c,d))=0

—Mec,d)"

Vaf(x*(c,d)) = Vif(x*(c,d))Vagx*(c,d) =
~(Mc, d)"Vig(x*(c, d)) + plc, d)TVih(x*(c, d)))Vax*(c,d) =
—Me,d)" Vig(x*(c,d))Vax*(c,d) —pu(c,d)T Vh(x*(c,d))Vax*(c,d) =
=Vag(x*(c,d))=0 =Vgh(x*(c,d))=Ik

—u(c,d)”.
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Vcnosus Kapywa-KyHa-Takepa

Mycte D C R"”, D otkpuito, f : DR, g:D—R™ h:D — Rk — HenpepbIBHO
anddeperunpyemble dyHkunn. PaccmoTtpum 3agayy

MuHUMU3MpoBaTh  f(x),
npw ycnosuu g(x) §
h(x) =

Mpw BBINOSHEHNI HEKOTOPBIX YCJOBMI perynsipHoCT (Hanpumep,

Vgi(x*), Vhi(x*) nnHeiiHo He3aBUCHMbI), €Cnn X* SBNSIETCS pELIEHNeM 3ajaqu,
Torpa cyuwiectyeT BekTopa A € R™ n pu € R9 Takme 4TO BbINONHAKOTCS
cnepytome ycnosms:

1. CTaymoHapHOCTb: VE(x*) + ATVg(x*) + uVh(x*) = 0,.

2. MNpsimas BLINOAHUMOCTB: g(x*) < 0pm, h(x*) = 0O.

3. [BoiicTBeHHas BbINOAHUMOCTE: A > 0, (< 0,y Ans 3aga4m MakcuMmsaumm).
4. [1ononHAOWAN HEXXECTKOCTb! Aigi(x*) =0, 1 <i<m.
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HokazaTtenbcto ycnosuii KKT

[ns Hauana BBEAEM AONONHUTENbHbIE NEPEMEHHBIE Y1, ..., Ym, Z = (Y2, ... ,y,%)T
1 3aMeTUM, 4TO UCXOAHAsS 3ajaya IKBMBAJIEHTHA ClenytoLLleit

MuHUMU3MpoBate  f(x),
npw ycnosuu g(x)+z=0,
h(x) = 0.

®ynkuyus Jlarpavxa umeer Bug,
F(x,y, A ) = F(x) + AT (g(x) +2) + p” h(x).

Ecnmn x* — peweHune 3agaym, 10 n3 TeopeMbl JlarpaHxka nonyyaem, 4to
CYLLECTBYIOT BEKTOPbI A, (1 TaKUe, 4TO

VF(x*,y* A\ i) = VF(x*) + AN Vg(x*) + u(c,d)Th(x*) = 0,,

a * * *
8_)/ F(X Y 7)\,,&) = _2)\in = 07
1
3ametum, uto ecim \; =0, 10 0 = \;g(x*);. Ecnm xe \; 20, 10y, =0, a
3HaunT gi(x) = —y? = 0. [lpyrumn cnosamm, n3 BTOpOro paBeHCTBa crepyeT
)\;g;(x*) =0.
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HokazaTtenbcto ycnosuii KKT

/I3 nemmbl 0 YyBCTBUTENLHOCTU MMEEM
AT = Vf(x*)| czo-
OueBngHbiM 0bpa3oM, npu yBennyeHun tobO KOMMNOHEHTLI BEKTOPA C B

HepageHcTBe g(x) < ¢ BegeT 3a coDOI yBENNYEHNE MHOXKECTBA, HA KOTOPOM 3TO
HepaBeHCTBO BbinosiHsetcs = V. f(x*) < 0= >0, &
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Mpumep: water-filling

Paccmotpum 3apa4y

MuHumnsuposats  — . log(a; + x;),
npu ycaosum x>0,
17'x =1,

rae «; > 0. Beegem aBoiicTeeHHble nepemenHbie A\ € R” ans HepaseHcTBa x > 0
n 1 € R pns pasenctsa 1] x = 1. Monyyaem ycnosus cTaumoHapHoOCTY

1
—— =\ =0.
o+ X; Tt

[ BolicTBEHHAs BbINOJIHUMOCTb

A>0.

JononHsaowas HeXXecTKoCTb
)\,'X,' =0.
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Mpumep: water-filling
OT A MOXHO n30aBMTLCS Cnegyowmm obpasom:

1
—Ai+pu=0A2>0& —
aj + Xi a; + Xx;

+u > 0.

D'OHOJ']HSHOLLLQH HEXXECTKOCTb MOXXHO nepenncaTtb B BUAe

1
- i =0.
(u Oéi+Xi>X

Ecm < ai T0 x; > 0, Tak Kak npu x; =0

o1 1
Iu_ai+xi_04i’

Q 3HAYUT U3 YCJIOBUIA JONONHAIOWEN HEXXECTKOCTUN MOJIyHaeM, YTO [, = 1/(04;—|—x,-).
Ecom p > a% 10 x; = 0, Tak Kak npu x; > 0

1 1
> )
«; o + X;

4TO HapymaeT ycnosme AOHOJ'IHHIOLueﬁ HEXXECTKOCTN.
T —r oo ] 251



Mpumep: water-filling

NToro nmeem
Y p—-a p<1/a,
Xj =
0, w>1/a;.
B bonee npocroii dopme, x; = max{0,1/u — «;}. Noactansis B ucxogHoe
YC/IOBME MOJSIyYaem

L(1/u) = Zmax{o 1/u—a;} =1

3ameTum, uto L — KycouHo-nuHeiiHas cyHkuus, npu atom L(—oo) = 0,
L(+00) = +00, L(t) cTporo Bospactaet npu t > min; a; u L(min; ;) =0, a
3HaunT ypaBHeHue L(t) = 1 nmeer efMHCTBEHHOE peLLeHue.
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Mpumep: water-filling

Haxoxpaetue pewwenuns L£(t) = 1 3avacTyto Hasbisatot water-filling algorithm
(O(nlog n) nan O(n), ecnn n3BeCTeH OTCOPTUPOBAHHDIN NOPSAOK () N3-33 TOTO,
4TO PACMpeAesieHNE X; HAMOMUHAIOT PacnpefesneHne BOf[bl B HEOLHOPOAHON Cpeae

1/

z;

Q;
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[BoiicTBeHHas 3ajaqva

JlarpaH>xuaH:
L(x, M\ p) = £(x) + AT g(x) + uT h(x).

JBovsictenHoii pyrkymeii Jlarpanxa Ha3biBaeTCA PyHKUMS
(A, p) = inf L(x, A, p)-
[BoiicTBeHHas 3agaya:

mMakcumusuposats g\, p),
npu ycaoBum A2 O,

Yacto ynobHo HenocpeacTBeHHO A0DaBASATL K 3TOW 3afaye OrpaHuyeHmne
q(A, 1) > —oc.
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CBoiicTBa [BOVCTBEHHON 3a4a4n

o DyHkums g — BoruyTta (Bbinykna seepx): L(x, A, i) nuHeiina no A m p ans
t060ro x, a 3Ha4uT, BOrHyTa no A u u. Jlerko nposeputsb, 4to ecnu F(x,y)
BOrHyTa no y ans awboro x, 1o inf, F(x,y) Takxe Bornyta. Kak cnegcrsue,
[BOCTBEHHAs 3afa4a BCErga UMEET PeLLEeHNE.

e Ecan ycnosus g(x) = 0, h(x) = 0k BbINOAHUMBI, TO Ast NHOObIX
ponyctumbix X u A > 0p,, [t UMEET MECTO HEPABEHCTBO

q(A p) < f(x).
MycTb x — ponycTuMas To4yka, Torga
F(x) > F(x) + AT g(x) + 1T h(x) > inf L(x, A1) = q(A, p).
——— N—— xe€D
<0 =0

B uyactHoCcTM, ecnmn obe 3agaum paspewnmbl, TO AJIst ONTUMAJIbHbBIX 3HAYEHW
X*, \*, ;4" BbINONHAETCA HEPABEHCTBO

q(A", p") < F(x7).

DTO CBOWCTBO NMPUHSITO Ha3bIBaTb C/1a00M [BOMCTBEHHOCTBIO.
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CunbHas OBOWCTBEHHOCTb

OyeBungHbIM 00pa3oM, ecsii ANist NPSAMOi 1 [BONCTBEHHbIX 33434 HaAEHb! TaKne
3Ha4veHus x*, \*, u*, 4yto

f(x*) = a(\", "),
TO X* — ONTUMANbLHOE peLLEHNE NPSIMOIA 3agaqm, a \*, u* — pewerne
nBoicTeeHHol 3agadn. CBOMCTBO, KOrga Takasi CUTyauusi BOSMOXKHA, NPUHSITO
Ha3blBaTb CUJILHOWM ABONCTBEHHOCTbIO. K COXKaNeHnto, CunbHas JBONCTBEHHOCTb
He Bcerga nmeet mecto. Hanbonee pacnpocrpaHeHHOe yC/IOBUE BbIMOJIHEHNE
CUNLHON ABOVICTBEHHOCTN — TakK Ha3biBaemoe yciosue Cneritepa: Ecnn B 3apave

MWHNMWU3NPOBATb

f(x),
npu yciosuu g(x) <o
Ax=b

c BbinykabiMu dyHKUMAMN | g CYLLECTBYET Takas Todka X, 4To g(X) < O,
AX = b, TO N5 37Ol 3a4a4n 1 ABONCTBEHHOW K HEl BbIMOJIHAETCS CUJIbHAs
DBOMCTBEHHOCTb.
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