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Íåäîñòàòîê ãðàäèåíòíîãî ñïóñêà

Î÷åâèäíûì îáðàçîì ãðàäèåíòíûé ñïóñê îáëàäàåò ñëåäóþùèì ñâîéñòâîì:

xk ∈ x0 + Span{∇f (x0), . . . ,∇f (xk−1)} (1)

òàê êàê

xk = xk−1 − αk∇f (xk) = . . . = x0 −
k−1∑
i=0

αi∇f (xi )

Åñëè ∇f ëèïøèöåâ ñ êîíñòàíòîé M, òî ãðàäèåíòíûé ñïóñê äîñòèãàåò îöåíêè

f (xk)− f (x∗) = O
(
1

k

)
Åñëè ïðè ýòîì f ñèëüíî âûïóêëà ñ êîíñòàíòîé m, òî

f (xk)− f (x∗) = O

((
M −m

M +m

)k
)

Îêàçûâàåòñÿ, ÷òî â îáîèõ ñëó÷àÿõ ãðàäèåíòíûé ñïóñê íå ÿâëÿåòñÿ
îïòèìàëüíûì àëãîðèòìîì ñðåäè óäîâëåòâîðÿþùèõ (1).
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Íèæíèå îöåíêè äëÿ ãðàäèåíòíûõ ìåòîäîâ

Òåîðåìà

∀k ∃n, x0, f : Rn → R, òàêèå, ÷òî ∇2f � MI , ëþáîé ìåòîä, óäîâëåòâîðÿþùèé

(1), ïðèìåíåííûé ê f èìååò íèæíþþ îöåíêó

f (xk)− f (x∗) ≥ βM||xk − x∗||
(k + 1)2

,

ãäå β > 0 � íåêîòîðàÿ êîíñòàíòà, íå çàâèñÿùàÿ îò k , n,M, f , x0.

Òåîðåìà

∀k ∃n, x0, f : Rn → R, òàêèå, ÷òî mI � ∇2f � MI , ëþáîé ìåòîä,

óäîâëåòâîðÿþùèé (1), ïðèìåíåííûé ê f èìååò íèæíþþ îöåíêó

f (xk)− f (x∗) ≥ m

2

(√
M −

√
m√

M +
√
m

)2k

||x0 − x∗||2.
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Çàìå÷àíèÿ ïî íèæíèì îöåíêàì

Â ñëó÷àå âûïóêëîé ôóíêöèè íèæíÿÿ îöåíêà äàåò f (xk)− f (x∗) = O(1/k2), èç
÷åãî ñëåäóåò, ÷òî íåîáõîäèìîå êîë-âî èòåðàöèé ãðàäèåíòíîãî ìåòîäà äëÿ
äîñòèæåíèÿ ε-àïïðîêñèìàöèè åñòü

k(ε) = O(1/
√
ε),

â òî âðåìÿ êàê ãðàäèåíòíûé ñïóñê ãàðàíòèðóåò òîëüêî k(ε) = O(1/ε). Â
ñëó÷àå ñèëüíî âûïóêëîé ôóíêöèè èç íèæíåé îöåíêè ñëåäóåò, ÷òî íåîáõîäèìîå
êîë-âî èòåðàöèé ãðàäèåíòíîãî ìåòîäà äëÿ äîñòèæåíèÿ ε-àïïðîêñèìàöèè åñòü

k(ε) ≥
log m||x0−x∗||2

2ε

−2 log
(√

M−
√
m√

M+
√
m

) (2)

Êàê è íèæíÿÿ îöåíêà, òàê è ñàì ãðàäèåíòíûé ñïóñê ãàðàíòèðóþò, ÷òî
k(ε) = O(log 1

ε ). Åñëè æå ñìîòðåòü íà k êàê ôóíêöèþ íå òîëüêî ε, íî è m,M,
òî ïðè áîëüøèõ M/m èìååì

log

(√
M −

√
m√

M +
√
m

)
∼ −2

√
m√

M +
√
m
∼ −2

√
m√
M
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Çàìå÷àíèÿ ïî íèæíèì îöåíêàì

Òàêèì îáðàçîì, äëÿ íèæíèõ îöåíîê ìû ïîëó÷àåì, ÷òî

k(ε,m,M) ≥
log m||x0−x∗||2

2ε

−2 log
(√

M−
√
m√

M+
√
m

) ≥ 1

4

(√
M√
m
− 1

)
log

m||x0 − x∗||2

2ε

Âòîðîå íåðàâåíñòâî ïîëó÷åíî èç log(1 + x) ≤ x . Òàê êàê log(1 + x) ∼0 x , òî
íåðàâåíñòâî ÿâëÿåòñÿ àñèìïòîòè÷åñêè îïòèìàëüíûì ïðè m/M → 0.

Èñïîëüçóÿ àíàëîãè÷íîå ðàññóæäåíèå, ïîëó÷àåì, ÷òî äëÿ ãðàäèåíòíîãî ñïóñêà

k(ε,m,M) ≥ 1

4

(
M

m
− 1

)
log

M||x0 − x∗||2

2ε

÷òî õóæå îòíîñèòåëüíî ïàðàìåòðîâ m,M
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Îöåíèâàþùèå ïîñëåäîâàòåëüíîñòè

Îïðåäåëåíèå

Ïîñëåäîâàòåëüíîñòè {φ(·)}∞k=0 è {λk}∞k=0, λk ≥ 0 íàçûâàþòñÿ

îöåíèâàþùèìè ïîñëåäîâàòåëüíîñòÿìè ôóíêöèè f (·), åñëè äëÿ ëþáîãî x ∈ Rn

è âñåõ k ≥ 0 âûïîëíÿåòñÿ íåðàâåíñòâî

φk(x) ≤ (1− λk)f (x) + λkφ0(x).

Åñëè φk(·), λk � îöåíèâàþùèå ïîñëåäîâàòåëüíîñòè ôóíêöèè f è äëÿ
ïîñëåäîâàòåëüíîñòè xk âûïîëíÿåòñÿ

f (xk) ≤ φ∗k = min
x∈Rn

φk(x),

òî

f (xk) ≤ min
x∈Rn

φk(x)

≤ min
x∈R

(1− λk)f (x) + λkφ0(x)

≤ (1− λk)f (x∗) + λkφ0(x
∗),

èç ÷åãî ñëåäóåò f (xk)− f (x∗) ≤ λk(φ0(x∗)− f (x∗)).
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Îöåíèâàþùèå ïîñëåäîâàòåëüíîñòè

Ëåììà

Ïóñòü f � äèôôåðåíöèðóåìàÿ ôóíêöèÿ, ñèëüíî âûïóêëàÿ ñ êîíñòàíòîé m, ∇f
ëèïøèöåâ ñ êîíñòàíòîé M, φ0(·) � ïðîèçâîëüíàÿ ôóíêöèÿ, {yk}∞k=0 �

ïðîèçâîëüíàÿ ïîñëåäîâàòåëüíîñòü â Rn, αk ∈ (0, 1),
∑∞

k=0 αk =∞, λ0 = 1, òî
ïîñëåäîâàòåëüíîñòè, çàäàííûå ðåêóðåíòíî ïî ïðàâèëó

λk+1 = (1− αk)λk

φk+1(x) = (1− αk)φk(x) + αk

(
f (yk) +∇f (yk)(x − yk) +

m

2
||x − yk ||2

)
(3)

îáðàçóþò îöåíèâàþùèå ïîñëåäîâàòåëüíîñòè.

Äîê-âî. Î÷åâèäíûì îáðàçîì φ0(x) = (1− λ0[= 1])f (x) + λ0[= 1]φ0(x).
Âîñïîëüçóåìñÿ èíäóêöèåé: ïóñòü âûïîëíÿåòñÿ
φk(x) ≤ (1− λk)f (x) + λkφ0(x), òîãäà

φk+1(x) ≤ (1− αk)φk(x) + αk f (x)

≤ (1− αk)((1− λk)f (x) + λkφ0(x)) + αk f (x)

= (1− λk+1)f (x) + λk+1φ0(x). �
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Îöåíèâàþùèå ïîñëåäîâàòåëüíîñòè

Ëåììà

Åñëè îöåíèâàþùèå ïîñëåäîâàòåëüíîñòè ãåíåðèðóþòñÿ ïî ïðàâèëó (3) è ïðè

ýòîì φ0(x) = φ∗0 +
γ0

2 ||x − x0||2 òî ôóíêöèè φk(·) èìåþò âèä
φk(x) = φ∗k +

γk

2 ||x − vk ||2 è âûïîëíÿþòñÿ ñîîòíîøåíèÿ

γk+1 = (1− αk)γk + αkm

vk+1 =
1

γk+1
((1− α)γkvk + αkmyk − αk∇f (yk))

φ∗k+1 = (1− αk)φ
∗
k + αk f (yk)−

α2
k

2γk+1
||∇f (yk)||2

+
αk(1− αk)γk

γk+1

(m
2
||yk − vk ||2 +∇f (yk)(vk − yk)

)
. (4)
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Îöåíèâàþùèå ïîñëåäîâàòåëüíîñòè

Äîê-âî. Âî-ïåðâûõ, ∇2φ0(x) = γ0I , äîêàæåì ïî èíäóêöèè, ÷òî
∇2φk(x) = γk I :

∇2φk+1(x) = (1− αk)∇2φk(x) + αkmI = ((1− αk)γk + αkm)I = γk+1I

ñëåäîâàòåëüíî φk(x) äåéñòâèòåëüíî ïðåäñòàâëÿåòñÿ â âèäå φ∗k +
γk

2 ||x − vk ||2.

Äàëåå, vk � åäèíñòâåííàÿ (â ñèëó γk > 0) òî÷êà ìèíèìóìà φk(x), à çíà÷èò
óäîâëåòâîðÿåò óñëîâèÿì îïòèìàëüíîñòè ïåðâîãî ïîðÿäêà:

0n = ∇φk+1(vk+1)

= ∇x

[
(1− αk)

(
φ∗k +

γk
2
||x − vk ||2

)
+αk

(
f (yk) +∇f (yk)T (x − yk) +

m

2
||x − yk ||2

)]
|x=vk+1

= (1− αk)γk(vk+1 − vk) + αk∇f (yk) + αkm(vk+1 − yk),

÷òî äàåò ðåêóððåíòíîå ñîîòíîøåíèå äëÿ vk .
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Îöåíèâàþùèå ïîñëåäîâàòåëüíîñòè

Â ñèëó ñîîòíîøåíèé äëÿ äëÿ vk , γk

vk+1 − yk =
1

γk+1
[(1− αk)γk(vk − yk)− αk∇f (yk)].

Ïîäñòàâèâ yk â φk ïîëó÷àåì

φ∗k+1 +
γk+1

2
||yk − vk+1||2 = (1− αk)

(
φ∗k +

γk
2
||yk − vk ||2

)
.

Îñòàëîñü ïîäñòàâèòü óêàçàííîå âûøå ñîîòíîøåíèå äëÿ vk+1 − yk äëÿ
ïîëó÷åíèÿ ñîîòíîøåíèÿ íà vk . �
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Âûâîä îáùåé ñõåìû

Òàêèì îáðàçîì íà äàííûé ìîìåíò, èñïîëüçóÿ îöåíèâàþùèå
ïîñëåäîâàòåëüíîñòè, ñãåíåðèðîâàííûå ïî ïðàâèëó (3) ñ
φ0(x) = φ∗0 +

γ0

2 ||x − x0||2 èìååì
Ñâîáîäó âûáîðà γ0, αk , yk

Âåëè÷èíû γk (k > 0), λk , vk , φ
∗
k îäíîçíà÷íî îïðåäåëåíû ýòèì âûáîðîì

Äëÿ ïîëó÷åíèÿ ðàáî÷åé ñõåìû íóæíî íàó÷èòüñÿ äåëàòü âûáîð òàê, ÷òîáû
ãàðàíòèðîâàòü

f (xk) ≤ φ∗k .

Ïðåäïîëîæèì, ÷òî ó íàñ åñòü xk : f (xk) ≤ φ∗k . Èç (4) ïîëó÷àåì

φ∗k+1 ≥ (1− αk)f (xk) + αk f (yk)−
α2
k

2γk+1
||∇f (yk)||2

+
αk(1− αk)γk

γk+1

(m
2
||yk − vk ||2 +∇f (yk)T (vk − yk)

)
.
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Âûâîä îáùåé ñõåìû

Óïðîñòèì ýòî íåðàâåíñòâî âîñïîëüçîâàâøèñü ||yk − vk ||2 ≥ 0 è
f (xk) ≥ f (yk) +∇f (yk)(xk − yk):

φ∗k+1 ≥ f (yk)−
α2
k

2γk+1
||∇f (yk)||2 + (1− αk)∇f (yk)

(
αkγk
γk+1

(vk − yk) + xk − yk

)

yk ìîæíî âûáðàòü òàêèì îáðàçîì, ÷òîáû îáíóëèòü αkγk

γk+1
(vk − yk)+ xk − yk

αk ìîæíî âûáðàòü òàê, ÷òîáû âûïîëíÿëîñü
α2

k

2γk+1
= 1

2M

Íàêîíåö, åñëè ïðè ýòîì âûáðàòü xk = yk − 1
M∇f (yk), òî

f (xk+1) ≤ f (yk)− 1
2M ||∇f (yk)||

2, ÷òî âëå÷åò φ∗k+1 ≥ f (xk+1)
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Âûâîä îáùåé ñõåìû

Ïðè Mα2
k = γk+1 = (1− αk)γk + αkm, αk çàäàåòñÿ êâàäðàòíûì óðàâíåíèåì

Mx2 + (γk −m)x − γk = 0.

Îòìåòèì, ÷òî çíà÷åíèå ëåâîé ÷àñòè â 0 è 1 åñòü −γk è M −m ñîîòâåòñòâåííî,
÷òî ãàðàíòèðóåò íàëè÷èå êîðíÿ íà èíòåðâàëå (0, 1) ïðè γk > 0.

Äëÿ yk ïîëó÷àåì

yk

(
αkγk
γk+1

+ 1

)
=
αkγk
γk+1

vk + xk .

Òàêèì îáðàçîì

yk =
αkγkvk + γk+1xk
αkγk + γk+1

=
αkγkvk + γk+1xk

γk +mαk

Ìàëüêîâñêèé Í. Â. (ÑÏáÀÓ) Îïòèìàëüíûå ìåòîäû 13 / 21



Îáùàÿ ñõåìà îïòèìàëüíûõ ìåòîäîâ

Èíèöèàëèçàöèÿ.
Âûáðàòü íà÷àëüíîå ïðèáëèæåíèå x0, êîíñòàíòó γ0 > 0, âçÿòü
v0 = x0.

Èòåðàöèÿ k ≥ 0.

1. Âû÷èñëèòü αk ∈ (0, 1) èç óðàâíåíèÿ

Mx2 + (γk −m)x − γk = 0,

âçÿòü γk+1 = (1− αk)γk + αkm.
2. Âçÿòü

yk =
αkγkvk + γk+1xk

γk +mαk

è âû÷èñëèòü f (yk), ∇f (yk).
3. Âûáðàòü xk+1 òàê, ÷òîáû âûïîëíÿëîñü

f (xk+1) ≤ f (yk)−
1

2M
||∇f (yk)||2.

4. Âçÿòü

vk+1 =
1

γk+1
[(1− α)γkvk + αkmyk − αk∇f (yk)]
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Ñêîðîñòü ñõîäèìîñòè äëÿ îáùåé ñõåìû

Òåîðåìà

Îáùàÿ ñõåìà ãåíåðèðóåò ïîñëåäîâàòåëüíîñòü îöåíîê xk , äëÿ êîòîðîé

âûïîëíÿåòñÿ

f (xk)− f (x∗) ≤ λk
(
f (x0)− f (x∗) +

γ0
2
||x0 − x∗||2

)
Äîê-âî. Ïî ïîñòðîåíèþ ïðè φ0(x

∗) = f (x0) +
γ0

2 ||x0 − x∗||2.

Òåîðåìà

Åñëè â îáùåé ñõåìå γ0 = M, òî äëÿ ïîñëåäîâàòåëüíîñòè xk âûïîëíÿåòñÿ

f (xk)− f (x∗) ≤ M min

{(
1−

√
m

M

)k

,
4

(2 + k)2

}
||x0 − x∗||2

Äîê-âî. Äàëåå (ïîñëå ëåììû).
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Ñêîðîñòü ñõîäèìîñòè îáùåé ñõåìû

Ëåììà

Åñëè â îáùåé ñõåìå âçÿòü γ0 ≥ m, òî

λk =
∏

i≤k−1

(1− αk) ≤ min

{(
1−

√
m

M

)k

,
4M

(2
√
M + k

√
γ0)2

}

Äîê-âî. Òàê êàê γ0 ≥ m, òî ïî èíäóêöèè

γk+1 = (1− αk)γk + αkm ≥ (1− αk)m + αkm = m.

Ñëåäîâàòåëüíî

αk =

√
γk+1

M
≥
√

m

M
.

Ïîêàæåì ïî èíäóêöèè, ÷òî γk ≥ γ0λk :

γk+1 ≥ (1− αk)γk ≥ (1− αk)γ0λk = γ0λk+1.
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Ñêîðîñòü ñõîäèìîñòè äëÿ îáùåé ñõåìû

Äàëåå, îáîçíà÷èì ωk = 1/
√
λk . Ïî ïîñòðîåíèþ λk óáûâàåò, à çíà÷èò

ωk+1 − ωk =

√
λk −

√
λk+1√

λkλk+1

=
λk − λk+1√

λkλk+1(
√
λk +

√
λk+1)

≥

≥ αkλk

2λk
√
λk+1

≥ 1

2

√
γ0
M
.

Ñóììèðóÿ ïî 1 ≤ i ≤ k ïîëó÷àåì

ωk =
1√
λk
≥ 1 +

k

2

√
γ0
M

�

Äîê-âî. òåîðåìû ïðèìåíèòü ëåììó ñ γ0 = M è âîñïîëüçîâàòüñÿ
f (x0)− f (x∗) ≤ M

2 ||x0 − x∗||2.
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Óïðîùåíèå ñõåìû

*Äàëåå ñ÷èòàåì, ÷òî xk+1 ãåíåðèðóåòñÿ êàê øàã ãðàäèåíòíîãî ìåòîäà èç yk ,
ò. å. xk+1 = yk − 1

M∇f (yk)

Èñïîëüçîâàâ âûðàæåíèå äëÿ yk = αkγkvk+γk+1xk
γk+αkm

ìîæíî ïîëó÷èòü

γkvk = 1
αk
[yk(γk + αkm)− γk+1xk ], òàêèì îáðàçîì

vk+1 =
1

γk+1
[(1− αk)γkvk + αkmyk − αk∇f (yk)]

=
1

γk+1

{
1− αk

αk
[yk(γk + αkm)− γk+1xk ] + αkmyk − αk∇f (yk)

}
=

1

γk+1

[
(1− αk)γk

αk
yk +myk

]
− 1− αk

αk
xk −

αk

γk+1
∇f (yk)

=
1

αk
yk −

1

αk
xk + xk −

αk

γk+1
∇f (yk) (γk+1 = (1− αk)γk +mαk)

= xk +
1

αk
(yk − xk)−

1

αkM
∇f (yk) (γk+1 = Mα2

k)

= xk +
1

αk
(xk+1 − xk) (xk+1 = yk −

1

M
∇f (yk))
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Óïðîùåíèå ñõåìû

Äàëåå

yk+1 =
1

γk+1 + αk+1m
(αk+1γk+1vk+1 + γk+2xk+1)

= xk+1
αk+1γk+1(vk+1 − xk+1)

γk+1 + αk+1m
= xk+1 + βk(xk+1 − xk),

ãäå

βk =
αk+1γk+1(1− αk)

αk(γk+1 + αk+1m)
.

Òàêèì îáðàçîì ìû èçáàâèëèñü îò vk . Òåïåðü èçáàâèìñÿ îò γk :

βk =
αk+1γk+1(1− αk)

αk(γk+1 + αk+1m)
=

αk+1γk+1(1− αk)

αk(γk+1 + α2
k+1M − (1− αk+1)γk+1)

=
γk+1(1− αk)

αk(γk+1 + αk+1M)
=
αk(1− αk)

α2
k + αk+1

Äëÿ âû÷èñëåíèÿ αk+1 ìîæíî èñïîëüçîâàòü óðàâíåíèå
α2
k+1 = (1− αk+1)α

2
k +

m
Mαk+1.
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Óïðîùåííàÿ ñõåìà

Èíèöèàëèçàöèÿ Âûáðàòü íà÷àëüíîå ïðèáëèæåíèå x0, α0 ∈ (0, 1). Âçÿòü
y0 = x0.

Èòåðàöèÿ k ≤ 0

1. Âû÷èñëèòü ∇f (yk), âçÿòü xk+1 = yk − 1
M∇f (yk).

2. Âû÷èñëèòü αk+1 èç óðàâíåíèÿ

α2
k+1 = (1− αk+1)α

2
k +

m

M
αk+1

3. Âçÿòü

βk =
αk(1− αk)

α2
k + αk+1

, yk+1 = xk+1 + βk(xk+1 − xk).
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Èòîãîâûå çàìå÷àíèÿ

Çàìå÷àíèå 1. Óñëîâèå γ0 ≥ m ýêâèâàëåíòíî α0 ≥
√

m
M

Çàìå÷àíèå 2. Åñëè âçÿòü α0 =
√

m
M , òî

αk =

√
m

M
, βk =

√
M −

√
m√

M +
√
m
,

÷òî äåëàåò ñõåìó åùå ïðîùå:

xk+1 = yk −
1

M
∇f (yk), yk+1 = xk+1 +

√
M −

√
m√

M +
√
m
(xk+1 − xk)

Çàìå÷àíèå 3. Âûáîð α0 =
√
m/M íå ãîäèòñÿ ïðè m = 0.
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