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Ìàòðè÷íàÿ äåêîìïîçèöèÿ

Îïðåäåëåíèå

Äåêîìïîçèöèåé èëè ðàçëîæåíèåì ìàòðèöû A íàçûâàåòñÿ ïðåäñòàâëåíèå A â

âèäå íåêîòîðîãî ïðîèçâåäåíèÿ

A = A1A2 . . .An

Çàìå÷àíèå. Îáû÷íî n = 2, 3, â èíòåðåñóþùèõ íàõ ñëó÷àÿõ A è Ai �
êâàäðàòíûå ìàòðèöû.

Çà÷åì íóæíî: Ïóñòü A = A1 . . .An, äàíà ñèñòåìà

Ax = b

Åñëè A1y = b, ñèñòåìó Ax = b ìîæíî ðåäóöèðîâàòü äî ñèñòåìû
A2 . . .Anx = y .
Òàêèì îáðàçîì, èíòåðåñíû ðàçëîæåíèÿ ñ íåáîëüøèì n è ïðîñòîé ñòðóêòóðîé
Ai .
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Îðòîãîíàëüíûå ìàòðèöû

Îïðåäåëåíèå

Ìàòðèöà P ∈ Rn×n íàçûâàåòñÿ îðòîãîíàëüíîé, åñëè PTP = PPT = I .

Çàìå÷àíèå 1. Íåïîñðåäñòâåííîå ñëåäñòâèå, åñëè P îðòîãîíàëüíà, òî
P−1 = PT . Çàìå÷àíèå 2. Ïóñòü p1, . . . , pn ∈ K n � ñòîëáöû ìàòðèöû P, ò. å.

P = [p1 . . . pn], òîãäà

PTP =

 pT1
. . .
pTn

 [p1 . . . pn] =


pT1 p1 pT1 p2 . . . pT1 pn
pT2 p1 pT2 p2 . . . pT2 pn
...

...
. . .

...
pTn p1 pTn p2 . . . pTn pn

 = I

Òàêèì îáðàçîì

pTi pj =

{
1, i = j

0, i 6= j

èíà÷å ãîâîðÿ, ñòîëáöû P � îðòîíîðìèðîâàíû. Ýòî ñâîéñòâî âûïîëíÿåòñÿ è
äëÿ ñòðîê.
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Òðåóãîëüíûå ìàòðèöû

Îïðåäåëåíèå

Ìàòðèöà A = (aij) ∈ K n×n íàçûâàåòñÿ âåðõíåé òðåóãîëüíîé ìàòðèöåé, åñëè

aij = 0 ïðè i > j . Àíàëîãè÷íî A íàçûâàåòñÿ íèæíåé òðåóãîëüíîé, åñëè aij = 0
ïðè i < j .


a11 a12 . . . a1n

0 a22 . . . a2n

...
...

. . .
...

0 0 . . . ann




a11 0 . . . 0
a21 a22 . . . 0
...

...
. . .

...
an1 an2 . . . ann
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Ðåøåíèå ÑËÀÓ äëÿ îðòîãîíàëüíûõ ìàòðèö

Ïóñòü P � îðòîãîíàëüíàÿ ìàòðèöà, ðàññìîòðèì ñèñòåìó

Px = b

Èç ñâîéñòâ P ïîëó÷àåì
x = PTPx = PTb

Ôàêòè÷åñêè, ñâîéñòâî îðòîãîíàëüíîñòè ìîæíî ïåðåïèñàòü â âèäå P−1 = PT .
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Òðåóãîëüíûå ìàòðèöû

Ñâîéñòâà:

1. Ïðîèçâåäåíèå âåðõíèõ òðåóãîëüíûõ ìàòðèö åñòü âåðõíÿÿ òðåóãîëüíàÿ
ìàòðèöà, ïðè i > j

n∑
k=1

aikbkj =

j∑
k=1

aik︸︷︷︸
=0

bkj +
n∑

k=j+1

aik bkj︸︷︷︸
=0

= 0

2. Ïóñòü A = (aij) � âåðõíÿÿ òðåóãîëüíàÿ ìàòðèöà ñ íåíóëåâûìè
äèàãîíàëüíûìè ýëåìåíòàìè, òîãäà A−1 ñóùåñòâóåò è òàêæå ÿâëÿåòñÿ
âåðõíåé òðåóãîëüíîé ìàòðèöåé. Ïóñòü i = n, òîãäà äëÿ j < n èìååì

n∑
k=1

aikbkj =
n−1∑
k=1

aik︸︷︷︸
=0

bkj + annbnj = 0 ⇒ bnj = 0

Ïîâòîðÿÿ äëÿ i = n − 1 . . . j + 1 ïîëó÷àåì

n∑
k=1

aikbkj =
i−1∑
k=1

aik︸︷︷︸
=0

bkj + aiibij +
n∑

k=i+1

aik bkj︸︷︷︸
=0, èíäóêöèÿ

= 0 ⇒ bij = 0
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Òðåóãîëüíûå ìàòðèöû

3. Åñëè A � âåðõíÿÿ òðåóãîëüíàÿ, òî A− λI òîæå âåðõíÿÿ òðåóãîëüíàÿ
ìàòðèöà, à å¼ îïðåäåëèòåëü ëåãêî âû÷èñëÿåòñÿ

det(A− λI ) =
n∏

i=1

(aii − λ)

Òàêèì îáðàçîì, äèàãîíàëüíûå ýëåìåíòû A ÿâëÿþòñÿ å¼ ñîáñòâåííûìè
÷èñëàìè ñ ó÷åòîì êðàòíîñòè.

4. Àòîìàðíàÿ òðåóãîëüíàÿ ìàòðèöà � íèæíÿÿ òðåóãîëüíàÿ ìàòðèöà
ñëåäóþùåãî âèäà 

1 0 0 . . . 0
0 1 0 . . . 0
0 a(i+1)i 1 . . . 0
...

...
...

. . .
...

0 ani 0 . . . 1


Äîìíîæåíèå ñëåâà íà òàêóþ ìàòðèöó äîáàâëÿåò ê ñòðîêå i ëèíåéíóþ
êîìáèíàöèþ ñòðîê i + 1, . . . , n.
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1 0 0 . . . 0
0 1 0 . . . 0
0 a(i+1)i 1 . . . 0
...

...
...

. . .
...

0 ani 0 . . . 1


Äîìíîæåíèå ñëåâà íà òàêóþ ìàòðèöó äîáàâëÿåò ê ñòðîêå i ëèíåéíóþ
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5. Îáðàòíàÿ ìàòðèöà ê àòîìàðíîé âû÷èñëÿåòñÿ äîâîëüíî ïðîñòî

A =


1 0 0 . . . 0
0 1 0 . . . 0
0 a(i+1)i 1 . . . 0
...

...
...

. . .
...

0 ani 0 . . . 1

 A−1 =


1 0 0 . . . 0
0 1 0 . . . 0
0 −a(i+1)i 1 . . . 0
...

...
...

. . .
...

0 −ani 0 . . . 1
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Ðåøåíèå ÑËÀÓ äëÿ òðåóãîëüíûõ ìàòðèö

Ïóñòü L � íèæíÿÿ òðåóãîëüíàÿ ìàòðèöà, òîãäà ñèñòåìà Lx = b èìååò âèä

`11x1 = b1

`21x1 + `22x2 = b2

...
...

. . . =
...

`n1x1 + `n2xn . . . + `nnxn = bn

Èç-çà îñîáîãî âèäà ñèñòåìû ðåøåíèå ëåã÷å âñåãî ïîëó÷èòü ïîñëåäîâàòåëüíûì
ðåøåíèåì óðàâíåíèé â çàäàííîì ïîðÿäêå, ÷òî äàåò ðåêóððåíòíûå ôîðìóëû

xi =
bi −

∑i−1
k=1 `ikxk
`ii

Çàìå÷àíèå 1. Åñëè âñå äèàãîíàëüíûå ýëåìåíòû íåíóëåâûå, òî ôîðìóëû
êîððåêòíû. Åñëè æå `ii = 0, íî ïðè ýòîì bi −

∑i−1
k=1 `ikxk 6= 0, òî ðåøåíèÿ íå

ñóùåñòâóåò, åñëè æå bi −
∑i−1

k=1 `ikxk , òî xi ìîæíî âûáðàòü ëþáîå. Çàìå÷àíèå
2. Íàõîæäåíèå ðåøåíèÿ ïî ýòèì ôîðìóëàì ïðèíÿòî íàçûâàòü
ïðÿìîé ïîäñòàíîâêîé.
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... =
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uii

Çàìå÷àíèå. Òàêîé ïðîöåññ ïðèíÿòî íàçûâàòü îáðàòíîé ïîäñòàíîâêîé.
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LU-äåêîìïîçèöèÿ

Îïðåäåëåíèå

LU-äåêîìïîçèöèåé ìàòðèöû A ∈ K n×n íàçûâàåòñÿ ïðåäñòàâëåíèå A = LU,
ãäå L,U ∈ K n×n, L � íèæíÿÿ òðåóãîëüíàÿ ìàòðèöà, à U � âåðõíÿÿ

òðåóãîëüíàÿ ìàòðèöà.

Çàìå÷àíèå. Óðàâíåíèå Ax = b ïåðåïèñûâàåòñÿ â âèäå L−1Ax = Ux = L−1b.
Ìåòîä Ãàóññà çàêëþ÷àåòñÿ â ïîñëåäîâàòåëüíîì äîìíîæåíèè ëåâîé è ïðàâîé
÷àñòè èñõîäíîãî óðàâíåíèÿ íà àòîìàðíûå ìàòðèöû, ÷òî â èòîãå äàåò
ïðèâåäåííîå óðàâíåíèå Ux = L−1b.
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Ìåòîä Ãàóññà

Ìåòîä Ãàóññà çàêëþ÷àåòñÿ â ïîñëåäîâàòåëüíîì âû÷èòàíèåì îäíîãî
óðàâíåíèÿ èç äðóãèõ, òàêèì îáðàçîì ìíîæåñòâî ðåøåíèé ñèñòåìû íå
ìåíÿåòñÿ.

Ìåòîä äåëèòñÿ íà n øàãîâ, íà øàãå k ñèñòåìà èìååò âèä

uk11 uk12 . . . uk1k . . . uk1n
0 uk22 . . . uk2k . . . uk2n
...

...
. . .

...
. . .

...
0 0 . . . ukkk . . . ukkn
...

...
. . .

...
. . .

...
0 0 . . . uknk . . . uknn


x =



bk1
bk2
...
bkk
...
bkn


Çäåñü ïîä ukij ïîäðàçóìåâàåòñÿ çíà÷åíèå ñîîòâåòñòâóþùåãî êîýôôèöèåíòà íà

øàãå k . ukij = 0 ïðè âûïîëíåíèè äâóõ óñëîâèé:

i > j

j ≤ k
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Ìåòîä Ãàóññà

Èòåðàöèÿ k : âû÷åñòü ïðîìàñøòàáèðîâàííóþ ñòðîêó k èç ñòðîê k + 1, . . . , n
òàê, ÷òîáû îáíóëèòü ñòîëáåö k .

Íåïîñðåäñòâåííûì âû÷èñëåíèåì ïîëó÷àåì äëÿ:

ukij =

uk−1
ij − uk−1

kk

uk−1
ik

ukj , i > k

uk−1
ij i ≤ k

bki =

bk−1
i − uk−1

kk

uk−1
ik

bk−1
k , i > k

bk−1
i , i ≤ k

Èòåðàöèÿ k òðåáóåò

n − k äåëåíèé.

(n − k)2 − 1 ñëîæåíèé è óìíîæåíèé.

Çàìå÷àíèå. Åñëè A îáðàòèìà, òî âñå ôîðìóëû êîððåêòíû è uk−1
kk îòëè÷íî îò

íóëÿ.
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ukij =

uk−1
ij − uk−1

kk

uk−1
ik

ukj , i > k

uk−1
ij i ≤ k
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bk−1
i − uk−1

kk

uk−1
ik

bk−1
k , i > k

bk−1
i , i ≤ k

Èòåðàöèÿ k òðåáóåò
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Çàìå÷àíèå. Åñëè A îáðàòèìà, òî âñå ôîðìóëû êîððåêòíû è uk−1
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Ïðèìåð

L =


1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

U =


2 3 −2 −1 0
−2 −2 4 4 1
−4 −7 0 −1 −1
2 5 0 6 1
−2 −5 −4 −4 0
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Ðåêóðñèâíàÿ ôîðìà ìåòîäà Ãàóññà

Ïóñòü A ∈ K n×n, ` ∈ K n−1, u ∈ K n−1, Ã ∈ K n−1×n−1 è ïðè ýòîì

A =

[
a11 uT

` Ã

]

Îáîçíà÷èì çà GU(A), GL(A) � âåðõíþþ è íèæíþþ òðåóãîëüíóþ ìàòðèöó,
ïîëó÷àþùóþñÿ â ðåçóëüòàòå ïðèìåíåíèÿ ìåòîäà Ãàóññà ê ìàòðèöå A, òîãäà
èìåþò ìåñòî ñîîòíîøåíèÿ

GU(A) =

[
a11 uT

0 GU(Ã− 1
a11
`uT )

]
è

GL(A) =

[
1 0T

n−1

− 1
a11
` In−1

] [
1 0T

n−1

0n−1 GL(Ã− 1
a11
`uT )

]
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Ðàçëîæåíèå Õîëåñêîãî

Îïðåäåëåíèå

Ðàçëîæåíèåì Õîëåñêîãî íàçûâàåòñÿ ïðåäñòàâëåíèå êâàäðàòíîé ìàòðèöû â

âèäå A = LLT , ãäå L � íèæíÿÿ òðåóãîëüíàÿ ìàòðèöà.

Òåîðåìà

Äëÿ êâàäðàòíîé ìàòðèöû A ðàçëîæåíèå Õîëåñêîãî ñóùåñòâóåò òîãäà è òîëüêî

òîãäà, êîãäà îíà ñèììåòðè÷íà è ïîëîæèòåëüíî îïðåäåëåíà.

Äîê-âî. Íåîáõîäèìîñòü: ëåãêî óâèäåòü, ÷òî ìàòðèöà LLT âñåãäà
ñèììåòðè÷íà è ïîëîæèòåëüíî îïðåäåëåíà

xTLLT x = (LT x)TLT x = ||LT x ||2 ≥ 0
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Ðàçëîæåíèå Õîëåñêîãî

Äîñòàòî÷íîñòü: ïóñòü A � ñèììåòðè÷íàÿ ïîëîæèòåëüíî îïðåäåëåííàÿ
ìàòðèöà è ïóñòü, A = LU, ãäå L � îáðàòèìàÿ íèæíÿÿ òðåóãîëüíàÿ ìàòðèöà, à
U � âåðõíÿÿ òðåóãîëüíàÿ ìàòðèöà (ñóùåñòâóåò â ñëåäñòâèè ìåòîäà Ãàóññà),
òîãäà

A = AT = LU = UTLT

U(LT )−1 = L−1UT .

Â ëåâîé ÷àñòè ïîñëåäíåãî ðàâåíñòâà íàõîäèòñÿ ïðîèçâåäåíèå âåðõíèõ
òðåóãîëüíûõ ìàòðèö, â ïðàâîé � ïðîèçâåäåíèå íèæíèõ òðåóãîëüíûõ ìàòðèö.
Ðàâåíñòâî âîçìîæíî òîëüêî â òîì ñëó÷àå, êîãäà â îáîèõ ÷àñòÿõ äèàãîíàëüíûå
ìàòðèöû.

Îáîçíà÷èì D = diag{d1, . . . , dn} = U(LT )−1, òîãäà

A = LDLT

Â ñèëó îáðàòèìîñòè L è ïîëîæèòåëüíîé îïðåäåëåííîñòè A ïîëó÷àåì
ïîëîæèòåëüíóþ îïðåäåëåííîñòü D, ò. å. di ≥ 0, îòñþäà A = L

√
D(L
√
D)T , ãäå√

D = diag{
√
d1, . . . ,

√
dn}.
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Ðàçëîæåíèå Õîëåñêîãî

Çàìå÷àíèå 1. Åñëè ìàòðèöà A ñòðîãî ïîëîæèòåëüíî îïðåäåëåíà, òî
ðàçëîæåíèå Õîëåñêîãî åäèíñòâåííî.

Ðàñïèñûâàÿ ðàâåíñòâî
LLT = A

ïîêîîðäèíàòíî ïîëó÷àåì ïîëó÷àåì äëÿ i ≥ j

aij =
n∑

k=1

`ik`jk =

j∑
k=1

`ik`jk

Èç ýòèõ ðàâåíñòâ ìîæíî ïîëó÷àåì ñëåäóþùèå ðåêóððåíòíûå ôîðìóëû

`ii = ±

√√√√aii −
i−1∑
j=1

`2
ij

`ij =
1

`jj

(
aij −

j−1∑
k=1

`ik`jk

)
, j < i (1)
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Ðàçëîæåíèå Õîëåñêîãî

Åñëè A ïîëîæèòåëüíî îïðåäåëåíà, òî âûðàæåíèå ïîä êîðíåì âñåãäà
ïîëîæèòåëüíî, òàê êàê ñèñòåìà äîëæíà èìåòü ðåøåíèå. Â ñëó÷àå, åñëè
`jj = 0, òî `ij ìîæåò áûòü âûáðàíî ïðîèçâîëüíî.

Ïðåäïîëîæèì, ÷òî 0 ÿâëÿåòñÿ ñîáñòâåííûì ÷èñëîì L, òîãäà
0 = LT v = LLT v = Av . Ïóñòü òåïåðü 0 ÿâëÿåòñÿ ñîáòâåííûì ÷èñëîì A,
Av = 0, òîãäà

0 = vTAv = vTLLT v = ||LT v ||2 ⇒ LT v = 0

Òàêèì îáðàçîì L ñîäåðæèò ñîáñòâåííîå ÷èñëî 0 òîãäà è òîëüêî òîãäà êîãäà A
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êîðíåì. Èòîãî èìååì ñëåäóþùóþ òåîðåìó åäèíñòâåííîñòè

Òåîðåìà

Äëÿ ïîëîæèòåëüíî îïðåäåëåííîé ìàòðèöû A ñóùåñòâóåò åäèíñòâåííàÿ

ïîëîæèòåëüíî îïðåäåëåííàÿ íèæíÿÿ òðåóãîëüíàÿ ìàòðèöà L òàêàÿ, ÷òî

A = LLT .
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Ðåêóðñèâíàÿ ôîðìà ðàçëîæåíèÿ Õîëåñêîãî

Ïóñòü A ∈ K n×n � ñèììåòðè÷íàÿ ñòðîãî ïîëîæèòåëüíî îïðåäåëåííàÿ
ìàòðèöà, ` ∈ K n−1, Ã ∈ K n−1×n−1 è ïðè ýòîì

A =

[
a11 `T

` Ã

]

Îòìåòèì, ÷òî èìååò ìåñòî ðàâåíñòâî[
a11 `T

` Ã

]
=

[ √
a11 0T

n−1
1√
a11
` In−1

] [
1 0T

n−1

0n−1 Ã− 1
a11
``T

] [ √
a11

1√
a11
`T

0n−1 In−1

]
Òàêèì îáðàçîì, îáîçíà÷èâ çà HL(A) � åäèíñòâåííóþ ìàòðèöó L, ÷òî A = LLT

è èñïîëüçóÿ ôàêò, ÷òî ïðè B = RRT âûïîëíÿåòñÿ[
I 0
0 B

]
=

[
I 0
0 R

] [
I 0
0 RT

]
ïîëó÷àåì

HL(A) =

[ √
a11 0T

n−1
1√
a11
` HL(Ã− 1

a11
`uT )

]
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Ðåêóðñèâíàÿ ôîðìà ðàçëîæåíèÿ Õîëåñêîãî
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ìàòðèöà, ` ∈ K n−1, Ã ∈ K n−1×n−1 è ïðè ýòîì

A =

[
a11 `T

` Ã
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Èòåðàòèâíûå ñõåìû

Ðàññìîòðèì ñíîâà ÑËÀÓ
Ax = b.

Åñëè D � îáðàòèìàÿ ìàòðèöà, òî ñèñòåìà ìîæåò áûòü ýêâèâàëåíòíà
ïåðåïèñàíà â âèäå

x = x − D(Ax − b) = (I − DA)x + Db

Îáùàÿ èòåðàòèâíàÿ ñõåìà ðåøåíèÿ ÑËÀÓ çàêëþ÷àåòñÿ â ïîñòðîåíèè
ïîñëåäîâàòåëüíîñòè

xk+1 = (I − DA)xk + Db (2)

Òåîðåìà

Åñëè ìàòðèöà I − DA ïîëîæèòåëüíî îïðåäåëåíà, σ(I − DA) < 1 è D
îáðàòèìà, òî (2) ñõîäèòñÿ ê ñõîäèòñÿ ðåøåíèþ ñèñòåìû Ax = b.

Äîê-âî. Ñõîäèìîñòü è ñêîðîñòü ñõîäèìîñòè áûëà ïîêàçàíà ðàíüøå
(ñõîäèìîñòü ëèíåéíûõ èòåðàòèâíûõ ïðîöåññîâ). Ïóñòü xk → x∗, òîãäà
x∗ = x∗ − D(Ax∗ − b), ò. å. D(Ax∗ − b) = 0, èç îáðàòèìîñòè D ñëåäóåò
Ax∗ = b. �
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Ìàëüêîâñêèé Í. Â. (ÑÏáÀÓ) Ðåøåíèå ÑËÀÓ 21 / 41



Äâà ñïîñîáà ïîñòðîåíèÿ èòåðàòèâíûõ ñõåì

Îñíîâíàÿ ïðîáëåìà îáû÷íî çàêëþ÷àåòñÿ â òîì, ÷òîáû ïîäîáðàòü D òàê, ÷òî
σ(I − DA) < 1. Äâà íàèáîëåå ðàñïðîñòðàíåííûõ ñëó÷àÿ:

1. 0 � A � γI , òîãäà ãîäèòñÿ âûáîð D = γ−1I . Äëÿ ñèììåòðè÷íîé ìàòðèöû
A ýòîò ìåòîä èäåíòè÷åí ïðèìåíåíèþ ãðàäèåíòíîãî ñïóñêà ê ôóíêöèè

f (x) =
1

2
xTAx − bT x + c

2. A èìååò äèàãîíàëüíîå ïðåîáëàäàíèå, ò. å.

|aii | ≥
∑
j 6=i

|aij |.

Â ýòîì ñëó÷àå ãîäèòñÿ âûáîð D = diag{a−1
11 , . . . , a

−1
nn }. Ýòîò ìåòîä

ïðèíÿòî íàçûâàòü ìåòîäîì ßêîáè.
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Òåîðåìà Ãåðøãîðèíà

Òåîðåìà (Ãåðøãîðèíà î êðóãàõ)

Ïóñòü A = (aij) ∈ Cn×n. Äëÿ ëþáîãî ñîáñòâåííîãî ÷èñëà λ ìàòðèöû A
íàéäåòñÿ 1 ≤ i ≤ n òàêîå, ÷òî

|λ− aii | ≤
∑
j 6=i

|aij |

Äîê-âî. Ïóñòü Ax = λx è i = argmaxj |xj |. Òàêèì îáðàçîì∑
j

aijxj = λxi

Ïîäåëèâ îáå ÷àñòè íà xi ïîëó÷àåì∑
j 6=i

aij
xj
xi

+ aii = λ

Òàêèì îáðàçîì

|λ− aii | =

∣∣∣∣∣∣
∑
j 6=i

aij
xj
xi

∣∣∣∣∣∣ ≤
∑
j 6=i

|aij | �
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Òåîðåìà Ãåðøãîðèíà

Çàìå÷àíèå 1. Âåùåñòâåííàÿ ÷àñòü ëþáîãî ñîáñòâåííîãî ÷èñëà âåùåñòâåííîé
ìàòðèöû ñ äèàãîíàëüíûì ïðåîáëàäàíèåì è ñòðîãî ïîëîæèòåëüíûìè
äèàãîíàëüíûìè ýëåìåíòàìè íåîòðèöàòåëüíà.

Çàìå÷àíèå 2. Â ìåòîäå ßêîáè âûïîëíÿåòñÿ 0 � (I − DA) � I .
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Ìåòîä ñîïðÿæåííûõ íàïðàâëåíèé

Îïðåäåëåíèå

Ïóñòü A � ñèììåòðè÷íàÿ ìàòðèöà. Âåêòîðà u, v íàçûâàþòñÿ

A-îðòîãîíàëüíûìè èëè ñîïðÿæåííûìè, åñëè

uTAv = 0

Ðàññìîòðèì çàäà÷ó ìèíèìèçàöèè

f (x) =
1

2
xTAx − bT x + c ,

ãäå A � ñèììåòðè÷íàÿ îáðàòèìàÿ ìàòðèöà, òàêèì îáðàçîì ∇f (x) = Ax − b, à
çíà÷èò íàõîæäåíèå òî÷êè ìèíèìóìà f ðàâíîñèëüíî ðåøåíèþ ñèñòåìû
Ax = b. Îáîçíà÷èì çà x∗ åäèíñòâåííóþ òî÷êó ìèíèìóìà f .
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Ìåòîä ñîïðÿæåííûõ íàïðàâëåíèé
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Ìåòîä ñîïðÿæåííûõ íàïðàâëåíèé

Ïðåäïîëîæèì, ÷òî íàì èçâåñòíû n ïîïàðíî ñîïðÿæåííûõ íàïðàâëåíèé
d0, . . . , dn−1. Âûáåðåì ïðîèçâîëüíóþ òî÷êó x0 è ñäåëàåì ïî î÷åðåäè n øàãîâ
ãðàäèåíòíîãî ñïóñêà ïî êàæäîìó èç íàïðàâëåíèé, âûáèðàÿ ðàçìåð øàãà êàê
ìèíèìóì ïî íàïðàâëåíèþ.

xk+1 = xk − αkdk

Ïîëó÷àåì αk èç óðàâíåíèÿ d
dα f (xk − αdk) = 0:

0 =
d

dα
f (xk − αdk) = −dT

k (A(xk − αdk)− b) = αdT
k AdT

k − dT
k (Axk − b)

αk =
dT
k (Axk − b)

dT
k Adk
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Ìåòîä ñîïðÿæåííûõ íàïðàâëåíèé

Òåïåðü ïðåäïîëîæèì, ÷òî (d0, . . . , dn−1) � áàçèñ â Rn, òîãäà

x0 − x∗ =
n−1∑
i=0

δidi

Óìíîæàÿ ýòî ðàâåíñòâî íà dT
k A ïîëó÷àåì

dT
k A(x0 − x∗) =

n−1∑
i=0

δid
T
k Adi = δkd

T
k Adk

è ïîëó÷àåì ñëåäóþùèå ðàâåíñòâà äëÿ δ

δk =
dT
k A(x0 − x∗)

dT
k Adk

=
dT
k A(x0 − x∗ −

∑k−1
i=0 αidi )

dT
k Adk

=
dT
k A(xk − x∗)

dT
k Adk

= αk
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Ìåòîä ñîïðÿæåííûõ íàïðàâëåíèé
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Ìåòîä ñîïðÿæåííûõ íàïðàâëåíèé

Òàêèì îáðàçîì ïîëó÷àåì

xk − x∗ = x0 −
k−1∑
i=0

αidi − x∗ =
n−1∑
i=0

αidi −
k−1∑
i=0

αidi =
n−1∑
i=k

αidi ,

÷òî ãàðàíòèðóåò ñõîäèìîñòü ýòîé ïðîöåäóðû çà n øàãîâ.

Áîëåå òîãî,

||xk − x∗||2A = (xk − x∗)TA(xk − x∗) =
n−1∑
i=k

n−1∑
j=k

αiαjd
T
i Adj =

n−1∑
i=k

α2
i d

T
i Adi

Ïóñòü x ∈ x0 + Span{d0, . . . , dk−1}, x = x0 +
∑k−1

i=0 βidi , òîãäà

||x − x∗||2A =

(
k−1∑
i=0

βidi +
n−1∑
i=0

αidi

)T

A

(
k−1∑
i=0

βidi +
n−1∑
i=0

αidi

)

=
k−1∑
i=0

(βi + αi )
2dT

i Adi +
n−1∑
i=k

α2
i d

T
i Adi ≥ ||xk − x∗||2A
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Ìåòîä ñîïðÿæåííûõ íàïðàâëåíèé
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Ìåòîä ñîïðÿæåííûõ íàïðàâëåíèé

Âàæíîå ñâîéñòâî ìåòîäà ñîïðÿæåííûõ íàïðàâëåíèé:

xk = argminx∈x0+Span{d0,...,dk−1} ||x − x∗||A

Îñòàåòñÿ âîïðîñ: êàê íàéòè d0, . . . , dn−1?
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Ñîïðÿæåíèå Ãðàìà-Øìèäòà

Ïóñòü v1, . . . , vn ∈ Rn, ðàññìîòðèì u1, . . . , un:

uk = vk −
k−1∑
i=1

uTi Avk
uTi Aui

ui

Àíàëîãè÷íî îáû÷íîé ïðîöåäóðå Ãðàìà-Øìèäòà äîêàæåì ïî èíäóêöèè, ÷òî

uTj Auk = 0 ïðè j 6= k . Ïóñòü ýòî óòâåðæäåíèå âåðíî âïîëòü äî k − 1, òîãäà
äëÿ j < k

uTj Auk = uTj Avk −
k−1∑
i=1

uTi Avk
uTi Aui

uTj Aui = uTj Avk − uTj Avk = 0.

Òàêæå ïî èíäóêöèè äîêàçûâàåòñÿ ðàâåíñòâî ëèíåéíûõ îáîëî÷åê
Span{v1, . . . , vk} = Span{u1, . . . , uk}.
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Ñîïðÿæåíèå Ãðàìà-Øìèäòà
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Îáùàÿ ñõåìà ìåòîäà ñîïðÿæåííûõ íàïðàâëåíèé

Èòîãî, íà äàííûé ìîìåíò èìååì ñëåäóþùóþ îáùóþ ñõåìó:

1. Âûáðàòü n ëèíåéíî íåçàâèñèìûõ âåêòîðîâ v0, . . . , vn−1.

2. Ïîñòðîèòü n ñîïðÿæåííûõ îòíîñèòåëüíî ìàòðèöû A íàïðàâëåíèé
d0, . . . , dn−1 ïî ôîðìóëàì

dk = vk −
k−1∑
i=0

dT
i Avk
dT
i Adi

di

3. Âûáðàòü ïðîèçâîëüíóþ òî÷êó x0 è ïîñòðîèòü ïîñëåäîâàòåëüíîñòü

xk+1 = xk −
dT
k (Axk − b)

dT
k Adk

dk

Èç ïîêàçàííîãî ðàíåå âûòåêàåò, ÷òî Axn = b. Åñëè m � êîëè÷åñòâî íåíóëåâûõ
ýëåìåíòîâ A, òî óìíîæåíèå A íà âåêòîð òðåáóåò O(m) ñëîæåíèé è
óìíîæåíèé. Òàêèì îáðàçîì, øàã 2 òðåáóåò ñóììàðíî O(n2m) äåéñòâèé, øàã 3
� O(nm).
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Ïîäïðîñòðàíñòâà Êðûëîâà

Îïðåäåëåíèå

Ïîäïðîñòðàíñòâîì Êðûëîâà ïîðÿäêà k ìàòðèöû A è âåêòîðà b íàçûâàåòñÿ

Kk(A, b) = Span{b,Ab, . . . ,Ak−1b}, K0(A, b) = {0}.

Ïóñòü χA(t) = det(A− tI ) =
∑n−1

i=0 αi t
i − tn � õàðàêòåðèñòè÷åñêèé ïîëèíîì A.

Èç òåîðåìû Ãàìèëüòîíà-Êýëè

χ(A) =
n−1∑
i=0

αiA
i − An = 0

Óìíîæàÿ íà A−1b è ó÷èòûâàÿ α0 6= 0 äëÿ ïîëîæèòåëüíî îïðåäåëåííîé
ìàòðèöû A ïîëó÷àåì

A−1b =
1

α0

(
An−1b −

n−1∑
i=1

αiA
i−1b

)
∈ Kn(A, b)
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Ïîäïðîñòðàíñòâà Êðûëîâà

Îïðåäåëåíèå
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Ïîäïðîñòðàíñòâà Êðûëîâà
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Ïîñëåäîâàòåëüíîñòü Êðûëîâà

Îïðåäåëåíèå

Ïîñëåäîâàòåëüíîñòüþ Êðûëîâà ôóíêöèè f (x) = 1
2x

TAx − bT x è íà÷àëüíîé

òî÷êîé x0 íàçûâàåòñÿ ïîñëåäîâàòåëüíîñòü

xk = argminx∈x0+Kk (A,Ax0−b) f (x)

Èç óñëîâèé îïòèìàëüíîñòè äëÿ xk

∇f (xk) = Axk − b⊥Kk(A,Ax0 − b)

Ñ äðóãîé ñòîðîíû, ðàç xk ∈ x0 +Kk(A,Ax0 − b), òî î÷åâèäíûì îáðàçîì
Axk − b ∈ Ax0 − b + AKk(A,Ax0 − b) ⊂ Kk+1(A,Ax0 − b).

Òàêèì îáðàçîì ∇f (xk) /∈ Kk(A,Ax0 − b), íî ∇f (xk) ∈ Kk+1(A,Ax0 − b) ⇒

Kk(A,Ax0 − b) = Span{∇f (x0), . . . ,∇f (xk−1)},

â ñèëó ∇f (xk) ∈ Kk(A,Ax0 − b)⊥ ïðè i 6= j

∇f (xi )
T∇f (xj) = 0

Ìàëüêîâñêèé Í. Â. (ÑÏáÀÓ) Ðåøåíèå ÑËÀÓ 33 / 41



Ïîñëåäîâàòåëüíîñòü Êðûëîâà
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Ïîñëåäîâàòåëüíîñòü Êðûëîâà
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Ìåòîä ñîïðÿæåííûõ ãðàäèåíòîâ

Îñíîâíàÿ èäåÿ ìåòîäà ñîïðÿæåííûõ ãðàäèåíòîâ: èñïîëüçîâàíèå vk = ∇f (xk)
â ìåòîäå ñîïðÿæåííûõ íàïðàâëåíèé.

1. Èñïîëüçóþ èíäóêöèþ ïîêàæåì, ÷òî ïðè vk = ∇f (xk) ìåòîä ñîïðÿæåííûõ
íàïðàâëåíèé ãåíåðèðóåò ïîñëåäîâàåëüíîñòü Êðûëîâà äëÿ f , x0:
Áàçà. k = 0 � òðèâèàëüíî.
Èíäóêöèîííûé ïåðåõîä. Ïóñòü ìåòîä ñãåíåðèðîâàë ïîñëåäîâàòåëüíîñòü
Êðûëîâà âïëîòü äî k − 1, òîãäà òàê êàê ìåòîä ñîïðÿæåííûõ íàïðàâëåíèé
âûáèðàåò

xk = argminx∈x0+Span{d0,...,dk−1} ||x − x∗||2A,
ó÷èòûâàÿ

||x − x∗||2A = (x − x∗)TA(x − x∗) = x∗TAx∗ − 2x∗TAx + xTAx = ||x∗||2A + 2f (x)

ïîëó÷àåì, ÷òî ìèíèìèçàöèÿ ||x − x∗||A ðàâíîñèëüíà ìèíèìèçàöèè f (x). Ïî
ïîñòðîåíèþ

Span{d0, . . . , dk−1} = Span{∇f (x0), . . . ,∇f (xk−1)},
ïî èíäóêöèîííîìó ïðåäïîëîæåíèþ

Span{∇f (x0), . . . ,∇f (xk−1)} = Kk(A,Ax0 − b). �
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Ìåòîä ñîïðÿæåííûõ ãðàäèåíòîâ
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1. Èñïîëüçóþ èíäóêöèþ ïîêàæåì, ÷òî ïðè vk = ∇f (xk) ìåòîä ñîïðÿæåííûõ
íàïðàâëåíèé ãåíåðèðóåò ïîñëåäîâàåëüíîñòü Êðûëîâà äëÿ f , x0:
Áàçà. k = 0 � òðèâèàëüíî.
Èíäóêöèîííûé ïåðåõîä. Ïóñòü ìåòîä ñãåíåðèðîâàë ïîñëåäîâàòåëüíîñòü
Êðûëîâà âïëîòü äî k − 1, òîãäà òàê êàê ìåòîä ñîïðÿæåííûõ íàïðàâëåíèé
âûáèðàåò

xk = argminx∈x0+Span{d0,...,dk−1} ||x − x∗||2A,
ó÷èòûâàÿ

||x − x∗||2A = (x − x∗)TA(x − x∗) = x∗TAx∗ − 2x∗TAx + xTAx = ||x∗||2A + 2f (x)

ïîëó÷àåì, ÷òî ìèíèìèçàöèÿ ||x − x∗||A ðàâíîñèëüíà ìèíèìèçàöèè f (x). Ïî
ïîñòðîåíèþ

Span{d0, . . . , dk−1} = Span{∇f (x0), . . . ,∇f (xk−1)},
ïî èíäóêöèîííîìó ïðåäïîëîæåíèþ

Span{∇f (x0), . . . ,∇f (xk−1)} = Kk(A,Ax0 − b). �
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Ìåòîä ñîïðÿæåííûõ ãðàäèåíòîâ

2. Âû÷èñëåíèå dk ñèëüíî óïðîùàåòñÿ:

vT
i (Axk − b) = vT

i (Axk−1 − b)− αk−1v
T
i Adk−1

vT
i Adk−1 =

1

αk−1

(
vT
i vk−1 − vT

i vT
k

)

Òàê êàê vT
i vj = 0 ïðè i 6= j , òî dT

i Avk îòëè÷íî îò íóëÿ òîëüêî ïðè i = k èëè
i = k − 1. Èòîãî øàã 2 èìååò âèä

dk = vk −
k−1∑
i=0

dT
i Avk
dT
i Adi

di = vk −
vT
k vk

αk−1dT
k−1Adk−1

dk−1

= vk −
vT
k vk

dT
k−1vk−1

dk−1 = vk −
vT
k vk

vT
k−1vk−1

dk−1

Ýòî ñîîòíîøåíèå óìåíüøàåò ñëîæíîñòü øàãà 2 ñ O(km) äî O(m) íà
èòåðàöèè k.
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Ïîñëåäîâàòåëüíîñòü Êðûëîâà

Çàìå÷àíèå.

x ∈ x0 +Kk(A,Ax0 − b)⇔ x = x0 +
k−1∑
i=0

φiA
i (Ax0 − b)

Åñëè Ax∗ = b, òî

x − x∗ = x0 − x∗ +
k−1∑
i=0

φiA
iA(x0 − x∗) =

(
I +

k∑
i=1

φi−1A
i

)
(x0 − x∗)

Òàêèì îáðàçîì âûáîð xk êàê ìèíèìóì ||x − x∗||A íà ìíîæåñòâå
x0 +Kk(A,Ax0 − b) ìîæíî îïèñàòü ñëåäóþùèì îáðàçîì

xk = x∗ + argminP(0)=1, deg P≤k P(A)(x0 − x∗)
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Ïîñëåäîâàòåëüíîñòü Êðûëîâà

Çàìå÷àíèå.
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Àñèìïòîòè÷åñêèé àíàëèç ìåòîäà ÑÃ

Îòìåòèì äëÿ íà÷àëà, ÷òî äëÿ ëþáîãî ìíîãî÷ëåíà P è ñîáñòâåííîãî âåêòîðà
ν: Aν = λν âûïîëíÿåòñÿ

P(A)ν =
k∑

i=0

αiA
iν =

k∑
i=0

αiλ
iν = P(λ)ν

Ïóñòü λmin = λ1 ≤ . . . ,≤ λn = λmax � ñîáñòâåííûå çíà÷åíèÿ A (ñ ó÷åòîì
êðàòíîñòè), ν1, . . . , νn � ñîáñòâåííûå âåêòîðû.
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Àñèìïòîòè÷åñêèé àíàëèç ìåòîäà ÑÃ

Òàê êàê A � âåùåñòâåííàÿ ñèììåòðè÷íàÿ ìàòðèöà, òî ν îáðàçóþò
îðòîãîíàëüíûé áàçèñ,

x0 − x∗ =
n∑

j=1

ξjνj .

Òîãäà

xk − x∗ =
n∑

j=1

ξjPk(λj)νj

A(xk − x∗) =
n∑

j=1

ξjPk(λj)λjνj

||xk − x∗||2A =
n∑

j=1

Pk(λj)
2λjξ

2
j ||νj ||2

=
n∑

j=1

Pk(λj)
2||x0 − x∗||2A

≤ max
λ∈Λ(A)

Pk(λ)2||x0 − x∗||2A,

ãäå Λ(A) � ñïåêòð ìàòðèöû A (ìíîæåñòâî å¼ ñîáñòâåííûõ çíà÷åíèé).
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Àñèìïòîòè÷åñêèé àíàëèç ìåòîäà ÑÃ

Òàê êàê A � âåùåñòâåííàÿ ñèììåòðè÷íàÿ ìàòðèöà, òî ν îáðàçóþò
îðòîãîíàëüíûé áàçèñ,

x0 − x∗ =
n∑

j=1

ξjνj .

Òîãäà

xk − x∗ =
n∑

j=1

ξjPk(λj)νj

A(xk − x∗) =
n∑

j=1

ξjPk(λj)λjνj

||xk − x∗||2A =
n∑

j=1

Pk(λj)
2λjξ

2
j ||νj ||2

=
n∑

j=1

Pk(λj)
2||x0 − x∗||2A

≤ max
λ∈Λ(A)

Pk(λ)2||x0 − x∗||2A,

ãäå Λ(A) � ñïåêòð ìàòðèöû A (ìíîæåñòâî å¼ ñîáñòâåííûõ çíà÷åíèé).

Ìàëüêîâñêèé Í. Â. (ÑÏáÀÓ) Ðåøåíèå ÑËÀÓ 38 / 41



Àñèìïòîòè÷åñêèé àíàëèç ìåòîäà ÑÃ
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Ìíîãî÷ëåí ãðàäèåíòíîãî ñïóñêà

Âûáèðàÿ ìíîãî÷ëåí Gk(x) =
(

1− 2x
λmin+λmax

)k
ïîëó÷àåì

||xk − x∗||2A ≤ max
λ∈Λ(A)

Gk(λ)2||x0 − x∗||2A

= max
λ∈Λ(A)

(
λmin + λmax − 2λ

λmin + λmax

)2k

||x0 − x∗||2A

=

(
λmax − λmin

λmin + λmax

)2k

||x0 − x∗||2A,

÷òî ñîîòâåòñâóåò ñõîäèìîñòè ãðàäèåíòíîãî ñïóñêà.

Ìàëüêîâñêèé Í. Â. (ÑÏáÀÓ) Ðåøåíèå ÑËÀÓ 39 / 41



Ìíîãî÷ëåí ×åáûøåâà

Âûáèðàÿ Pk(λ) =
Tk

(
λmax +λmin−2λ

λmax−λmin

)
Tk

(
λmax +λmin
λmax−λmin

) , ãäå Tk � ìíîãî÷ëåí ×åáûøåâà

Tk(x) =
1

2

[
(x +

√
x2 − 1)k + (x −

√
x2 − 1)k

]
ó÷èòûâàÿ Tk(x) ≤ 1 ïðè x ∈ [−1, 1] ïîëó÷àåì Pk(λ) ≤ Tk

(
λmax+λmin

λmax−λmin

)−1

ïðè

λ ∈ [λmin, λmax ]

è ñëåäîâàòåëüíî

||xk − x∗||2A ≤ max
λ∈Λ(A)

Pk(λ)2||x0 − x∗||2A

≤ Tk

(
λmax + λmin

λmax − λmin

)−1

||x0 − x∗||2A

≤ 2

[(√
λmax +

√
λmin√

λmax −
√
λmin

)k

+

(√
λmax −

√
λmin√

λmax +
√
λmin

)k
]−1

||x0 − x∗||2A

≤ 2

(√
λmax −

√
λmin√

λmax +
√
λmin

)k

||x0 − x∗||2A
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Ìíîãî÷ëåí ×åáûøåâà
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Pk(λ)2||x0 − x∗||2A
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λmax + λmin
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λmax +

√
λmin√
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√
λmin

)k
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√
λmin√
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√
λmin
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