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Jlekuusa 10

JlnHelinas perpeccus

EkatepuHa Tysoea



Perpeccus

X— obbektbl B R™; Y — oTtBeThl B R
X' = (24,9:)!_, — obyqatowas sbibopka
yi = y(x;), y: X — Y — HensBecTHasi 3aBUCMOCTb



Perpeccus

X— obbektbl B R™; Y — oTtBeThl B R
X' = (24,9:)!_, — obyqatowas sbibopka
yi = y(x;), y: X — Y — HensBecTHasi 3aBUCMOCTb

a(z) = f(z,w) — Moaenb 3aBMCMMOCTH,
w € RP — BekTOp MapameTpoB mogenu.



MHoromepHasa nuHeriHasa perpeccu

x', ..., 2™ — YyncnoBble NpU3HaKM

Mogenb MHoromepHoli nuHeliHOW perpeccun:

f(w,w)szjxj, weEeR
j=1

MeTon HauMeHbLINX KBaApaTOB 3



MHoromepHasa nuHeriHasa perpeccu

x', ..., 2™ — YyncnoBble NpU3HaKM

Mogenb MHoromepHoli nuHeliHOW perpeccun:

f(w,w)szjxj, weEeR
j=1

®yHKunoHaN KBagpaTa oWwunbKu:
l

Qw, X" = Z(f(l‘i,w) —y)? — min

=il

MeTon HauMeHbLINX KBaApaTOB 3



ManI/I‘-IHOQ npegcrasjieHune

o oo n Y W
€ Z; Yt W,



ManI/I‘-IHOQ npegcrasjieHune

[
=3

Y1 w1

o s00 ooo o Y W
€ T Yt Wn,

®yHKUMOHaN KBagpaTa oWnbKu:

!
Qw, X') = Z(f(xuw) — )% = [ Xw—y|* = mui)n

i=1



HopmanbHasa cuctema ypaBHeHUMA

Heobxognmoe ycnosue MuHumyma:

0Q(w)
dw

=2XT(Xw—-y)=0



HopmanbHasa cuctema ypaBHeHUMA

Heobxognmoe ycnosue MuHumyma:

9Q(w)

_oxT ) —
o = 2XT(Xw-y) =0

OTtkygma cnegyet HopMasibHas cuctema 3agayqn MHK:

XTXw=XTy

T 1 n
X+ X — KoBapuauuoHHasi MaTpuLia NPU3HaAKOB X, ..., T
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HopmanbHasa cuctema ypaBHeHUMA

HopmanbHas cuctema 3agayn MHK:
XTXw=XTy
PelieHne cuctemsi:

w* = (XTX)"1XTy =Xty

X+t — ncesgoobpaTtHas mMaTpuua



HopmanbHasa cuctema ypaBHeHUMA

HopmanbHas cuctema 3agayn MHK:
XTXw=XTy
PelieHne cuctemsi:
w* = (XTX)"1XTy =Xty
X+t — ncesgoobpaTtHas mMaTpuua

3Hauenne dyHkumornana: Q(w*) = ||Pxy — yl|?

rae Px = XX+ = X(XTX)"'X7T - npoekunonHas mMaTpuya



leomeTpunyeckuii cmbicn

RJ




CuHrynsipHoe pasnoxeHue (3KOHOMHOe)

MpounssonbHas [ X n-MaTpuua npeacTaByuMa B BULE CUHTYISIPHOMO
Pa3N0XKEHNS:

X =vDU"

Singular value decomposition 8



CuHrynsipHoe pasnoxeHue (3KOHOMHOe)

MpounssonbHas [ X n-MaTpuua npeacTaByuMa B BULE CUHTYISIPHOMO

pa3noxxeHunA:

X =vDU"

OCHOBHbIE CBOWCTBA CUHIYISIPHOrO Pa3/IOKEHUS:
- Vixn = (v1,...,v,) opToronansha, VIV = I,
cTonbubl v; - COBCTBEHHbIE BEKTOPbI MATPULLbI xxT

= Upxn = (u1,...,uy,) optoronansha, UTU = I,,,
cTonbubl U; - COBCTBEHHbIE BEKTOPbI MaTpPuLib XTX

— D pnaronansha, Dy, = diag(v/ A1, ..., vV An),
Aj > 0 - cobcTeenHble 3HadeHns matpuy X7 X n X X7

Singular value decomposition 8



PeweHnne MHK 4epe3 cuHrynsipHoe pasnoxxeHwue

Mcesnoobpathas X, Bektop MHK-pewenus w*, MHK-annpokcumaums
uenesoro Bektopa Xw*



PeweHnne MHK 4epe3 cuHrynsipHoe pasnoxxeHwue

Mcesnoobpathas X, Bektop MHK-pewenus w*, MHK-annpokcumaums
uenesoro Bektopa Xw*

X+ =(WUDVTvDUT)-lUDVT =UD- VT = Ty
V5
j=1 Vi




PeweHnne MHK 4epe3 cuHrynsipHoe pasnoxxeHwue

Mcesnoobpathas X, Bektop MHK-pewenus w*, MHK-annpokcumaums

uenesoro Bektopa Xw*

X* = (UDVTVDUT)UDVT =UDTVT = 3 —cusef

=1

w*=Xty=UD"VTy=3%

j=1

\kuj(vay)



PeweHnne MHK 4epe3 cuHrynsipHoe pasnoxxeHwue

Mcesnoobpathas X, Bektop MHK-pewenus w*, MHK-annpokcumaums
uenesoro Bektopa Xw*

X+ =UDVTVDUT)\UDVT =UDWT = 3 0T
VY

w*=Xty=UD"VTy=3%

j=1
Xw* = Pxy = (VDUT)UD™'VTy =VVTy =3 v;(v]y)
j=1

\kuj(vay)



PeweHnne MHK 4epe3 cuHrynsipHoe pasnoxxeHwue

Mcesnoobpathas X, Bektop MHK-pewenus w*, MHK-annpokcumaums
uenesoro Bektopa Xw*

X+ =UDVTVDUT)\UDVT =UDWT = 3 0T
VY

w*=Xty=UD"VTy=3%

j=1

Xw* = Pxy= (VDU YUD WWTy=VVTy= Zl v;(v]y)
=

\kuj(vay)

lw|? = [UD~VTy|? = 3 55 (v]y)?

Jj=1



Mpobnema MynbTUKONAMHEAPHOCTH

Ecnu matpuua X7 X nnoxo obycnoenena, To:

— PpeLUeHNe CTaHOBUTCS HEYCTOMYMBBLIM U HENHTEPMpPETUPYeMbIM, ||w™||

BENNKO
- En = wa* - UH — Mano

= Eour = || X'w* — /|| - Benuko

10



Mpobnema MynbTUKONAMHEAPHOCTH

Ecnu matpuua X7 X nnoxo obycnoenena, To:

— pelueHune CTaHOBUTCS HEYCTOMYMBBLIM 1 HEMHTEpNpeTupyembiM, ||w™*||

BENNKO
- En = wa* - y” — Mano

= Eour = || X'w* — /|| - Benuko

Bonpoc: Kak bopoTbcs ¢ aToli npobnemoii?

10



Mpobnema MynbTUKONAMHEAPHOCTH

CrpaTerun ycTpaHeHusi MyabTUKOIMHEAPHOCTN 1 NEPeobyYeHns:

— Perynspusauns: ||w| — min
— 016 - il n _y gi e
TOOp MpPU3HaKoOB: *~,...,r — x/', ..., /™, m<I<n

— lMpeobpasosanune npusHakos: =, ..., 2" — g, ..., g™, m<<n

11



I'pebHeBas perpeccus

LLITpadh 3a yBenuyeHne HopmMbl BekTOpa BecoB ||w||:

Qr(w) = [|Xw -y + 7]w]?

rae T — HeOTPULATENbHbIA NapaMeTp peryaspusauu.

Ridge regression 12
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I'pebHeBas perpeccus

LLITpadh 3a yBenuyeHne HopmMbl BekTOpa BecoB ||w||:

Qr(w) = [|Xw -y + 7]w]?

rae T — HeOTPULATENbHbIA NapaMeTp peryaspusauu.

MoganduumnposarHtoe MHK-pewenue (71, — «rpebeHb» )
w = (XTX +71,)7 1 X7y

Borpoc: MoxHo N1 nogbupaTs T He BbIYNCASASA KaXAbliA pa3 obpaTHyto
maTpuLy’?

Ridge regression 12



Flpem MyUWLeCTBO CUHIYNIAPHOIro pa3jioXXeHuns

MogaunduumnposarHioe MHK-pewetue (71, — «rpebeHb» )

w = (XTX +71,) 71 X Ty

13



Flpem MyUWLeCTBO CUHIYNIAPHOIro pa3jioXXeHuns

MogaunduumnposarHioe MHK-pewetue (71, — «rpebeHb» )
wy = (XTX +71,)"' X"y
MperMyLLEeCTBO CUHTYASIPHOTO Pa3/IOKEHUSI:

MoxxHo nonbupaTb NnapameTp 7 , BbIYUCANB CUHTYISIPHOE Pa3fioXKeHue
TOJIbKO OAUH pas.

13



CuHrynsipHoe pa3noxxeHue

wi =U(D?+1L,) "' DVTy =>" AVj +J u;(v] )
j=1""

14



CuHrynsipHoe pa3noxxeHue

)\‘ n
Xw? =VDU" :Vdiag( 2 )VTy
)\j-‘rT

14



CuHrynsipHoe pa3noxxeHue

wi =U(D?+1L,) "' DVTy =>" AVj +J u;(v] )
=

. Aj
Xw = VDUTw* leag()\+) ZA+ v; (v y)

n >\/,
lwil? = |U(D? +7L,) "' DVTy| = 15
L ; (Aj+7)?

(7y)?

14



CuHrynsipHoe pa3noxxeHue

* — - V Aj
w =U(D*+71,) " 'DV7Ty = Z y +J UJ(U;Ty)
=1

Aj
T *
Xw! =VDU"w: =V diag ()\j ) E /\‘ + (v; )

. _ <
lw}[|? = |U(D? +7L,) ' DVTy|? = 3 "5 (v y)?
= N+T)

Xwk # Xw* — 3aT0 peLueHne CTaHOBUTCA Bonee yCTOWHMUBLIM

14



Bbibop napameTpa perynsipysauun 7

KonTponbHas ebibopka: XF = (!, yl)k_,

A
*Xk:X/ * 2 — X/Ud J VT_/2
QU X4) = |X'u; |2 = | XU ding (5 ) Vv

15



Bbibop napameTpa perynsipysauun 7

KonTponbHas ebibopka: XF = (!, yl)k_,

)\.
* Xk _ X/ * 2 — X/U di J VT .2
Qw7 X*) = || X wr —y'|" = || g \ 3 )V I

3aBucumocTb Q(7) 0BLIYHO MMEET XapaKTepPHbIi MUHUMYM.

15



Nacco Tubwupanun

Q(w, X') = | Xw — y* — min

LASSO, Least Absolute Shrinkage and Selection Operator 16



Jlacco npaHu

Q(w, X') = | Xw — y* — min

[MTocne 3ameHbl nepeMeEHHbIX:

= wT —wT
w; =w; —w;

|wj\:w;'+wj_, wj',wj_ >0

OrpaHn4YeHnAa NpuHNMakoT KaHOHUNYeCKIniA BUA:

n

+ -
ij +U)j <K
=1l

LASSO, Least Absolute Shrinkage and Selection Operator 16



Nacco Tubwupanun

Q(w, X') = | Xw — y* — min

[MTocne 3ameHbl nepeMeEHHbIX:

— wT —wT
w; =w; —w;

N — ot - o
lw;| = wj +w;,  w,w; >0

OrpaHn4YeHnAa NpuHNMakoT KaHOHUNYeCKIniA BUA:

n
+ -
ij +U)j <K
=1l
‘ﬁ» pr— o
J

Yem meHblie K, TeM Dosiblie j Takux, Y4TO w

LASSO, Least Absolute Shrinkage and Selection Operator 16



HenunneriHasa perpeccus




HenuHeiinasa perpeccus

BOI’IpOCZ Yo N3MEHUTCA, eCnn Moesib perpeccumn He nuHelina?

flz,w), weRP

17



MeTtog HblotoHa-PadpceHa

Hauanbroe npubnmxenne w® = (w) o (O))
Nrepaymontbiii npouecc: w1 = w(t (Q”( ) 71Q (w®)

Q' (w®) - rpaanenT dyHkumonana Q & Touke w't)
Q" (w®) - reccnan dyrkumonana Q s Touke w?)
h; — Benn4mMHa wara

18



MeTtog HblotoHa-PadpceHa

19



MeTtog HblotoHa-PadpceHa

19



MeTtog HblotoHa-PadpceHa

l

—2> (f (@i, w)—ys)

o=l

0%(f (i, w))

Ow;Owy,

l
Q) _ ;5 3fai,w) 0/ ai,w)

ow; Owy,

19



MeTtog HblotoHa-PadpceHa

! Py W T;, W ! 2(f(x;,w
Q) _ o5 O 1)) O w1r0) o5y )y P U a)

ow; owy, Ow;Owy,

o=l

Bonpoc: Kakasi yacTb camas Tsxenas?

19



MeTtog HblotoHa-PadpceHa

9Q(w)

8wj

O(f (w5, w))

Owj

= 22(]“(@;710) — ;)

20



MeTton HbtoTtoHa-Padpcena

9Q(w)

8wj

PQw) _ 5~ 0f@w) M)y s oy EUGLL))

Ow; 0wy, ow; owy, Ow; 0wy,

i=1 i=1

20



MeTtog HblotoHa-PadpceHa

aQ w : 8 f T, W
) 52U
9%Q(w) LO(f (i, w) O(f (zi,w)) .« 8%(f (s, w))
dw,; Qwy, - 2; ow, Owy, _2;“(%&})_%) dw,;Qwy,

Flanw) = flanw®) + 30 2@ ()0 4 o, — w®)

=- BTOPOE C/IaraeMoe B reccriaHe obHynMIOChH

20



ManI/I‘-IHbIe obo3Ha4veHuns

Cw®
X; = <WM> — MaTpuLa NepBbIX MPON3BOAHbIX
IXp

fi = (f'(wi,'w(t)))lxl — BEKTOp 3HayeHul f
®opmyna t-it utepauun metopa Hetotona—laycca:

—1
wtD) = @ _p, (XtTXt) XtT(ft - )
B

rae 5 — pelueHne MHOrOMEPHOW JIMHERHO perpeccun

1Xe8 = (fe = 9)I* = min

21



MeTtog HblotoHa-PadpceHa

22



MeTtog HblotoHa-PadpceHa

J(wt™)

w(©)

23



MeTtog HblotoHa-PadpceHa

J(w®)

W

24



MeTtog HblotoHa-PadpceHa

T w® w®

/ wt) = w® — hy (Q"(w'®)) 1 (w'®)

25



MeTtog HblotoHa-PadpceHa

w0

26



MeTtog HblotoHa-PadpceHa

flw®)

wid) wl®

27



MeTtog HblotoHa-PadpceHa

F(w®)

wl) w(®

28



MeTtog HblotoHa-PadpceHa

w = w® — by (Q (w™)) 1 (w )

1‘1‘“) 7w

wl) w(®

29



MeTtog HblotoHa-PadpceHa

w®

wd) w(©

30



MeTtog HblotoHa-PadpceHa

w®

w®) w(©)
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MeTtog HblotoHa-PadpceHa

32



MeTtog HblotoHa-PadpceHa

33



MeTtog HblotoHa-PadpceHa

w®

w) w(©

34



MeTtog HblotoHa-PadpceHa

W)

w1 )

35



MeTtog HblotoHa-PadpceHa

36



MeTtog HblotoHa-PadpceHa

37



Bonpocbi?



MGTO,E[ r1aBHbIX KOMIMOHEHT



METOLI, rNaBHbIX KOMMOHEHT

.Il, 500 ,I’n — NCXOAHbIE HNCNOBbIE NMPU3HAKN

gt (x),...,g™(x) — HOBble YNCNOBbIE NPU3HAKM, T X N

Bonpoc: Kak cchopmynuposats TpeboBaHue K HOBbIM Mpu3Hakam?



METOLI, rNaBHbIX KOMMOHEHT

.”L‘l, 500 ,l‘n — NCXOAHbIE HNCNOBbIE NMPU3HAKN

91(x), ..., gm(x) — HOBbIE YNCIOBBIE NPU3HAKM, M X N



METO,EI, rNaBHbIX KOMMOHEHT

.’L‘l, 500 ,l'n — NCXOAHbIE HNCNOBbIE NPU3HAKN

91(), ..., gm () — HOBbIE YNCNOBbIE MPU3HAKK, T X 1

Tpe6OBaHVIEZ CTapble NPU3HaKU O0JIXKHbI JINHENHO BOCCTaHaBANBATbLCS
NO HOBbIM:

m

fi(x) = ng(m)ujs, j=1,...,n, Ve X
s=1

KakK MOXXHO TOYHee Ha obyuatoLeid Bbibopke 1, . .., X

ZZ(fj(xi) — fi(z:))* =  min

gs ("’;i)-,“’.is



ManI/I‘-IHbIe obo3Ha4veHuns

filz1) .. falz1) gi(x1) oo gm(w1)
lX = lG =
Xn xm
fl(xl) fn(‘Ll) gl(xl) gm(wl)
Uy ... Uim
U =
nxm
Upl - Unm,

U — nuxeiitoe npeobpasoBaHne HOBbIX MPU3HAKOB B CTapble

X=qUT~X



ManI/I‘-IHbIe obo3Ha4veHuns

filz1) .. falz1) gi(x1) oo gm(w1)
lX = lG =
Xn xm
fl(xl) fn(‘Ll) gl(xl) gm(wl)
Uy ... Uim
U =
nxm
Upl - Unm,

U — nuneittoe npeobpa3oBaHme HOBbIX MPU3HAKOB B CTapble
X=GUT =~ X

Haiitu: Hoeble npusnakn G u npeobpasosarune U:

l n
>3 (@ -2))?=|GU" — X|* - min
G,U

i=1j=1



OcHoBHas TeopemMa

Ecnm m < rank X, To munumym ||GUT — X ||? pocturaetcs, korga
ctonbupl U - 3710 c.B. MaTpuubl X1 X, COOTBETCTBYIOLLME M
MaKCUMaJbHbIM C.3. A1, ..., Ap, @ MmaTpuua G = XU.



OcHoBHas TeopemMa

Ecnm m < rank X, To munumym ||GUT — X ||? pocturaetcs, korga
ctonbupl U - 3710 c.B. MaTpuubl X1 X, COOTBETCTBYIOLLME M
MaKCUMaJbHbIM C.3. A1, ..., Ap, @ MmaTpuua G = XU.

Mpn sTOM:
- matpuua U optoHopmuposata: UTU = I,
- mMaTpuua G optoroHansHa: GTG = A = diag(A1,..., Am)
- UN=XTXU, GA = FFTG
IGUT - XIP = | XIP —trh = 3> X,

Jj=m-+1



Cssa3sb C CUHTYNAPHbBIM pa3/ioXXeHnem

Ecnn 3916 M = n, TO:

- IGUT - X2 =0



Ceasb C CUHTYNAPHbBIM pa3J10>KeHNem

Ecnn 3916 M = n, TO:
- IGUT - X =0
- npeactaenenne X = GUT = X TouHoe u cosnagaeT ¢

CUHTYNSIpHBIM pasnoxeHuem npun G = V/A

X =aqUT =vvAUT, UTU =1,,, VIV =1,



Ceasb C CUHTYNAPHbBIM pa3J10>KeHNem

Ecnn 3916 M = n, TO:
- IGUT - X|?P=0

- npeactaenenne X = GUT = X TouHoe u cosnagaeT ¢
CUHTYNSIpPHBIM pa3sioxkerunem npu G = VA

X =aqUT =vvAUT, UTU =1,,, VIV =1,
- nuHeliHoe npeobpasosaHue U paboTaer B 0be CTOPOHbI:

X=gqUT, G=XU

Mpeobpazosarue U Ha3biBaeTCs AEKOPPENVPYIOLLM



ddpekTnBHAA pa3mepHOCTb BbIOOpPKK

Vnopagounm c.3. X7 X no ybeigaHuio: Ay > -+ > A, > 0
DppekTUBHAS pa3sMepHOCTb BbIBOPKM — 3TO HaWMEHbLUEE LeNoe m, npu
KOTOPOM

_GUT X2 At M -

E,, = <e
||)(||2 /\1+"’+)\n




ddpekTnBHAA pa3mepHOCTb BbIOOpPKK

Vnopagounm c.3. X7 X no ybeigaHuio: Ay > -+ > A, > 0

DppekTUBHAS pa3sMepHOCTb BbIBOPKM — 3TO HaWMEHbLUEE LeNoe m, npu
KOTOPOM

5 IGUT — X|? _ Amg1 -+ An

||X||2 ALt A
KpuTepuii «KpyTOro ckyioHa»: Haxoaum m : E,, 1 >> FE,,

End
03 3
02 3
01
{] 3

04 1 m-1 m m+l

1 2 3 4 5 6 7 8 9

oW % 1 1 A



PeweHuve 3agaum HK B HOBbIX npu3Hakax

3amenum F Ha eé npubnmxenne GUT:

IGUTw — y||* = | Gib — y[|* — min

CBsi3b HOBOrO U CTapoOro BeKTOpa KO3(PPULNEHTOB:

w=Uw, w=U"w



PeweHuve 3agaum HK B HOBbIX npu3Hakax

3amenum F Ha eé npubnmxenne GUT:

IGUTw — y||* = | Gib — y[|* — min

CBsi3b HOBOrO U CTapoOro BeKTOpa KO3(PPULNEHTOB:
w=Ud, w=UTw

Pewenne 3a4a4N HAMMEHbLLUNX KBaAaAPaATOB OTHOCUTEJIbHO w

(epnHcTBEHHOE OTAMYME — M CNAraeMbix BMECTO N):
w* =DV Ty g (v )

Gu* =VVTy= Z v; (U]Ty)
j=1



Ha cneaytouwieii nekyun

— Bias-variance tradeoff

— Kpusbie obyuerus
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