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[loHsATUE HENOABVXXHOW TOYKM

Onpegenexne

lycte X — npoussonbHoe npoctpanctso, f : X — X. HenogsuxHoe To4KOIi
orobpaxernus f Ha X HasbiBaercs x* € X, a5 KOTOPOro BbINOJHAETCS

f(x*) =x".
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[Mprmepbl

1. f:R =R, f(x) = x, aee HenopsmxHble Toukm: {0, 1}.

2. g:R" > R, g anddeperunpyema f(x) = x — aVg(x). Jlobas Touka
MUHMMYMa g SIBNISIETCS HEMOABUKHOW TOYKOI f.

3. di’x : CMa, b] — Cla, b] — onepatop anddepenunposanus. HenoasnxHbie
TOYKMN — pyHKunm Buga Ce*.

4 f:A,— A" rpe A, ={x€R" | x >0,, 17x =1} — cTanaapTHbiii
n-mepHbii cumnneke, f(x) = Px, rae P — ctoxactudeckas matpuua. Mpouecc

X1 = F(xk)

MPUHSITO Ha3blBaTb MAapPKOBCKMUM npoLeccoM. KOMMNOHeHTa | BEKTOpa Xk
MPeAcTaBAstoT cobOVi BEPOSITHOCTL OKAa3aTbCA B COCTOSIHWAW | Ha uTepauun K.
Matpuua P 3agaet BeposTHOCTb nepexoga. [pegenbHoe cocTosiHme npouecca
SIBJINETCS HEMOABUXXHON TOYKOM f.
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Cxumatolee otTobpaxerue

Onpegenexne

Mycts (X, 0x), (Y,dy) — metpuyeckue npoctparctsa. Otobpaxenue f : X — Y
Ha3bIBaeTCs HenpepbiBHbIM 10 JInnwuyy ¢ konctanoi L > 0, ecim Vx,y € X
BbIMOIHSIETCS

o(f(x), f(y)) < Lo(x, ).

3ameqanue. HenpepbieHocTb no Jlunwmuy MOXHO BBECTW U ANs HOPMUPOBAHHOIO
MpPOCTPaHCTBA

1F(x) = F)llx < Llix = ylly

Onpegenexne

Myctb (X, ) — meTpuyeckoe npoctpancto. Otobpaxenne f : X — X Ha3biBaetcs
OKUMAKOLMM, €CJIN OHO HEMPEPLIBHO Mo Jlunwuyy ¢ koHcTaHTom L < 1.

Mpumepel
1. F:R" > R", f(x) =ax+b, |a] < 1.
2. f:R" = R", f(x) = Ax+ b, A — cuMMETpNYHas BELLECTBEHHAsH MaTpULA
no(A) <1 (o(A) = max{|A| | v # 0,, Av = Av}).
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Teopema banaxa

Teopema (Banaxa o cxumatoliem oTobparkeHum)

MMycts (X, 8) — HenycToe nosHoe MeTpu4eckoe npocTpaHcTeo (6aHaxoso
npocTpaHcTBo), f — cxumaroujee otobpaxenue Ha X ¢ KOHCTaHTON g, Torga
o CyuyecTByeT eANHCTBEHHAsI HENOABUXHAS TodYKka x* € X ¢pyHkyum Ha f Ha X

o [lpun nobom xq € X peKyppeHTHAsi NOCAER0BATENLHOCTb Xy +1 = f(Xk)
cxoanTes K x*.

Doxk-Bo. [ns nocnegoeatensHoctTn xx+1 = f(xx) nmeer mecto
S(xk1, xk) = S(F(xk), F(xk—1) < q0(xk, Xk—1) < - .. < g*0(x1, x0)-

Taknm obpasom, ans aobbix n < m

m—n—1 n

0(Xny Xm) 25 Xit1,%) < q" Z q’é (x1,%0) < l%q5(x1,xo)
i=0

a 3HauUT Xk — (PyHAAMEHTaNbHAS MOCIEA0BATENLHOCTL (MOCAEA0BATENLHOCTD
Kowm). Tak kak X nonHo, To x, umeet npegen B X, 0003Ha4MM €ro 3a x
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Teopema banaxa

Tak Kak xi i> x*, TO
O(Ff(xx), F(x*)) < qd(xk,x") = 0,

T.e. f(xk) LN f(x*). MNepexogs k npeneny B peKyppeHTHOM COOTHOLUEHMN
nony4aem

x* = lim x41 = lim f(x) = f(x¥).
k—o0 k—o0
Ocranoch nokasaTtb efuHCTBEHHOCTbL x*: nycTb f(y) = y, Torga
3(x",y) =06(f(x"), f(y)) < qd(x",y) = d(x",y)=0 = x"=y. B
3ameyvanne. MOXHO OLEHUTb CKOPOCTb CXOAUMOCTU:

0o 0o P
30, x") < Y 6(xi,xi41) < G° Y q'6(xa, %) = T 5(x1, x0)
i=k i=0

1-g
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3ameyaHus

2
3amevanue 1. Jlerko nposepuTs, 4to anst dyrkumn f : R — R, f(x) = 22
BbIMOJNHAETCS

[f(x) = f(y)l < [x =yl

HO npwn 3TOM Yy f Her HENOABUXXHbIX TOYEK

Vx2+1—x _ |x]—x
> > 0.

f(x)—x= 5 7 2

3amedanue 2. Ons addpunHbix oTobpaxennii f : R" — R" f(x) = Ax+ b
BbIMOJIHAETCA

() = FWI = [[Ax = Ay[| < [IA]] - [[x = ¥I|.

Ona cummerpudnbix matpuy ||A|| = o(A), 4TO HEBEPHO A1 HECUMMETPUYHbBIX
mMaTpu, ogHako ycnoeue o(A) < 1 Bcerga rapaHTUpyeT CXOAUMOCTb
MoC/IeA0BATENBHOCTM

X1 = f(xk)
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CXOAMMOCTb JIMHEVHbIX PEKYPPEHTHBIX MPOLIECCOB

MocmoTpum noapobHee Ha NOCNEAOBaTENLHOCTL BUAA
Xk+1 = AXk + b, (1)
roe xc, b € R", RM*",

3ameTum gAs Havana 4To AJisi XKOpAaHoBa 6sioka J;

A1 ... 0 0
0 A ... 0 0
=1
0 0 A1
0 0 0 A
BbINONTHAETCA
PLIN D A VS G A
0 L N o W S o W
Jk = : : ) : ;
0 0 Ak Cik?
0 0 0 MK
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CXOAMMOCTb JIMHEVHbIX PEKYPPEHTHBIX MPOLIECCOB

Hanee, npu dukcnposantom n, C;] — NoAMHOM CTenenu n ot k, pOCT KOTOPOIi
CKONb YTrOAHO Man Mo cpasHeHMo ¢ AX. Onyckast HekoTOpble TexHuueckme geTanu,
V0 <e<1—]\|3C>0: Vk sbinonusercs
CANE < C(INi] + )k
kN = 1
n ananoruyHo ans JK: V0 < e <1 —|)\;| 3C: Vk Bbinonnsercs

1K1 < €Al + )

Danee, ecnu A = P~1JP — xoppa+osa cdopma A, To

A0 ...o0\" Jo .0
p 0 & ... 0 0 4 ... 0
00 ... J 0 0 ... J

N nakowney Ak = P~1JPP=1Jp ... P~1JP = P~1J%P, yto HakoHey paeT
YO <e<1—|\| 3C: Vk||AK]| < C(c(A) + ). B
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CXOAMMOCTb JIMHEVHbIX PEKYPPEHTHBIX MPOLIECCOB

Tenepb BepHemcs k nocnegosatenshoctu (1). Mo ananorum ¢ Teopemoii banaxa
[OKaXeM CyLiecTBoBaHuMe npegena B cnydae o(A) < 1.

[[Xk+1 — xk|| = [|[Axk + b — Axx—1 — b|| = [[A(xk — xx—1)[ = - .
= ||A (= x0)I| < |IAX]] [1x1 — ol

Mpun n<m
m—1 m—n—1
[xm = xall < D Hxien = xill < A" [1xa = %ol D> [AX]]
i=n i=0

W3 nonydentbix pesynbtatos 3C; > 0: > oo ||AX|| < Gi. Mycts
e = (1 — o(A)), Toraa ans nekotoporo G, Vn

o(A) +1)" 00
om = 5l < 61 (T2 ) s = ol] =0,

TO €CTb X, — d)pr,ameHTaanaﬂ nocnenoBaTesIbHOCTb, @ 3HAYNT NMMeeT npep,e_n,
0b03Ha4mMm ero x*.
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CXOAMMOCTb JIMHEVHbIX PEKYPPEHTHBIX MPOLIECCOB

QOueBnaHbIM 0bpasom
x* = Ax* + b.

HakoHeu,

[[xk—x*|| = ||Axk_1+b—Ax*—b|| = ... = ||A*(xo—x")|| < C(c(A)+€)¥||xo—x"||. W
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CXOANMOCTb HEIMHENRHbBIX PEKYPPEHTHbBIX MPOLIECCOB

Myctb Tenepb f — Nnpon3BonbHast PyHKUMS, X — HEMOABMXKHASA TOYKa f,
paccMOTpyM MpoLLEecC

X1 = f(xk) (2)

Ecnun f andbdbeperuupyema B Touke x*, To nosefeHne (2) cxoxe e JIMHeRHOMY
npubamxenmio xi 41 = f(x*) + VF(x*)T (x — x*).

Teopema

Ecnun f gucppeperympyema s Touke x*, Torga gns moboro 0 < € < 1 —o(VF(x*))
HaiigyTcs Takue 6 > 0 u C, uto npu ||xo — x*|| < § B npoyecce (2) Bbinonusiercs

[l — x*|| < C(o(VF(x)) + €)f

Ook-Bo. O6o3naunm A = VI (x*), 0 = o(A). U3 pndpceperuupyemoctn f B x*
cywecteyet a : R" — Rn, —20) XX, g

[x—=x*]|

f(x) = f(x*)+ A(x — x*) + a(xk)
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CXOANMOCTb HEIMHENRHbBIX PEKYPPEHTHbBIX MPOLIECCOB

[Ixc — x*|| = ||A(xk—1 — x*) + a(xk=1)|| = - .-
K
< (A 1% = x* I+ D IAH el
i-1
N3 pokasannoro paree 3C : ||AK|| < C(o + €)*. 3acdukcnpyem Hekotopoe K > 0,

Bblbepem § Tak, 4Tobbl ans BCex x, 0 < k < K BbInonHsnoCh

axg) < C(gij:)KHXk — x*||. Jokaxem no MHAYKLMM, HTO B 3TOM Cryvae

[ = x*|I < (C + 1)(0 + €)¥lx0 — x*|[:

k
[k = x| < [AM]] HIxo = x* [T+ D [TAH] eGxa-i)]]
i=1
1 e ,
< C(U—i—e)kao —x*|| + WZ(U-FQ’ [ xk—i — x*||
i=1

k
1
< C(o+)¥|x — x*|| + RZ(aﬂ)k < (C+1)(0o+ ) ||x0 — x*]|
i=1
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CXOANMOCTb HEIMHENRHbBIX PEKYPPEHTHbBIX MPOLIECCOB

Bbibepem K (1 BMecTe ¢ HUM §) Tak, 4TODbI BbINOHSANIOCH
7= (C+1)(c+¢€)K <1, uto paer Ham

[Ixie = X7 < Allxo = x| < llxo = x7|].

VunTeiBasi 3TO MOXXHO MOBTOPUTL BCKO MPOLEAYPY HE M3MEHSIST BbIOPAHHbIX
KOHCTAHT Ha4uHasi He 13 Xg, a U3 Xk, 4To gaet gna 0 < k < K

[k = x| < (€ +1)y(o + ) llxk — x*||
[oBTOpsAsi Hy>KHOe Yucno pas, npu k = iK + j

[[x — x*|| < (C+ 1) (o + €)k

K i
—(C+1) <(C+1)<:I2€€) ) (0 +26)k

K
HakoHew, Bbibepem K u BmecTe ¢ HUM 6 Tak, 4Tobbl (C + 1) (;Tzee) <l N
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3ameyaHus

3amedanue 1. Cxoxme coobparkeHMsi UCNONb3YIOTCA AJst aHANM3a JIOKaNbHOIA
YCTORYMBOCTN AMHAMUNYECKUX cucTem: ecim x* = f(x*), To pewenne x(t) = x*
cuctembl audpdepeHumanbHbIx

x=f(x)—x
aCUMNTOTUYECKN YCTOMYMBA €CNN BELLECTBEHHbBIE YaCTN BCEX CODCTBEHHBIX YMCen
matpuubl V£ (x*) — | ctporo otpuuatenstbl. Cuctemy (2) MOXXHO paccmaTpuBaTh

KaK OMCKPeTU3aumnio 3TOM:

Xk+1 = f(Xk) = Xkl — Xk = f(Xk) — Xk
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KBagpaTuyHasa CxoAWMOCTb PeKYpPPEHTHbIX MPOLECCOB

Teopema

Mycts f: R" — R, x* = f(x*), f anchcpepeHympyema Ha
S ={||x = x*|| < ||x0 — x*||}, Vf ygosnersopser ycnosuro Jinnwnya c
konctantoi L, VF(x*) =0u g = 5||xo — x*|| < 1, 10

2 ok
b —x°ll < 7P

[ok-Bo.
L
[x =1l = [1F0) = (x| = [1F(x0) = F(x*) = VF(x") T (o =x) | < 50 ="

B wacthoctu ||x; — x*|| < ¢ql|xo — x*||, T.e. x1 € S, 4TO NO3BONSAET NOBTOPUTH
OUEHKY Anst X2, . . .

A

[ = X[ < Slxemn = x7[?

k
A 2
<2> ||X0—X*||2k:Zq2k .
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