OcCHOBHBIE TOHATUS

1 OcHOBHBIE IIOHATUS U oripeaeJ/ieHnd Teopumn I‘pa,CbOB

1.1. Haunem mannbIil maparpad ¢ onpejeneHns HEOPUEHTUPOBAHHBIX U OPUEHTUPOBAHHBIX I'PadOB.
1.1.1. ®opmaabHOE U TOCTATOTHO 0DIIIee OlpeeseHne HeOPUEeHTHPOBAHHOIO rpada TaKoBoO.

Onpenenenune 1.1. Heopuenmuposamnnvim epagom G Ha3bIBaETCS TPOITKa
G=(V,E ),

COCTOAIIAA 13

(1) (komeunoro) muoxkectBa BepmH V = V/(G), Hanpumep,

V ={1,2,3,4},

(2) (komeunoro) muoxectBa pebep E = F(G), nampumep,

E:{a,b,c,d,e,f,g,h},

(3) a rakxke orobpaxenust [: E — Vs, conocrasisitoriero jiobomy pebpy e € E HeynopsiIo4eHHy 0
napy Beprms {x,y} € V5, KOTOpYIO 910 pebpPo CoeUHSIET.

Beprmuabl x n y Ha3bIBAIOTCA KOHUE8uMU sepwumamu pedpa e. IIpu a3TomM roBopsaT, uTo pedpo e
UHYUdenmHo CBOMM KOHIIEBBbIM BepiuHam. [Ipo jiobyio u3 JaByX BepiiuH X, Y, B CBOIO OYepe/ib,
TFOBOPST, ITO OHA UHIIUJICHTHA PEOPY €.

B npunnurne, Bo3Moxen ciaydait x = y. Pebpo e € E, coorBercrBylomiee nape {x,x}, Ha3biBaeTcst
00bI9HO nemaeti. Kpome Toro, B 0bmieM ciiydae y HaC MOI'YT OBITh HECKOJIBKO Pa3/IMIHBIX pebep,
COEJIMHSIONINX OJHY U Ty 2Ke mapy BepimH {x,y}. Takue pebpa HasbBaloT KpaTHBIMU pebpamu 1
FOBODST, ITO OHU 0Opa3yioT myavmupebpo rpada G. Ecau napa Bepunn {x,y} coenurena Mexy
co0oil eIMHCTBEHHBIM PEOPOM, TO TaKoe pedpo MHOIIa Ha3bIBAIOT IIPOCTHIM pedpoM rpada.

ITpumep 1.2. 3agaaum orobpazkerue | B BUe CIeIyIOIIei TaO NI

E a b c d e f g h
Vo [ {13} [{2,4) [ {13} [{3,4} | {3, 4} | {12} | {3,4} | {2,2}
Eii coorBercTByeT rpad G, nzobpazkennsiit Ha puc.l. B arom rpade pebpa f u b aBiisiorcs TpocTbIMH,

KpaTHbIe pedpa a 1 ¢ 00pa3yioT MyJILTUPEOPO, CoeIMHSIONIee BepIuHb 1 1 3, a pedpo h npejicTaBiasgeT
co00Ii TTeTTIO.

1.1.2. C nougaruem NMHOUACHTHOCTHU TECHO CBA3aHO BazKHOE ITOHATHE CTCIICHU BEPIINHBI rpa(ba G.

Onpenenenne 1.3. B neopuenrtuposanuoMm rpade G cmenenvio deg(x) mim sarenmmuocmvio Bep-
IITUHBI T HA3BIBAETCS KOJTMIECTBO pebep, NHIMIEHTHBIX . CIuTaeTcs, 9To MeT/Isl JaeT BKIa/l, PABHBII
JIBYM, B CTeITeHb JTI000M BepInHbl. BepinHa, cTernenb KOTOPOi paBHA HYJTIO, HA3BIBAETCS U30AUPOGAH-
not. Eciu Bece Bepmmabl B rpade G UMEIOT OJIMHAKOBYIO CTEleHb, TO I'pad (G HA3BIBAIOT Pe2yAApHbIM.



a c b
d
e

3 g 4

Puc. 1: IIpumep rpada Ha deThIipex BepIImHaxX

Tax, BepmmmHa 1 Ha puc.l uMeeT crerneHb, PABHYIO TPEM, & BEpPIIUHA 2 — CTEIeHb, PABHYIO YeThIPEM.
Crenytoriiee yTBep:K/ieHAE YaCTO HA3BIBAIOT IIEPBOI TeopeMoit Teopun rpadoB.

Teopema 1.4. B neopuenmuposarrom epage G cymma cmeneneti 8cex 8epuUr PasHA YI80EHHOMY
Koauvecmey ecex pebep epada:

Y deg(z) =2|E(G)]. (1)

zeV(G)

[lokazaTenbCTBO MPAKTUYECKH OUEBHIHO — JII000E pedPO JTaeT BKJIAJ, PABHBIN JIBYM, B CTOSIILYIO CJIeBa
CyMMY.

CaenctBue 1.5. Koauuecmeo sepuun 6 epage G, uMeOWur Heuemuyro Cmenexs, 4enHo.

1.1.3. HecmoTpst Ha IOCTATOYHYIO OYEBHIHOCTD JOKA3aTeIbCTBA TeOPEMBI 1.4, OHO HCIOIB3yeT Upes-
BBIYAIHO BasKHBIN [IPHEM, OYeHb YacTO BCTPeYAloNuiicsa U B Teopuu rpados, 1 B KOMOMHATOPUKE —
Tak Ha3bIBAEMbIi J1BOITHOI Tosicuer (double counting).

Hedopmaibho ero MoxKHO cebe MpeJIcTaBIATh CaeyomuM oopasoM. [Ipeamomokum, 94To y HAC UMe-
eTcst KaKoe-To MHOKecTBO C' 3jieMeHTapHbIX 00beKTOB (), /110001 13 KOTOPBIX Mbl MOXKEM PacCMaTpH-
BaTh KaK COCTABHYIO YaCTb JIBYX Pa3J/IMYHBIX, OOJlee CJIOXKHO yCTPOeHHBIX 00bekToB A u By. Torma
KoJImaecTBO ¢ = |C| Beex ameMeHTapHbIX 00beKTOB C; MBI BCETIa CMOYKEM COCUUTATH JIBYMsl CIIOCOOa-
vu. Vimenno, s m060r0 C/I0KHOTO 00beKTa MepBOro THia A; MBI MOYKeM COCUYHTATH KOJINIECTBO @
3JIEMEHTAPHBIX 00BHEKTOB, I3 KOTOPBIX COCTOUT Aj, a 3aTeM IpOCyMMHUPOBATEH MOTy9IeHHBIE YHCTIA ;
1o j oT 1 JIo n, Tjie N eCTh KOJMYECTBO BCEX CJOXKHBIX 00bEKTOB mepBoro tumna. C Jpyroit cTOpOHHI,
MBI MOKEM JIJIsI JII00Or0o B, cocunTaTh KOJHIECTBO by, 9/IEMEHTAPHBIX 00BEKTOB, U3 KOTOPBIX COCTOUT
CJIOYKHBITT OOBEKT BTOPOro Tumia By, a 3aTeM MpocyMMUpoBaTrh by 1o BceM k or 1 j10 m, tjae m —
KOJIMIE€CTBO OOBEKTOB BTOPOTO THIIA. TaK Kak o0Iee KOJMIECTBO ¢ BCEX dJIEMEHTAPHBIX 00bEKTOB
C;, oT criocoba TmojcIeTa He 3aBUCHUT, TO MBI B UTOTEe IOJIyIaeM PaBEHCTBO BUIA

Zaj:c:Zbk, (2)
j=1 k=1

KOTOpOE M OTPpazkaeT HEKOTOPDIN KOHEUHBIH pe3ysabTaT mporeaypbl double counting.

[Ipu nokaszarenbcTBe MEPBOi TeOpeMbl Teopuu rpadOB MBI B KadecTBe 3djeMeHTapHOro o0bekTa C
MOKeM B35ITh TaK Ha3biBaeMoe noaypebpo rpada G (semi-edges win darts), To ecTh OJIOBUHKY JTH060-
ro pebpa, HHIUJIEHTHOrO BepIlnHe T (CM.pUC.2, Ha KOTOPOM MOy pebpa n300pazKeHbl CHHUM I[BETOM ).



Puc. 2

Kaxkmoe pebpo cocTouT poBHO U3 JIBYX HOJIypedep, MOITOMY KOJHMYECTBO ¢ BCeX IoJiypebep paBHO
yZBOeHHOMY KosmdecTBy 2m, m = |E(G)|, Bcex pebep. C Apyroit CTOpOHBI, JIFOOYIO BEPIINHY I,
MBI MOKEM IIPEJICTABUTH B BHUJE “‘e¥Ka’, TO eCTh BEPIINHBI BMECTE ¢ MHIUJICHTHBIMU €if ToJIypedpa-
vu. Kosmdectso a; Takux nostypebep coBrajaer co crenenbio deg(x;) Bepumunbl ;. CymMMupys 3Tu
qHucIa @; 10 BceM j = 1,...,m, Tje n — KOJUYECTBO BCEX BEPIINH B rpade, MbI BHOBb IOJIyUIacM
obree KosmaectBo mosypebep ¢. @opmyra (1) mpu 9TOM eCcTh He YTO MHOE, KaK COOTHoIeHue (2),
HeperrcanHoe JJIsi pacCMaTPUBAEMOT0 YaCTHOTO CJIydasi.

1.1.4. Onucannyio Boiie mporeaypy double counting moxkno opman3oBaTh ¢ MOMOIILIO TaK Ha-
3bpiBaeMoit matpuilbl unmmjaeHTnoctn M;. Vmenno, paccmorpum matpuity M; pa3mepamu n X m,
CTPOKH KOTOPOIi oTBedaroT obbekTaM Aj, j = 1,...,n mepBoro tuma, a cTrojompl — obbekTaMm By,
k =1,...,m Broporo tuna. HazoBem o0bekTel A; u By unyudermmnoimu IpYT APYTY, €CJIU Y HAC
CYIIECTBYET XOTs ObI OJMH 3JI€MEHTAPHBII 00bEKT, ABJIAIomuiica JacTblo KaK Aj, Tak u By. JIoboit
SJIEMEHT My, MaTpulbl M; paBeH KOJHYECTBY 3JI€MEHTAPHBIX O0BEKTOB, BXOAAIINX Kak B Aj, Tak
u B By. IIpu Takom mozxo/ie jeBast 9acThb paBeHCTBa (2) MOJCIUTHIBACT KOJMIECTBO SJIEMEHTAPHBIX
0OBEKTOB CYMMUPOBAHHEM TI0 CTpOKaM MaTpuilsl M;, a mpaBas 4acTb (2) — CyMMHPOBAHHEM IO
CTOJIOIAM.

B ciaydae meopuentupoannoro rpada G crpoku Marpuilbl M; wHIIIeHTHOCTH Ipacda GG oTBedatoT
BepIIIHAM 3TOTO rpada, a cToJOIBI — ero pedpaM. DJIEeMeHT M, MaTpuIlel M; paBeH HymIO, ecin
BepIINHa T; U PeOPO ej He MHIMJCHTHLI APYT JAPYTY, Mj; = 2 B cjlydae, ecjli ej €CTh MHIINJeHTHAs
BepIIUHe X; HeT/sd, U Mj, = 1 B OCTAJIbHBIX CJIydadx.

PaccmorpuMm, k mpumepy, rpad G, nmokazanHb Ha pucyakax 1 m 2. Jlns Takoro rpada marpura
UHITUIEHTHOCTU MMeeT CJIETyIONTiT B

VNE|la b ¢ d e f g h
1 10100100
M, =1 2 0100010 2
3 10111010
4 01011010

Bumo, 9To cymMa 3JIeMEHTOB B JIIOOOM CTOJIOIE 3TOH MaTPUIBI paBHA JIBYM, a CyMMa 3JIEMEHTOB
B JII000# CTPOKE COBIIAJAET CO CTENEHbIO BepIIUHbl = 3Toro rpada. CymMMupoBaHHe 110 CTPOKAM |
CYMMUPOBaHHE 110 CTOJIOIaM CHOBa IPUBOJUT HAaC K paBeHCTBY (1).

1.2. Yarme Bcero Ha IIpakTHKe BCTPEYAIOTCA TaK Ha3bIBaeMble IIPOCTHIE rpadbl, K OIMICAHIIO KOTOPBIX
MBI U IIEpERIeM.



1.2.1. Hagnewm c ompe/iesieHus: IpocToro rpada.

Onpenenenue 1.6. I'pacd G masbiBaeTcs npocmuim, €CJii OH He COIEPKUT IMETeNIb U MYJIbTUpeOEp.
['pad, ne gpsgionmiicss TPOCTHIM, YACTO HABBIBAIOT MYALMULDAPHOM.

3 4 3 4
(a) Fpad G (b) Tpad G

Puc. 3: IIpumepsn! npocteix rpacdon

B kadecrBe mpumepa paccMOTpuM M300parKeHHBI Ha puc.3,a mpocroil rpad (G, MOCTPOEHHBIN Ha
YeThIpEX BepIInHAX U UMEIoIIuii iBa pedpa. BuaHo, uTo B TakoM rpade Mbl MOKEM He BBOJUTH KaKOe-
TO JIONOJIHUTE/ILHOE CIIeluajbHoe oDo3HadeHue Jijisi pedbep — Joboe pedpo OIHO3HATHO 3a/1aeTCsI
mapoif BepINH, KOTOpble OHO coemmHsieT. Kaxk cieacTBue, st onmcanust mpocToro rpada G Ham
JIOCTATOYHO 3aJIaTh MHOYKECTBO V' €ro BepIlnH, a TaKyKe MHOXKeCTBO F ero pebep B BUjie HEKOTOPOTO
IIOJIMHOYKECTBA MHOYKECTBA BCEBO3MOXKHBIX HEYIIOPSJOYEHHBIX ITap MHOXKECTBa BepIuH. Tak, s
rpada GG Ha puc.3,a Mbl UMeeM

V ={1,2,3,4}, E={{1,2},{1,3}}.

Nrak, ¢ popMaabHO TOIKE 3peHus 000 TpoCcToit HeoprueHTUPOBaHHbIN rpad G, TOCTPOEHHBIH Ha
n BEpPIINHAX, MOJKHO PAacCMaTPHBATh KaK HEKOTOPOE IOJMHOKeCTBO MHOZKecTBa V(2 Beex mByxaite-
MEHTHBIX MOJIMHOXKECTB MHOXKecTBa V ((G) ero BepIrmH:

GCVv®,

Ecu e rooputh Menee popmaIbHO, TO MIPOCTOit rpad — 9To rpad, MOCTPOECHHBIH Ha 1 BEPIINHAX,
Jiobast mapa KOTOPBIX MOXKET OBbITh COeJIMHEHA UJIU He COeJInHEeHa PEOPOM.

Cpasy 3amerum, 4to marpuna M; WHIUJIEHTHOCTH IPOCTOro rpada COCTOUT TOJBKO U3 HyJel u
€JIMHUTI.

1.2.2. Pazbepem HEKOTOPBIE BaXKHbIE IIPUMEPDI IIPOCTHIX I'padoB. B KadyecTBe mepBoro mnpumMepa pac-
CMOTPHM TaK Ha3biBaeMblil noanwi rpad K, (cM.puc.4,a, Ha KOTOpOM MokasaH mosHbli rpad Kj),
B KOTOpPOM JI0Dasi BEpIIUHA COeIMHEHa CO BCEeMHU OcTaBIIUMECd BepmnHamu rpada. Takoit rpad
OTB€49a€T BCEMY MHO2KECTBY V(Q) JABYX39JIEMEHTHBIX IIOJMHO2KECTB MHOXKECTBa 71 BEPIIINWH. HyCTOMy
noiMHOZKecTBY MHOKecTBa V(2 oTBevaer Tak HazBIBaeMbI nycmot rpad, To ecTb rpad, CoCTOIHIT
U3 N W30JMPOBAHHBIX BepimH (puc.4,b).

[Tycroii rpad sBisiercs jomnoHeHreM K mojaHoMy rpady K, (1 obo3Havaercs on Kak K,) B CMbIC/IE
CJIEJLYIOIIErO ONPEIe/IEHUS.



4 3 4° ®3
(a) Tosnnbiii rpad K (b) I'pad K;

Puc. 4: Tomusriit rpad u mycroit rpad

Onpenenenune 1.7. I'pad G nazwiBaercs donoarernuem K rpady G, €ciam MHOXKECTBA BEPIITUH ITUX
JIBYX Ipad OB COBIAIAIOT, & MHOXKECTBO pebep rpada G monosHseT MHOXKeCTBO pebep F(G) uexomHoro
rpacda G 10 MHOXKecTBa pebep moHoro rpada K,.

Ha puc.3 B kadecTBe npumepa npuBeeHb! JBa rpada, IOCTPOEeHHbIE Ha YeThIPeX BepIuHaX — rpad
G u rpad G. I'pad G u3 rpada G MOKHO MOJNYUINTH, HAIIPHUMEDP, TakK: B3dTh HOJHBIT rpad Ky,
IIOCTPOEHHBIII Ha TOM Ke KOJHMYecTBe BepmmH, uto n rpadsl G n G, n yIaguTh u3 Hero pebpa,
npunayrexkamue rpady G. Iomydennsrii B pesysbrare 310ii oneparmu rpad G u Gyner ABIATHCS
JonoiHeHneM K rpady G B CMbIC/Ie JJAHHOTO BBIIIE OIPE/Ie/IEHHA.

100 110
101~ 111
X Y
000 010
001 011
(a) 'pad Q3 (b) Tosnbiit xBYIOIBHBILH Tpad (c) I'pad “sBe3na”

Puc. 5: JIBynonbubre rpadb

1.2.3. [Ipu uzyuenun Teopuu rpadoB HaM YacTO OY/IYT BCTPEUATHCH €Ie HeCKOJIbKO BarKHBIX IT10/I-
KJIACCOB IPOCTBIX I'padoB.

Onpenenenne 1.8. I'pad G HazwBaecrcsa deydoavnvim (puc.b), ecin maoxkectBo V (G) ero Beprimu
MOXKHO pa3buTh Ha JBa 6;10ka X u Y Tak, 910 KOHIbI = U Yy Jitoboro pebpa e = {x,y} € F(G) nexar
B pasHbIX Oyiokax 3Toro pasbuenuns. Obo3HavaeTcst JABYIOIbHBIN Tpad ¢ pasbuenuem (X,Y) uepes

G[X,Y).

[Ipocroit rpad G[X, Y], B KoTopom Jrobast BepiiHa 13 X coeiHeHa PeGPOM ¢ KayK0# BEepIITTHOMN
u3 6sioka Y u HaobOpOT, HA3BIBAETCS NOAHbIM J8ydoavrbim epagom (puc.5,b). Hacro takoii rpad
obosnadaercs depe3 K, ,,, rae n = |X|, am = |Y|. I'pad K, nasbiBaerca see3dots (puc.5,c).

Eme nBa BakHBIX TOJK/Iacca TPoOCTOro rpada, HasbiBaemble mytem P, n mukiaoMm C),, TOKa3aHBI
Ha puc.6,a u puc.6,b. KommgectBo pebep B rpacdax P, u €, xapakTepusyeT JUIMHY TaKuX I'pados.



(a) IIyrs Py (b) Luka Cs

Puc. 6: IlyTs u ks

Takzke gacro Ham Oyzer Bcrpedarbes rpad W, HasbiBaemblii Kojecom (cm.puc.7,a). VHaeke n B
obosnauenun W, takoro rpada obo3HaYaeT JUOO KOJMIECTBO BEPIIUH B €0 BHEITHEM IHKJIE, JTUOO
KOJIMIECTBO BceX BepinmuH. Mbl Oy/ieM cUuTaTh, 9TO 72 — 9TO KOJUIECTBO BEPIINH BO BHEIITHEM ITUK/IE

rpada W,.

(a) Komeco W (b) 'pad Merepcena

Puc. 7: Koneco u rpad Ilerepcena

BazkubIil Kj1ace TpoOCTHIX TMOArpadOB MPEJICTABISIOT COOOI TaK HA3BIBAEMBIE PE2YAAPHBIE 2Paivl, TO
ecThb rpadbl, Y KOTOPHIX BCE BEPIINHBI UMEIOT OJHY M Ty 2Ke crenenb k. Takke mx Ha3bIBaioT k-
peryiasapHbiMu rpadavu win peryiasapabiMu rpadamu crernenu k. B ciayuae k = 3 takue rpadsr
Ha3bIBalOTCs KyoOmdeckumu. Ha puc.7,b nmoxkazan npumep Kydoudeckoro rpada, KOTOPbIil J0CTaTOYHO
JacTo OymeT BCTpedaThCs y HAC B NMPHJIOXKEHHAX — Tak HasbiBaeMblil rpad Ilerepcena (Petersen
graph). I'padsr C), u K,, TakzKe sBISIOTCSA PeryasgpHbMU rpadaMu cTerenn 2 1 n— 1 cOOTBETCTBEHHO.

Haxkomnerr, nmeercst BaxKHbBIH Kace rpadoB, SBJISIIONUXCS OJJHOBPEMEHHO Kk-PEeryspHbIMU U JIBY0/1b-
HBIMU — TaK Ha3biBaeMble k-KyOb! (). Bepmmabr rpada Q) MOXKHO MOMETUTH OMHAPHBIMU CTPOKAMM
qmabl k (em.puc.5,c). Pebpa ke B TakoMm rpade MpoBOIsSITCS TOJIBKO MEXKy TeMH BepIInHaMu, Ou-
HApHbBIE TIOCJIEIOBATEIHbHOCTH KOTOPBIX OTJIMYAIOTCH TOJBKO B OJIHOM n3 k nosunuit. [Ipumep rpada
(3 TIOKa3aH Ha PUC.),C.

1.3. Hapsiy ¢ HeOpreHTHPOBaHHBIME, B TEOPHUHU I'padOB TaK:Ke M3ydaloTCd U TaK Ha3bIBAEMbIE OPU-
eHTUpOBaHHbIE Tpadbl (nm oprpadst).

1.3.1. Hagnem ¢ MBI BHOBB € JOCTATOYHO (POPMAJBLHOTO U OOIIETO ONpeIeIeHns OPHEeHTHPOBAHHOTO
MysabTHrpada D.

Onpenenenune 1.9. Eciu B Tpoiike
D= (V,E,I),



B KOTOpOit V' ecTh MHOXKECTBO BepInH, a £/ — MHOXKecTBO pebep, oTobparkenue [ CTaBUT B COOTBET-
crBue Jr06oMy pebpy e ynopadovwennyro napy sepimt (z,y) € V x V| 10 Takas Tpoiika Ha3bIBaeTCs
opuenmuposarnvim rpadom (wim opepagom). B Takom cirydae roBopaT, UTO pebpo e evirodum u3
BEPINUHBI X U 6xodum B Bepiuny y. Ha pucynke takoe pebpo momedaeTcss CTPEIKOM, YKa3bIBAIOIIEi
HAIIpaBJIEHUE JTAHHOTO pedpa.

1 a 2 1 a 2

3 3
(a) (b)

Puc. 8: Ilpumepsr opueHTHPOBAHHBLIX I'padoB

B kadecTBe mpuMepa Ha puc.8,a MoKa3aH OPUEHTUPOBAHHBINA Ipad D, MOCTPOEHHBIH HA MHOXKECTBE
sepriun V' = {1,2, 3} u umeromuii Tpu pebpa. Pebpo a BHIXOAUT U3 BepIIUHBI 1 U BXOJUT B BEPIIUHY
2 (To ecTb oTBevaeT ynopsijodentoii nape (1,2)), a pebpa b u ¢ UCX0AAT U3 BEPIIUHBL 2 U IPUXOJAT B
BepIiuHy 3 (TO eCTh UM COOTBETCTBYET yIopsiiodeHHas napa (2,3) BepumH rpada D). Takum obpa-
30M, oprpad D Ha puc. 3agaercs Tpoiikoii (V) E, I), B KOTOPO#l MHOKeCTBO V' BepIIUH 1 MHOXKECTBO
E pebep nmeror B

vV ={1,2,3}, E ={a,b,c},

a orobpaxkenue [: E — V x V 3ajaercs tabauieir BUIa

E a b c
VxVI(1,2)](2,3)](2,3)

1.3.2. B oprpade paszmunuator ncxozsinyio (outdeg(z)) u Bxomgamiyto (indeg(x)) cremens oboit Bep-
muHel © € V/(D), a TakyKe IPOCTO CTENeHb, PaBHYIO CyMMe BXOJdIeil 1 uexosiieii creneneii. Tax,
B rpade, n306pazkeHHOM Ha pHC.8,a, BepIIMHA | MMeeT BXOJSILYIO0 CTENeHb, PDABHYIO €MHUIE, W
MCXOJISIIITY IO CTENIeHb, PABHYIO JBOHKe.

Tax kak Jirob6oe opueHTHpPOBaHHOE Pebpo B oprpade D BHOCHT BKJIaJ, PABHBIH €JIUHUIE, B CYMMY
BCEX MCXOJAIINX CTeleHeil BepmuH oprpada [, a TakyKe BKJIaJ|, PaBHBII eJIWHHIE, B CyMMY BCeX
BXOJIAIINX CTelleHei BepinuH oprpada G, To s oprpada cipaBejinBo PaBeHCTBO BUIA

Y indeg(x) =|E(D)| = ) outdeg(x),
zeV (D) zeV (D)
SIBJISIOINIEECS aHAJIOIOM IIEPBOI TeopeMbl TEOPUU IpadoB (1.4).

1.3.3. Kax u jij19 HeOPpUEeHTUPOBAHHOTO I'Pada, BayKHBIM YaCTHBIM CJIydaeM oprpada dBJIsIeTCs TPo-
croit oprpad.

Onpenenenune 1.10. Oprpad D Ha3BIBAETCSI NPOCMOBIM, €CJIA OH HE COJEPIKUT TETe/Ih, a TaK¥Ke
KPATHBIX YnopadouerHvir pedep, To ecTb pedbep, OTBEYAIONINX OJUHAKOBBIM YIIOPSI0YEHHBIM ITapaM
BEPIIHH.



VIOpPsI0YEeHHOCTD BEPIITMH B 9TOM OIIPEJIe/IEHNN BakHa. Tak, rpad u3 puc.8,a MPOCTHIM HE SBJISICTCS
— B HeM pebpa b 1 ¢ OTBeYarOT OJJHON U TOi YKe yIopsiiodeHHoi mape (2, 3) Beprmna. V300pazkeHHBIi
ke Ha puc.8,b rpad D’ asisercs npoctbiM. HecMoTpst Ha TO, 9TO B 9TOM rpade MO-IPesKHEMY HMe-
I0TCs J[Ba pebpa, COeIMHAIONINX BEPINUHBI 2 U 3, HAIIpaBJIeHbI 3TH pedpa B pa3Hble CTOPOHBI. VHBIMEI
cJI0BaMu, 9TH pebpa OTBEYAIOT Pa3/JIUIHBIM VIIOPSIOYEHHBIM IapaM BepiminH — pebpo b orBedaer
ymopsiziodenHoit mape (2, 3), a pebpo ¢ — ymnopsaodenHoit nape (3,2).

1.4. CueayronuM BayKHBIM IIOHATHEM B TeOpur rpadoB siBISETCS MOHATHE CMEXKHOCTU BEPIINH.
1.4.1. Hagnem c ompejiesieHnsT CMeKHBIX BEPINWH B HeOpUEHTHPOBaHHOM rpade G.

Omnpenenenne 1.11. loBopsr, uro B HeopuenTHpOBaHHOM rpade GG BepiinHa iy CMeKHa ¢ BEPITHHON
x, ecin B 3ToM rpade cymmectByer pebpo {x,y}.

Ha muO)KecTBe BepiuH V' cMeKHOCTB 3a/1a€T HEKOTOPOE OTHOIIIeHHe. /{1 HeOprneHTHPOBaHHOTO I'pa-
da G 310 OTHOINEHNE ABJSETCS CUMMETPUYHBIM: €CJIM BEPIIUHA T CMEXKHA C BEPIIMHON Y, TO U
BEPIINHA Y CMEXKHa C BEPIINHON .

1.4.2. /g opeHTUPOBAHHOIO rpada cuTyalus HeCKOJIBKO CJIOKHEE.

Onpenenenune 1.12. ['oBopgar, 9T0 B OpueHTHPOBAHHOM Tpade [ BepIuHa Yy CMeKHA ¢ BEPITHHON
x, eci B 3TOM rpade cyiiecTByer pebpo (T, ), UCXOJsIee U3 BEPIINHBL & U BXOJSIIEe B BEPIINHY
y. (em.pue.8;a).

st mzobpazkennoro Ha puc.8,a oprpada GG BepimHa 2 CMeKHa ¢ BepHIInHOMf 1.

Cpasy 3aMeruM, 9TO ecu CyIiecTByeT pebpo (x,y) u He cyiiecTByeT pebpo (y,x), TO BepiuHa Y
CMesKHa, C BEPINUHON T, & BOT & BEPIINHON, CMEXKHOII ¢ Y, y2Ke He ABJisieTcsl. Tak, st m300parKeHHOTO
Ha puc.8,a oprpada BepimHa 1 cMeXKHOIi ¢ BepIuHOii 2 He siBisercs. Bepumaa x OyjieT CMeXKHOi ¢
Y TOJIBKO B ciIydae, Korja B oprpade D cymectByer pebpo (y, ) (cm. Bepmmas 1 u 2 Ha puc.8,b).
NubiMu cioBaMu, B OpHEeHTUPOBAHHOM rpade [) OTHOIIEeHne CMEKHOCTU Ha MHOXKECTBE V' BepIuH
CUMMETPUYIHBIM HE SABJISIETCS.

1.5. /Ina xpanenus rpada B mamMaTu KOMIIbIOTEpa, KaK MPaBUJIO, UCIOJIb3YIOTCH JIBE CTPYKTYPHI,
TECHO CBA3AHHBIC C IIOHATHEM CMEXKHOCTH — MaTPUIA CMEKHOCTH U CIINCOK CMEXKHOCTH.

1.5.1. Marpurma cMmexknoctu — 3To Marpuiia M, pasmepaMu n X n, J1000i 3J1eMEHT a;; KOTOPOi
OITMCBIBAET KOJIMIECTBO pedep, UYyIINX U3 BepIIUHbI ¢ B Bepruny j. Tax, jura npumepa 1.2 coorBet-
crBytomas rpady G MaTpuiia CMeXKHOCTH UMeeT CJIeIYIONIi BU/T:

0 20

1
1
M, = 0
1

O N =

0
0
3

O W =

g opuerTupoBanHoro rpada D, moka3aHHOTO Ha puc.8,a, MATPUIA CMEYKHOCTH PaBHA
010
M,=10 0 2
0 00
BameTnM, 9TO JjIsI HEOPUEHTHMPOBAHHOTO Tpada MaTpUIla CMEKHOCTH BCET/a CHUMMeTpudHa. Kak
CJIEJICTBUE, BCE COOCTBEHHBIC 3HAYCHUS STON MATPHUIILI ABJIAIOTCH BEIICCTBEHHBIMU UNUC/IAMU.



B cnyuae mpocroro rpada mam oprpada Bce JamaroHabHbIE 3JEMEHTHI a; = (0, TaK 9TO CyMMa
cOOCTBEHHBIX 3HAYEHUI TaKOW MaTPUILbI, COBIIA IAOINIAs CO CJIeIOM MaTpHIlbl M,, TaK:Ke paBHSIETCH
HYJTI0. DJIEMEHTBI, He JIeXKallue Ha JIMaroHaJji, PaABHLI €IUHUIE B CJIydae, €CJId CyIIeCcTByeT pedpo,
UJIyIee U3 BEPIIUHBI ¢ B BEPINUHY j, U HYJIIO B CJIydae, eCJIi TAKOBOIO pebpa He CyIIecTBYeT.

1.5.2. Cumcok CMeXKHOCTH — 3TO JIMHEHHBbI MaccuB L, pasMepa n, KaxKIblil 9JIeMEeHT a; KOTOPOro
COJIEPZKUT CIHUCOK (MYJIBTUMHOXKECTBO) BEPINUH, CMEXKHBIX ¢ BepInuHOi . [Ijist mpumepa 1.2 coorser-
CTBYIOIIUI CIIMCOK MMeeT CJEAYIOIINUA BUJL:

CMEZKHa C BepIInHaMM1
CMeZKHa C BepIInHaMM1
CME2KHa C BEpIIMHaAMN
CME2KHa C B€pIIrnHaMMn

MO = =D
W~ N w
W o W

=W N =
W
e~

LLHH OPUEHTUPOBAHHOI'O rpa(ba, IIOKa3aHHOI'O Ha pI/IC.8,a, CIIMCOK CME2KHOCTH 3allMChIBa€TCdAd TakK:

1: comcok cMeKHOCTH IIyCT;
2 : cMeXHa C BepIIuHOi 1;
3! CMeKHa ¢ BeplIIMHaAMU 2, 2.

2 MapuipyThl, IIyTH, IIuKJbl B rpade. CBa3abie rpadbl 1 op-
rpadbl

2.1. Cnenyrorias BayKHas IPyIIa HOHATHNR TeopuH IpaoB cBsA3aHa ¢ 00X0/10M I'pada BJI0JIb HEKOTO-
poii 1oc/1e/10BaTe/IbHOCTU €10 BepIiituH u pedep. B 910l cBa3M HAM MTOHAI00ATCA TaKue MOHATHS, KaK
MapIIPYThI, IIYTH, UKJIBl B Tpade, a TakKe HEKOTOPhIE CBI3aHHbIC ¢ HUMU XapaKTEPUCTUKHU rpada.

2.1.1. Haunewm c onpejiesiennst mapiipyTa B Mysbturpade G.

Onpepnenenne 2.1. Mapwpymom (walk) B rpade G u3 BepumHbl Ty B BEPIINHY Iy HA3BIBAETCSI
Yepe Ly oIasacs MoCjIe[0BaTe IbHOCTD

W = xg,€1,21,€2,T2, ..., Tk_1, €, Tj,

BepimnH x; € V u pedep e¢; € E, coeIMHAIONNX BEPIIUHbI T; 1 U ;. VI BepmuHbl, 1 pedpa B Takoii
IOCJIeI0BATEILHOCTH MOT'YT TOBTOPAThCsA. KomdaecTBo pedbep B Mapiipyre W nasbiBaeTcs daunot k
3TOT'O MapIIpyTa.

B ciyaae mpocroro rpada aob6oit MapiipyT W HOJIHOCTBIO OIPeaessieTcsl IOC/IeI0BaTeIbHOCTHIO
Lo, L1,T2, ..., Lk—1, Tk,

BepunH z; € V(G), mobble JiBa 0CIIE10BATEIbHBIX SJIEMEHTA L1, L; KOTOPO SIBJISIIOTCS CMEZKHBIMHE
BepInHaMu (T.e. COeMHEHbl MexK Iy coboit pebpom e; = {x;_1,z;} € E(G)).

Beprmmmnbl 2y 1 ) Ha3bIBAIOT YacTO HAYaJILHON M KOHEYHON BepmimHaMu MapripyTta W, a ocrasb-
Hble BEPINUHBI — BHYTPEHHUMU €ro BepIInHaMu. ['0BOPAT TaKKe, UTO BEPIIMHBI T( U I CBI3AHDI
MapripyToM W, a cam MapiipyT Ha3bIBaIOT ToXj-MapIIPyTOM.
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Onpenenenune 2.2. Eciu Bce pebpa ey, ..., ep B MapIipyTe pas3JInTHbI, TO TAKOW MAapIIPyT HA3bI-

Baercsd nymem (B aHDIniickoil simreparype — trail) u3 BepmmHbI Ty B BepuIMHY Tj. Fcam Takike
¥ BCE BEPIIMHBI B JAHHOM IIyTH Pa3JIMYHBI, TO TaKON IyTh HA3BIBAETCA NpPocmuim (B aHIIHHCKON
Jureparype — path).

B kauecTBe nmpuMepa paccMOTpUM pasHble MApHIPyThI B Ipade, mokazanHoMm Ha puc.9. MapmipyT
1,a,3,d,4,¢e,3,d,4,b,2, h, 2

IyTeM He sIBJISeTCs — B HEM HOBTOpsieTcss pebpo d. MapmipyT
1,a,3,d,4,e,3,9,4,0,2, h,2

npeJicraBiisier coboit myTh (trail), KOTOpBI He SIBJISIETCS TPOCTHIM — B HEM TIOBTOPSIOTCSI BEPIIUHBI
3,4, 2. Hakoner, mapiipyt
1,a,3,e,4,0,2

sIBJIsieTCsl TPOCThIM myTeM (path) u3 Bepmuubl 1 B Bepruny 2.

2.1.2. Cuenyromasi cepusl OIPEIEICHII CBsI3aHa ¢ 3aMKHYTBIMH MapIIpyTaMu B I'padax, TO eCTh
MapHIpyTaM#, B KOTOPBIX HadaJIbHAA Lo U KOHEYHAA T BEPIIAHBI COBHAJIAIOT.

Onpepenenne 2.3. 3amruyThIM 11yTeM (closed trail) mim cocraBabiM 1mKIOM (circuit) B rpade G
HA3BIBAETCS IMyTh, B KOTOPOM Ty = Xj. SAMKHYTBIN MIPOCTON IIyTh HA3BIBAETCS MPOCTBIM ITUKJIOM

9

(cycle). Hacro cioBo “IpocToil” omycKalT, HOHUMAst 1O/ IMKJIOM 3aMKHYTbIH IIPOCTOMH My Th.

Taxk, B rpacde G, nokaszannom Ha puc.9, nyth 1,a,3,e,4,d,3,c,1 sgBiageTcd COCTaABHBIM ITHKJIOM, &
nyTh Buga 1,a,3,e,4,0,2, f,1 — npocThIM NUKJIOM. 3aMKHYTBII MapIipyT Bujga 1,a,3,e,4,¢e,3,¢,1
COCTaBHBIM ITUKJIOM HE SABJISIETCsT — B HEM IIOBTOPsIETCsT pebpo e.

B npocrom rpade HEBO3ZMOMKHDBI IUK/IbI JIJIMHBI MeHbIIel, yeM Tpu. [IUKIIbI JUIMHBl TP 9acTO Ha-
3BIBAIOTCS TPEYIOJbHUKAMU. [ padbl, B KOTOPBIX TaKue IUKJIbI OTCYTCTBYIOT, HA3bIBAIOTCs I'padamu,
CBOOOJIHBIMU OT TPEyroJibHUKOB (triangle-free graphs).

Onpepenenne 2.4. O6xsaroMm rpada (girth) HazbiBaeTcst JyinHa HAUMEHbBIIErO UKJIa B HeM. Eciu
B rpade IUKJIbl OTCYTCTBYIOT, TO 0OXBAT TaKOro rpada CIuTarT paBHBIM OECKOHETHOCTH.



C ydeToMm JAHHOIO OIpeJe/eHus POCThie rpadbl, CBOOOJIHBIE OT TPEYTOJbHUKOB — 3TO Tpadbl,
00XBAT KOTOPBLIX OOJIbINIE TPEX.

B ciyuae mynbrurpadoB BO3MOXKHBI U IUKJIBL JVIMHBL 2, W OUKJIBL bl 1. Tlukier jgouaer 2 —
9TO UKL Tuna 3,d,4,e,3 Ha puc.9, nogsisdomuecs npu odXojie JIBYX pedbep OTHOr0 M TOrO Ke
mysibTupebpa. [ukaer mymabr 1 — 3710 netn rpada G. Tak, et h Ha prc.9 MOXKHO paccMaTpUBAThH
Kak IMUKJI 2, h, 2 JyaHbI 1.

MBOHHpOBaHHaH BepIinHa II10 OIIPpEACJICHUIO ABJIAETCA 3aMKHYTBIM IIYTEM IJINHBI O, OJHaKO IMUKJIOM
OHa HE ABJIdEeTCA.

2.1.3. Temnepb MbI TOTOBBI OIPEJIETUTD TOHATUE CBAIHBIX rpadoB.

Onpenenenune 2.5. Eciu Beprmmast x,y € V rpada G coeiuHEeHBI XOTs ObI OJIHUM IIyTEM, TO TAKUe
BEPIUHDBI HA3BIBAIOTCA CEA3AHHHLMU.

Hecsoxxuo 1nmpoBepuTh, UTO CBA3aHHOCTH 3a/aeT Ha MHOKecTBe V' BepmuH rpada (G OTHOIIEHUE K-
BUBAJIEHTHOCTH. DTO OTHOIIEHUE JEJTUT Ipad Ha KIACCHI SKBUBAJIEHTHOCTH, HA3BIBAIOIIIECST KOMNO-
HEHMAMU C8A3HOCTIU 2pada.

Onpenenenue 2.6. B ciyuae, korna B rpade G cyliecTByeT JIUIIL OJiHA KOMIIOHEHTa CBSI3HOCTH,
TO €CTh B CJIydae, KOrJia JII0ObIe JIB€ BEPIIUHBI T, Yy rpada COeTMHEHbI XOTs ObI OJHUM ITyTeM, rpad
HA3BIBAETCH C6A3HbIM. B TPOTHBHOM citydae Tpad HA3BIBAETCH HECEAZHDIM.

2.1.4. C nongarueM myTu B rpade TECHO CBA3aHBI I TAKNE BayKHbIE TIOHITHS, KAK PACCTOSTHIE MEZKLY
BepIMHAME B Tpade, SKCIEHTPUCUTET BEPIIUHDI, JTUaMeTp U pajumyc rpada.

Onpenenenne 2.7. Paccmosanuem d(x,y) Mexjy JAByMs CBs3aHHbIME BepimHamu =,y € V/(G)
Ha3bIBaeTCd JIJIMHA HAMMEHBIIIEro IIyTH MEKJIy HUMU.

[TonsaTHO, YTO TaKOU IyTHh 00A3aTETHHO ABJIAETCH TPOCTHIM. B cilyvae, KOTJia BEPIIMHBI HE ABJISIOTCS

CBA3aHHbIMH, ITIOJIaralOT IIO OIIPEJICJIEHUIO, ITO d(w, y) = OQ.

Onpenenenune 2.8. /[uamempom rpada HA3BIBACTCST MAKCUMAIHLHOE PACCTOSTHUE MEXKJIY €ro Bep-
IMIMHAMM:

diam(G) := i 5161332{@ d(z,y).

B caayuae necssnoro rpada cauraercs, aro diam(G) = oo.

Onpenenenne 2.9. Okcyenmpucumemom €(x) Beprmuabl x € V/(G) HasblBacTCsd MaKCHMaIbHOE
paccTosine oT & J0 Ji00oi npyroit Bepmunbl rpada G-

= d .
e(x) nax (2,9)

Onpepnenenne 2.10. Paduycom r(G) rpada G Ha3BIBAETCS MUHUMAJBHBIA U3 SKCIEHTPUCATETOB
BepiuH rpada G. BepruHbl, Ha KOTOPBIX 9TOT MUHUMYM JOCTATAETCS, HA3BIBAIOTCS UEeHMPAALHBIMU
sepuwunamu rpada G. MHOXKeCTBO BCeX IEHTPAIbHBIX BEPIIHH HA3BIBACTCS UeHMPoM Ipada.

2.2. PaCCMOTpI/IM TEIIEPb INIOHATHE CBASHOCTU B OPUCHTUPOBAHHOM rpa(be D.

2.2.1. Haunewm c ompeeenns CBI3aHHBIX BEPIINH B oprpade.



Onpenenenune 2.11. Bepruast z u y oprpada [ HA3BIBAIOTCS €8A3GHHNbLMU, €CJT B [) CyIIEeCTBYIOT
X0Td 6bI OJIMH IIYTh U3 & B Y U XOT4d 6131 OJIUH IIYTb U3 Y B T.

Onpenenenune 2.12. Oprpad D HA3BIBACTCA CUABHO CEA3HLIM, €CJIA JTIOObIE JIBE €r0 BepPIIUHBI
ABJIAIOTCA CBA3aHHBIMU.

MHOI‘,ZL& HapAdJdy C 9TUM ITOHATUEM JIJIA oprpacba BBOJAT IIOHATHUE cJ1abOoIl CBA3HOCTH.

Onpenenenue 2.13. Oprpad D nasbiBaeTcs cAaO0 C6A3HbIM, €CJIA COOTBETCTBYIONIUN €My HEOPH-
eHTUPOBaHHBINA Tpad (G, MOJIyUIaAIOMUics 3aMEeHOl BceX OPUEHTUPOBAHHBIX pebep Ha HEOPUEHTUPO-
BaHHbBIE, SBJISETCS CBA3HBIM.

2.2.2. Kak u B ciiydae HEOPHEHTUPOBAHHOIO rpada, B oprpade [ OTHOIIEHHE CBA3aHHOCTH ABJISI€TCS
OTHOIIIEHNEM SKBUBAJIEHTHOCTH. Kak cjiejicTBre, MHOXKeCTBO Beex Bepiun V(D) oprpada D pasou-
BAaeTCsl ¢ IOMOIIBIO TOI'O0 OTHOIIEHUsI SKBUBAJECHTHOCTH Ha KJIACCHI TOIMAPHO CBSI3aHHBIX BEPIIUH,
KOTOPBIE Ha3bIBAIOTCHA KOMNOHEHMAMY CUNOHOT CBAZHOCTU.

Cpazy 3aMeTHM, YTO B HEOPUEHTHPOBAHHOM T'pade pedep MeK/ 1y Pas3JIMIHBIMI KOMIIOHEHTAMU CBS3-
HOCTH He cyliecTByeT. B oprpade Ttakme pedpa MOryT CyIIEeCTBOBATH, OJIHAKO HAIIPABJIEHBI BCE OHU
OyIyT JIUIIb OT OJTHONW KOMIIOHEHTBHI CBA3HOCTH K JIpyroil. VIMeHHO, clipaBe/jInBO CJIeIyIOINIee JI0CTa-
TOYHO OYEBU/IHOE yTBEPKJICHUE.

Jlemma 2.14. [lycmv Hy, Hy ecmb dee padauvrvie KOMNOHEHMDL CUALHOT cea3nocmu epada D, u
nyems cywecmeyem pebpo e € E(D) uz Hy 6 Hy. Toz2da pebpa uz Hy 6 Hy omcymcmeyrom.

HokazatenbctBo. /[leiicrBuresbHo, ecian pedbpo u3 Hy B Hy cyiiecTByeT, TO JitoOble JiBe€ BEPIIUHBI B
MHOKecTBe Hy U Hy BepIuH oka3biBatoTCs cBsi3aHHbIMU. VHBIME ciioBamu, Hy U Hy npeacrabisier
co0Oit KOMIIOHEHTY CHJIBHOM CBsA3HOCTH r'pada [), 9T0 MPOTUBOPEUHT IIPEIOIOKEHIIO O TOM, 9TO
H, u Hy ecTh jBe pasjmaHble KOMIIOHEHTHI CUJILHOM CBSI3HOCTH. O

Kax ciezcrsue, 110 stobomy oprpady D MOXKHO TTOCTPOUTh Tak HasbiBaeMblil rpad C'(D) KoMmoHeHT
CUJIbHO# CcBA3HOCTHU rpada D, BepmmHaMu KOTOPOro Oy/1yT KOMIIOHEHTHI CHJIBHOW CBSI3HOCTH Ipada
D, a pebpamu — pebpa rpada D, HanpaBjieHHbIe U3 OJHOI KOMIIOHEHTBHI CUJIbHON cBszHocTu D K
Jpyroit. OcHoBHOE cBOiicTBO Takoro oprpada C(D) cocrout B TOM, 9TO B TaKOM I'pade HET IHUKJIOB.

Teopema 2.15. B opepage C(D) yukav, omcymemeyrom, mo ecmv oM, KaK ewe 2080pAM, npeo-
cmasaaem cobot ayukauveckut opepad (DAG — directed acyclic graph).

HokazaTtensctBo. Ecau 661 B TakoMm rpade cyiecTBoBast nukia sujga Hy — Hy — ... — H, — Hy, 10
JIFOOBIE JIBe BepIUHbI B 00beuHenun Hy U HoU. . .U Hy, okazasuck ObI cBa3aHHBIMA. /leficTBUTEIBHO,
BHYTPHU KazKJIOH KOMIIOHEHTHI H; MBI, TI0 OIIPEJICJICHUIO CUJILHOW CBA3HOCTH, MOXKEM ITOIIACTDb U3 JTI000I
BepIINHLL B JiI00y1o Bepimny H;. Bepmune! »kKe U3 pa3HbIX KOMIOHeHT H; u H; MBI TakzKe MOXKeM
BCErJla CBA3aTh € IIOMOIIBIO IIyTH, uaymero u3 H; B H;, a Takzke IIyTH, COEJIUHAIONIEIO KOMIOHEHTHI

3 lloarpad rpada . OcHoBHBIE onepanuu HaJ rpadamMn

3.1. Bepuemcst K OCHOBHBIM OTIPE/IEICHUSIM Teoprun rpadOB U BBEJAEM OYEHb BayKHOE MOHATHE IT0/I-
rpada rpada G. 3a07HO MBI BBEJIEM J[BE€ OCHOBHBIE OI€pAINy HaJ| rpadamMu — ONEPAIIO YA eHIs
pebpa u oreparnuio yjiajaeHus Bepmunbl B rpade G.

3.1.1. Haunewm ¢ popmabraoro onpejesnenus nojarpada H rpada G.



Puc. 10: Oprpad D u rpad KOMIIOHEHT CHJIBHON CBsi3HOCTH rpada [

Onpenenenune 3.1. [lodzpagom rpada G HaswiBaercs rpad H, it KOTOPOTO BBITOJTHEHBI CJIETY-
IOIIE TPU YCJIOBUSL:

1. V(H) CV(G);
2. E(H) C E(G);

3. moboe pebpo e € E(H), coenunsitomniee napy BepiivH © 1 y B H, JOKHO COEIUHATEL Ty XKe
caMyto mlapy BepiimH B rpade G.

[To ornomenuto kK rpady H rpad G mHOrIA HA3BIBAIOT Hadzpagom W cynepepagpom.

a b c a b
g g
d € A d e
(a) I'pad G (b) Ioarpad H rpada G
Puc. 11

B kadecrBe nmpumepa paccmorpum rpadsl G u H, uzobpakennnie Ha puc.ll,ab. Yrepxmaercs,
aro rpad H gasiaserca moarpadom rpada G. JefictBuresbHo, MHOXKeCTBO BeprnH rpada H ecTb
OJIMHOKeCTBO BepinH rpada G, a mHO)ecTBO pebep E(H) — moamuo)kecTBo MHOXKecTBa E(G).
Pacemorpum teriepn Jirob6oe pebpo rpada H, nanpumep, pebpo {a,e} rpada H. D10 xe pebpo co-
eJINHSET Te Ke caMmble BepHInHbl ¢ u e u B rpade G. Tak kak 310 BepHO Jy1s1 Beex pebep e € E(H),
to rpacdh H npeitctBuTe/bHO siBsieTcst nmoiarpadom rpada G.

3.1.2. /lannoe BbIlIIe OIpeie/IeHIEe MOYXKHO CAeaTh HECKOJIBKO 00jiee KOHCTPYKTHBHBIM, €CJIN BBECTH
JIBE OCHOBHBIE OllepaIuu Hal IpadaMu — olepaluio yaaaeHus pedpa u olepaluio yaajaeHus BepIi-
ubl. OkasbiBaeTcs, J1r00oit moarpad H rpada G — s1o rpad, moaydeHHbl u3 ucxoanoro rpada G ¢
IIOMOIIBIO ITAX JBYX ONEPAIUi.



Haunem ¢ Gosiee mpoctoii onepanuu yuajienus pebpa e. Ilpu Takoii omepamyuy MHOXKECTBO BEPIIMH
rpacda G He MeHsieTcs1, a U3 MHOXKeCTBa pebep ynassercs saemedt e € F(G). [lonyuennsiii B pe3yiib-
TaTe 3Toi omeparuu rpad obosnadaerca G — e. O4eBUIHO, 9TO OH siBJIgeTCs Togarpadom rpada G.
Tak, B npupegenHoM Ha puc.1l1l mpumepe Mbl B rpacde G ynamummm pedpo, CoeInHSIIONee BEePIINHbI

ub.

B 6outee obiiem cirydae Mbl TaKUM 00pa30M MOXKEM YIAJIATH CPa3y HECKOJILKO pedep, TPUHAIeyKAINX
HEKOTOPOMY HOJIMHOKecTBY S MHOkKecTBa E(G) pebep rpada G. [onydenubiii B pesyibrare 9THX
orteparuii nmojgrpad oboznavdaercsa G — 5.

[Tepeiimem Teneps K 9yTh OoJiee CIOXKHON ONEpalny yIaJeHnsT BEPITUHBI. [IpeamomokumM, 970 MbI
XOTHUM yIaJiuTh B rpade G BeprmuHy x. Ecu sra BepimnHa siBasgeTcs N30 JMPOBAHHON, TO HAM HUYIErO
OoJIbIIIe JIeJIaTh He HYyXKHO. Ecim ke 9Toit BeplnHe WHIUIEHTHBI KaKue-To pedpa, TO MbI 00sS3aHbI
Oy/ieM Takyke BMECTE C BEPIIUHON & yIanTh u ux. leficrBureibHO, panee 3Tu pedpa Bejii B BEPITHHY
x. Bectu B HuKy1a pebpa HEe MOTYT, TAK YTO HAM BMECTE C BEPIIUHON T MPUXOIUTCI yJIaadTh U BCe
pebpa, NHINIeHTHBIE TaHHON BepimnHe. Tak, B mpuMepe Mbl yaaauin B rpade G Bepruny c. Bmecrte
¢ Hell MbI BBIHYZKJIEHBI OBLIN YJIAJATh U BCe TPHU MHIIMIEHTHBIX eil pebpa.

[Tonyaennslit B pesysbrare yiaaaeHus BepIInHbl & rpad obo3Hatdaercss 00braHo G — x. O4ueBuHO, ITO
rpad G — x TakKe siBjisieTcs moArpadgom ucxogHoro rpada G.

B 6outee obmmem ciaydae S € V(G) MBI ¢ IOMOIIBIO ONEPAIAN YIAJICHUST BEPIIIH U3 MOAMHOXKECTBa, S
nosrydaeM noarpad G — S, B KOTOPOM 10 CpaBHEHHIO ¢ UCXOIHBIM I'padom (G yaaJleHbl BCe BEPIITUHBI
ITOAMHOYKECTBa S BMECTe CO BCeMU pedpaMu, MHIUIEHTHLIMIA STHM BEPIITHHAM.

3.1.3. Kak MBI yxke 3ameruin, Joboit moarpad rpada G moaydaercs u3 G ocCaeI0BaTEIbHBIM
BBITIOJIHEHUEM JIBYX Ollepaliuii — yJaJjieHus BepIuH U yaajieHus pedep. EcrecTBeHHBIM KaykeTcsd pac-
CMOTPETH JIBa YaCTHBIX CJIydas 3Toi curyarmuu. [lepBbiit — 910 cirydaii, Korga Mbl B rpade G yaajisiem
TOJIBKO pebpa, a BTopoit — Korja B (G MBI yJIaJiseM TOJIBKO BEPIITHHBI.

a b c a b c,
g /g
d e f d e f
(a) I'pad G (b) Ocrosubrit nogarpad H rpada G
Puc. 12

Ecmu mbr pu nmontyvuenun u3 rpada G noarpada H ucnoab3yem JIMIIb Olepaluio yiaajieHus pebep,
TO MBI TIOJIydaeM Hojarpad, MHOXKECTBO BEPIIHH KOTOPOTO COBIAaeT ¢ MHOKecTBoM V (G) BepimH
ucxonHoro rpada. Taxoit noarpad HazwiBaercsa ocmosHovim toarpadom (spanning subgraph) rpada
G (emorpu puc.12). B gactHoctu, 060it ipoctoii rpad G, MOCTPOEHHBIN Ha N BEpPIINHAX, SBJISETCSI
OCTOBHBIM IToArpadoM moJHoro rpada K,.

Bropoit qacTHBIT cydait — Korga Mbl B rpade (G yaaaseM OaHy WM HECKOJIBLKO BepinuH. B pesyiib-
TaTe TAaKOW Oleparuu Mbl mojIydaeM noarpad H, undyuyuposarHvim noOMHOHCECNEOM OCMABUULCA
sepuwun epaga G. Nuapivm cioBamu, noarpadom H rpada (G, WHIYIHPOBAHHBIM ITOAMHOYKECTBOM
BepIuH S, Ha3bIBaeTCs rpad, moydeHnbiii n3 G yjgajleHrneM BCeX BEPINUH, He TPUHAIEZKAIIIX MHO-
JKECTBY S, BMECTE CO BCEMU WHIMJICHTHBIMU STUM BepiimHaM pebpamu (cmorpu puc.13).

3.1.4. /locTaTo9HO 9aCTO B IPUJIOXKEHUIX BCTPETAIOTCS BayKHBIE C TPAKTUIECKON TOYKN 3PEHUS 10T~



a b c
g
d e f
d e f (b) HHoarpad H rpada G, uHpynupoBaHHbI TTOIMHO-
(a) I'pad G JKeCTBOM BepIuH a, b, d, e u f

Puc. 13

KJIACCHI OCTOBHBIX Toirpados. [lo ncroputaeckum nmpuanHaM HEKOTOPBIE U3 HUX UMEIOT CIIEIHAIbHbIE
Ha3BaHWsA. 1aK, OCTOBHBIN 1-peryaapHbIil moarpad HOCUT HA3BIBAHUE COBEPULEHHO20 NAPOCOYEMAHUA
B rpade (G, a OCTOBHBII k-perysgapHblil mojarpad g Mpou3BOJIbHOIO HATYPaJIbHOTO k > 1 Ha3bIBa-
ercs k-gaxmopom rpacda G. OcToBHBII IyTh B I'Pade HOCUT HA3BAHUE TAMUJILTOHOBA IyTH B rpade
(G, a OCTOBHBII IUKJI — IraMUJIBTOHOBA IUKJIA B rpade G.

B cinygae mynbrurpada G oueHb 4acTo paccMaTpUBAIOT IPOCTON I'pad, MOy YAIOIIHIC U3 UCXOTHOTO
rpada G ynajienneM Beex MeTelib i 3aMeHoil MyibTupedep Ha mpoctbie pedpa. Takoit rpad, oueBuIHO,
SABJIAETCH OCTOBHBIM TOJrpadoM mcxoiHOro rpada.

3.2. BepuemMcs K MOHATHUIO CBA3HOCTHU B Ipadax. Orneparun yaaaenns pedpa u BEPITUHBI TO3BOJISIIOT
HaM BBECTU BasKHbBIE TTOHATHA MOCTa W TOYKH COUJIEHEHUs B rpade.

(a) I'pad G1 (b) 'pad Go

Puc. 14

3.2.1. Pacemorpum rpadel, nokazannbie Ha puc.14. Bujno, uro ceasubiii rpad G (puc.14,a) nepe-
cTaeT ObITh TAKOBBIM IIOC/IE YIaJeHus pedpa e, CBSI3bIBAIOIIEr0 BEPIIUHBI T 1 .

Omnpepenenne 3.2. Pebpo e € E(G) B cBasnoM rpade G HaA3bIBAETCST MOCTOM, €CITH TTOJTY YAOTIHHACST
mocsie ero ynajennsa rpad G — e cTaHOBUTCS HECBA3HBIM. B ciydae HecBszHOro rpada G MocToMm
HA3LIBAETCS PEOPO, MOC/Ie yaleHnst KOTOPOro KOJMYECTBO KOMIIOHEHT CBSI3HOCTH YBEJIMUNBAETCH Ha

€JIMHUILY.

Tenepb pacemorpuM cBst3HbIl rpad G, nmokazanubiit Ha puc.14,b. ¥V sroro rpada MOCTOB HET, OJIHAKO
HMeeTCs BepIIrHa X, 1ocje yaajleHns KoTopoi rpad G — r cTaHOBUTCSA HECBA3HBIM.

Onpenenenune 3.3. Bepruna r HazbiBaeTcs TOUKO# couteHeHus rpada G, ecau mocie ee yuage-
HUsT KOJIMIECTBO KOMIIOHEHT CBSI3HOCTH Tpada G — & YBEIUINBAETCS M0 CPABHEHUIO C KOJIMIECTBOM
KOMIIOHEHT CBA3BHOCTHU UCXO/HOTO rpada G.

3ameTnM, UTO Jlazke B ciiydae cBA3HOro rpada G yiaaenne B HeM TOYKHU COUJIEHEHUs] MOXKET ITPUBO-
JINTH K TOABJIEHUIO KaK JIBYX, TAK U OOJIBIIETO KOJMYECTBA CBA3HBIX KOMITOHEHT.



3.2.2. JlokaxkeM IPOCTOE yTBEP:K/IeHNE, XapaKTePU3yIolnee TOUKY COUICHeHNs B CBsI3HOM I'pade G.

YrBepxkaeune 3.4. Bepwuna x 6 ceaznom epage G, nocmpoenHnom wa n = 3 EPUUHAT, €CMb
mouka counenenus epaga G mozda u moavko moezda, kozda 6 G cywecmeyrom OMAUNHLLE OM X
BEPWUHDL Y U Z, MAKUE, YN0 T COOEPAHCUMCS, 6 KAAHCIOM NYMU U3 Y 6 Z.

HokasaTtensctso. [Ipeamnonokum BHAYAIE, UTO £ €CTh TOYKA COUIeHeHns B cBsa3HoM rpade G. [locie
yranenns x B rpade G —x HailyTCs 110 KpaitHeil Mepe JIBe pa3/IndHble CBA3HbIE KOMIIOHEHTHI GG 1 Gg.
Bribpas npousBosibHYI0 BepiinHy y B (71 1 IPOU3BOJIbHYIO BEPIINHY 2 B (o, MBI IIOJIyIUM HCKOMYIO
napy BepriuH. [leiicrBuresbHO, ecsin Obl B (G HAIIEJICA Iy Th, He TPOXOIAIINN depe3 BePIINHY T, TO B
rpacde G — x BEpIIMHBI Y U 2 OKA3AJMCH Obl CBA3aHHBIMU, YTO HEBO3MOXKHO.

Teneps npeanonoxKuM, 94ro B (G CyIIECTBYIOT OKMCAHHAS B YTBEPXKICHUH IIapa BEPIIUH y U 2. Y1aJje-
HUE BEPIIUHBI L B TAKOM I'pade YHUUTOXKAET JII0OOii yTh U3 4 B Z, TO €CTh MPEBPAIIAET STU BEPIIUHbI
B HECBSI3aHHBIE. DTO, B CBOIO OYepe/ib, O3HAYAET, YTO BEPIINHBI i U Z, JIeXKAlllie paHee B OJHON KOM-
IOHeHTe cBsi3HOCTH I'pada (G, craju NpruHajIeXKaTh Pa3HbIM KOMIIOHEHTaM CBsI3HOCTH rpada G — .
WupIMK cIOBaMH, yIaJIeHHe T YBeJIMIMBAECT KOJMIECTBO CBA3HBIX KOMIIOHEHT I'pada, TO €CTb T €CThb
TOYKa coueHenus B G. O

3.2.3. Tenepnp joKazxkeM HanboJiee BaKHOE yTBEPKJIeHUe, XapaKTepusyioliee MocThl B rpade G.

VrBepxkaenue 3.5. Peopo e = {x,y} 6 npocmom ceasrom epage G asasemcea mocmom moada u
MOALKO Mmo20a, k0206 € HE NPUHAOAEHCUM HU 00HOMY U3 YuK.A08 2pada G.

C

& e &
X ¥

Se
<0

Puc. 15

HokazaTtensctso. IlycTs pebpo e saBasiercs mocroMm B rpade G. YiajaeHue e IpuBOIUT K IOSIBJIEHIIO
BMecTO (G JIBYX CBAI3HBIX KOMIIOHEHT (G 1 G9, Takux, 4t0o * € G n y € (5. Beibepem mpon3BoOIbHYIO
napy BepuH u € V(G1) u v € V(G3) B s1ux kommnonenTax (em.puc.15). Ipeamnonoxkum, aro pebpo e
IpUHALIEKAT KakoMmy-To 1ukiay C B rpade G. Kak u mobble BepIInHbl B CBA3HOM Ipade, BePIINHbI
u u r B (G CBA3aHBI MEXKJIy COOONl HEKOTOPBIM UX-IIyTeM. AHAJOIMIHO, BEPIIUHBI i U U CBA3AHBI
B (Go yv-myrem. Ilocie ynasienusi pebpa € BepIIMHBI T W Y OCTAIOTCA CBA3aHHLIMU MeEXKJy coboii
HEKOTOPBIM ZY-IIyTeM, MPOXOIANIIM depe3 ocraBiimecss pedpa mukiga C. B cuiy TpaH3uTHBHOCTH
OTHOIIIEHUSI CBS3aHHOCTH OTCIOZA CJIE/LyeT, YTO MPOU3BOJIbHbIE BepuHbl U € G 1 v € (G5 coeMHEHbI
MeXKJ1y cOOOl HEKOTOPBLIM IIyTeM, UTO HPOTHBOPEUUT omnpejeneruio mocra B (. CiegoBareabHo, €
HUKaKOMY HHUKJIY IIPUHA/I/IC2KaThb HE MO2KET.

O6paTHO, IPEIIIOIOKIM, ITO € He dABJsgeTcd MOcToM B rpade (G, TO eCcTb ero yjajeHne OCTABJISCT
rpad G — e casubiM. Ho Torpma koniwr x u y pebpa e B rpade G — e OKa3bIBAIOTCS CBA3AHHBIMU
HEKOTOPBIM zy-miyTeM. /lobaBienue K sTomy 1yt pebpa e mpeBpaliaeT 3TOT MyTh B UK. 0

3ameuanue 3.6. JlokazaHHBIE BBIINIE YTBEPXKICHHUS SBJSIOTCS, IO CYTH, aHAJIOTaMU BEPITHHHOM
u pebepHoit Teopem Menrepa, onucbiBalomux k-cBa3ubie rpadbl. M3ydenuio takux rpados Oyer
MIOCBSIIECHA OT/IEIbHAs TJIaBa.



3.3. MuI BBesIn orepalinu yaajaeHus pedpa u BepiuHbl. HaM 1moHao0sTcs ere HeCKOJIBKO OTepalinii
HaJ| rpadamu.

3.3.1. Haunewm c omeparuit o0beunenus u nepecedenns rpados. [lycts G u H ecTb mapa mpocTbix

rpados.

Onpenenenue 3.7. OobenunenueMm rpados G u H nasbiBaercs rpad F' = G'U H, MHOXKeCTBO Bep-
IIIUH U MHOYKECTBO Pedep KOTOPOTO MPEJICTABISIOT cO00# 00be/InHEHNE COOTBETCTBYIONINX MHOXKECTB

rpacdos G u H:

V(F) =V(G)UV(H), E(F) = E(G)UE(H).
1 2 1 2 1 2
4 3 3 5 4 3 5
G H F

(a) (b)

Puc. 16: Onepanust o6beaunenust rpacdos G u H

Ha puc.16,b B kauecTBe npumepa 1mokasan rpad F', moydaeHHbIil B pe3y/ibrare o0beuHeHns rpadon
G un H, nokazaHnubix Ha puc.16,a.

B ciyuae, ecam MHOXKecTBa BepiinH (a ciaegoBaresbHo, u pebep) rpados G u H He mepecekarorcs,
TO MBI TIOJIyIaeM Tak Ha3biBaeMoe HecBsizHoe oObenmuaenne G+ H takux rpados. Ilo cyru, mroboit
HECBA3HBIN I'pad mpejicTapisgeT coboil HecBA3HOe 00beuHEeHNE IBYX UIN 00Jiee CBSI3HBIX KOMIIOHEHT.

Onpegenenne 3.8. Ilepecedernnem rpacdos G u H masbiBaercs rpad F' = G N H, MHOXKeCTBO Bep-
IIIIH ¥ MHOXKECTBO pebep KOTOPOro MpeCcTaB/IA0T coboil mepecedenne COOTBETCTBYIONINX MHOYKECTR
rpados G u H:

V(F) = V(G) NV (H), E(F) = E(G) N E(H).

i 2 2 i 2
4 %2 3 °s %
G H F

Puc. 17: Onepanus obbeaunenns rpados G u H



(a) (b) ()

Puc. 18: Oneparus cuMMeTpudecKoil pa3HOCTU JBYX OCTOBHBIX MOArpacdoB

Ha puc.17,b npusenen rpad F', momydennsiii B pesysbrare rnepecedenns rpados G u H, moKazaHHbIX
Ha puc.17,a.

3.3.2. Ilpu uzyyenun octoBHbIX nojarpados H; u Hy omHoro u toro ke rpada G JI0CTATOIHO Ya-
CTO BCTpedaeTcd omnepannsd A ux cumMmerpudeckoil pasaoct. C IMOMOIIBIO TaKOM omepalun Mbl 13
ocTtoBHBIX nojarpadgos Hy, u H, nosydaem ocroBublii nogrpad H = H{AH,, cocrosmmii u3 pebdep,
npuHajexkanux Hy, Ho He npuHajyiexKamux Hy, n Haobopot. Ha puc.18,c i npumepa rmokasaH
ocroBHbI moarpad H rpada G, SBIAOMMICA CUMMETPHYECKON pasHOCThIO moarpados Hy u Hoy
moytHOTO rpada Ky, HaprCcoBaHHBIX Ha puc.18,a u puc.18,b. Obmue a1t H; u Hy pebpa moMevdeHbl Ha
9TUX PUCYHKAX KPACHBIM I[BETOM, a pedpa, BCTpevaroIuecsd B OJHOM Iojirpade u He BCTPeUatonuecs
B JIPyrOM — CHHUM IBeToM. Pesynbrupytomuii nogrpad Hs cOCTOUT TOIBKO U3 pedep, OKpaIleHHbIX
CHHUM IIBETOM.

3.3.3. lTomumo yasienunst pebpa, B Teopunt rpadoB JIOCTATOTHO JACTO BCTPEIAETCS U eIlle OJIHa BasK-
Hasl ollepalusi — OIepalls CTATuBaHus pedpa.

(a) Ucxomusrtit rpad G (b) I'pad G \ e

Puc. 19: Onepanus craruBanmst pebpa

Onpepenenne 3.9. [oopsr, aro rpad G\ e mosyuen u3 rpada G craruBanueM pebpa e, ecau rpad
G \ e moayuaerca u3 G ynajenuneM pebpa e U CTATMBAHHEM WHIMJIEHTHBIX € BEPIINH T U Y B OJHY
(em.puc.19).

4 W3z3omopdusm n aBromopdusm rpadosn

4.1. ITocTtapaemcsi BHa9aJie OTBETUTH Ha, BOIIPOC, CKOJIBKO K€ CYIIECTBYeT Pa3/IMIHbIX I'PadoB, 10-
CTPOEHHBIX Ha 7l BEPIIMHAX.



4.1.1. Cpaszy 3ameTuM, 9TO B CjIydae MyJbTUIPadOB Mbl HAPSIY C KOJUIECTBOM BEPIIUH JIOTXKHBI
TakkKe (pUKCHpoBaTh M KOJMIecTBO pedep. JleficTBuTeibHO, JTI00OBIE JIBE BEPIIUHBI MYJIbTUTPada co-
€JIMHUATD TTPOU3BOIBHBIM KOJIMIECTBOM pebep, MOITOMY KOJTUIECTBO MYyJILTUTPAdOB, TOCTPOCHHBIX HA
n BepIINHaX, 0e3 OrpaHuYeHns Ha KOJUIEeCTBO pedbep MoKeT ObITh CKOJIb YrogHo OostbiiuM. [TosTomy
MBI OTPAHUYIUMCS ITOKa UTO 3a/1adeil mojacdeTa MpocThiX Ipados.

4.1.2. Kosmm4ecTBo ¢, NPOCTHIX HEOPHEHTUPOBAHHBIX I'PAGOB JIOCTATOYHO JIEMKO COCUUTATD, UCTIOJIb-
3ysi popMaIbHOE OIIpeJIesIeHIe MPOCTOro rpada Kak HEKOTOPOro HOJMHOMKecTBa MHOzKecTBa, V()
JeficTBUTEIBHO, KOJUIECTBO BCEX JIBYXIJEMEHTHBIX [MOJMHOKECTB N-3JIEMEHTHOINO MHOYKECTBA Bep-
mmH (To ecth MommocTh Muoxkectsa V(2)) pasno |V?)| = (Z) Hac ke mHTepecyeT MHOXKECTBO X
Beex noamuozxkects V(2. KomuecTBo 5/1eMEeHTOB B 9TOM MHOMKECTBE, KAK M3BECTHO, PABHO

5] = 2V _ o2,

n
2

CiieioBaTeIbHO, KOJIMIECTBO ¢, BCEX MPOCTHIX rpadoB Ha N BEPIIUHAX PABHAETCS 2(5),

! : ! /’ '\/’\ '\/\
* 03 03 >3 P >3 >3 >3 p)

Puc. 20: Bocemb npoctbix rpadax Ha TpexX BeprInHAX

3
Hamnpumep, cyrmectByer poBHO g3 = () = 2% = 8 pasIMYHLIX MPOCTBIX TPadOB, HOCTPOCHHEIX Ha
Tpex BepinHax (cmorpu puc.20).

4.1.3. Crosb Ke IPOCTO MOACYATATH KOJIUIECTBO Pa3INIHBIX IIPOCTHIX oprpados. leiicTBUTEIBHO,
BCero cymiectByer n(n — 1) ylnopsI09eHHbIX ap OTJIMYHBIX JIPYT OT JApyra BepiimH. Kak ciencrsue,
KOJIIYECTBO PA3INYHBIX IPOCTHIX OpPrpacdoB, IIOCTPOEHHBIX Ha 1 BepIuHax, pasHo 21,

4.2. 3aMeTuM, YTO MHOTHE U3 IPUBEICHHBIX Ha puc.20 rpad 0B MOX0XKH JAPYT HA JIPYTa B TOM CMBICJIE,
YTO OTJIMYAIOTCHA OHU JIPYT OT JIPyra TOJBKO IepeHyMeparueii BepiinH. TakoBbIMU, B YaCTHOCTH,
SBJIAIOTCA TPU I'pada, UMENNX TOJBKO JIUIIL 0JIHO Pedpo, a TakKe TpU rpada, NMeINX POBHO
nBa pebpa. PopMain30BaTh 3Ty MOXOKECTh MOYKHO C TIOMOIIBIO TOHATHA n30Mopdu3Ma rpados.

4.2.1. OupegennmM BHaYaE HOHATHE T30MOPQMU3IMA /I IPOCTHIX HEOPUEHTHPOBAHHBIX I'PadOB.

Onpenenenue 4.1. [oopar, uro jaBa npocteix rpada Gy u Gy uzomopdrv, APyT APYyTY, €CIu Cy-
IECTBYET B3aMMHO-OIHO3HATHOE oToOpazkernue ¢: V(G1) — V(Gs), KoTopoe coxpaHsieT OTHOIIEHIe
cmexknoctu. [Tocennee o3nadaer, uro ecau B rpade (G HekoTopasi napa BepiuH {z,y} coejnHeHa
pebpom, To B rpade Gy coorBercTByolas eii napa sepimt {p(z), ¢(y)} Tak:ke coeaunena pebpom,
1 HA0OOPOT.

1 2 3G1

1 3 26’2

Puc. 21: /IBa uzomopdubIX rpada



IIpumep 4.2. Pacemorpum rpadnt Gy u Ga, n3obpaxkenubie Ha puc.21. Oun u3oMopdHBI APYT JAPYTY,
TaK Kak CyIIeCTBYeT B3aMMHO-OJHO3HaTHOe oToOpazkenue ¢: {1,2,3} — {1,2,3} Buna

p(H =1 ¢2)=3  «B)=2

npu kotopoM pebpo {1,2} rpada G mepexomut B pebpo {p(1),»(2)} = {1,3} € E(G,), a pebpo
{2,3} rpada G nepexomur B pebpo {p(2), ¢(3)} = {3,2} rpada Gs.

4.2.2. Kak u mo60it uzomopdusm, nzomMopdusm rpaoB BBOAUT OTHOIIEHNE SKBUBAJIEHTHOCTU Ha
MHO>KECTBE BCEX HEOPHEHTHPOBAHHBIX ITPOCTHIX r'pacdoB Ha n BepiumHax. OTHOIIEHHE SKBUBAJIECHT-
HOCTHU, B CBOIO OY€pe/ib, pa3dUBaeT BCe MHOMKECTBO TaKMX I'PaOB Ha KJIACCHI SKBUBAJEHTHOCTH —
KJIaCChl M30MOPMHBIX JAPYyT JApyry rpados. B Teopun rpacdos 3Tu Kjiacchl SKBUBAJIEHTHOCTH UMEIOT
crienuaJbHOe Ha3BaHUe.

Onpenenenne 4.3. JIi060if onMMCcaHHBIA BBIIIE KJIACC SKBUBAJEHTHOCTH I'PadOB HA3LIBAETCS HENO-
mevernom rpadom. B arom embiciie 00braHbIi pocToii rpad (To ecTh J1000ii IpeIcTaBuTe b KIacca
SKBUBAJIEHTHOCTH ) YACTO HA3BIBACTCI NOMEUEHHbIM TPABOM.

Puc. 22: YeTbIpe npocThIX HENMOMEUEHHBIX rpada Ha TpeX BepIIuHaX

Tax, w3 puc.20 BUIHO, ITO CYIIECTBYET UY€THIPDE Pa3/IMIHBIX HEIIOMEUYEHHBIX rpada Ha TpexX Bep-
MUHAX: OJINH OTBEYAET IyCTOMY rpady, BTOPOil — TpeM IOMeYeHHBIM rpadam ¢ ogHuM pedpoM,
TPETUil — TPEM IMOMEYEHHBIM I'padaMm ¢ JAByMdA peOpamMu, U HaKOHEI[ YeTBEPThIil — MOJTHOMY rpady
K3 (em.puc.22). 3ajava nepedncieHusi HemoMedeHHbIX TpadoB Ha 1 BEpPIIUHAX JJIsl TPOU3BOJIBHOIO
3HAYEHUs I[apaMerpa n SBJSeTCS 3HAUUTEJHLHO Oojiee CJIOXKHON 3ajlavdeil 0 CpaBHEHUIO C 3ajiadeil
[IEPEYUCTICHIS COOTBETCTBYIONIUX TOMEUYCHHBIX I'PadOB.

4.2.3. JlapaiiTe Teneps I IOJHOTHI KAPTUHDI 1M OIpeIeseHne n3oMopdusMa 11 601ee 001ero
cilydast HCOPHEHTUPOBAHHLIX MyJabTurpados. Kak Mbl moMHUM, B 00mIeM ciydae 000l HeOpUeHTH-
posanublii rpad G 3ajaercs TPoiiKoi, cocrosiein u3 muoxkecrsa V (G) BepiuH, maOXKecTBa E(G)
pebep, a Takxke orobpazxkenus I(G), comocrapisornero obomy pebpy e € E(G) HeynopsijoueHHy 0
napy BepiinH {x,y}, KoTopbie 3T0 pebpo € COeTUHSIET.

Onpenenenune 4.4. I'oBopst, uro rpadbl
G1 = (V(G1), E(G1),I(Gy)) n Gy = (V(Ga), E(G2), I(G2))
n30MOPMHEBL APYT APYTY, €CIU CYIIECTBYeT Iapa B3aUMHO-OJHO3HAYHBIX OTOOpazKeHuit
(p,0), ¢: V(G1) = V(Ga), u V: E(Gy) = E(G)),

COXPAHSIIOIUX OTHOIEeHne cMexkHocTu B rpadax G u Gy. [Mocieqnee B JaHHOM Cilydae O3HAYAET,
qr0 ecaun orobpaxkenne [(Gy) conocrasiser B rpade G pebpy e € E(G;) mapy {x,y}, To B rpade
Gy orobpaxenue [(Gy) comocrasisger pebpy Y(e) € E(G2) napy Bepmmn {¢(x), p(y)}, 1 Haobopor.



4.3. YacTo Ha nmpakTuKe JIOCTATOYHO BayKHO YMETh OTBEYATL Ha BOIPOC, SIBJAAIOTCS JIU JIBA PA3JIMY-
HBbIX rpada n3oMopdHBIME IpYT APYTY win HeT. OKa3blBaeTcs, MPOBEPKa ABYX IpadoB Ha U30MOP-
dusm gaBigercd B 0bIeM cirydae JTOBOJIHHO-TAKH HETPUBHAJIBHON 3ajateil.

4.3.1. Haunem BHavaJje ¢ IpoOCTOrO IMIPUMEPA.

X a
z y c§ o)
v w d e
(a) 'pad Gy (b) 'pad Go

Puc. 23: Ycranosiienne nzomopdusma Mexk 1y rpacdamu

ITpumep 4.5. Paccmorpum jsBa rpada, nzodpazkeHHbIX Ha puc.23. Bo3HuKaeT BOIIPOC, sABISIOTCS JIA
JiBa TaKuX rpada m30MOPMOHBIMEI JAPYT JAPYTY.

Jlist oTBeTa HA TOT BOIIPOC HAM HY?KHO, BOOOIIE IOBOPs, HANTH B3aMMHO-O/{HO3HAIHOE OTOOPAKEHNE
¢ 3 MHOKecTBa BepuinH V (G1) B MHOKecTBO V/(G3), cOXpaHsOIee OTHOIIEHIe CMeKHOCTH. Jler-
e BCEro B TAKUX MPOCTBIX 3aJadax JefCTBOBATH CJEAYIOMNM 00Opa30M: HYXKHO YIAJIATh MOMETKH
BEPIIUH y [IEPBOrO U y BTOPOro rpadoB, MOMETUTH BEPIIUHBI IEPBOro rpada ducaamu ot 1 0 n, a
3aTeM IOIBITATHLCA PA3METUTh BEPIIMHBI BTOPOro Irpada TeMHU Ke ducjaMu OT 1 J0 n TakK, 9ToObI
TaKol n30Mopdu3M ¢ ObLT ObI OYEBUJIEH.

5 1
3 4 3§ °
1 2 4 5
(a) 'pad G (b) 'pad Go

Puc. 24: Ycranosiienne nzomopdusma Mexk 1y rpacdamu

B JlaHHOM KOHKPETHOM IIPHUMepe CJIeJIATh 9TO JIOBOJLHO mpocro (em.puc.24): y rpadbos G u G
UMEIOTCs BCET'O JIUIIh J[BE€ BEPIIUHBI, CTEIIeHh KOTOPBIX paBHa ejunuile. B rpade G oHM 1MOMEYEHBI
nndpamvu 3 u 4. [losTomy HaMm OyaeT yI00HO TeMu Ke caMbIMU U PaMi TOMETUTH O/IHOBAJICHTHBIE
BepiuHbl 1 B rpade Gs. Jlatee, B rpacde G 9Tu BEPIIMHBI COEIMHEHBI ¢ BePITHHAMA 1 U 2, UMEIOINMK
crernenb, paBuyio Tpem. [lomernm amasorntdibie Bepinabl B Gy Temu ke mudpavu. Ham ocraercs
nomeTuth B rpade Go ocrasinyrocs BepiumHy Iudpoit 5 u ybeaurbest, 4ro orobpazkenue o(i) = i
3a/1aeT U30MOPGPU3M 3TUX IpadoB.



IIpumep 4.6. Paccmorpum Teneph rpadbl, rmokazanuble Ha puc.2b,a. [na takumx rpados yxke ne
BIIOJTHE OYEBUJIHO TO, YTO OHU M300parKarT OJINH U TOT Ke HemoMedeHHbI rpad. [isa mokaszareib-
CTBa 3TOro (pakTa MOXKHO, HAIIPUMEDP, MOMBITATHCA PA3METUTh BEPIIUHBI JIBYX IpadOB Tak, ITOOLI
napa BepiuH {z,y}, cBa3anHasg pebpom B rpade G, oKazanach Obl CBA3aHHON pebpoM u B rpade
G5, n HaoOopoT. B manHOM mpuMepe 3To MOXKHO BCe Ke CIesaTh JIOCTATOYHO IIPOCTO, 3aMETUB, UTO
rpacd (G5 cOCTOUT U3 JIBYX HEIEPECEKAIOMNXCs MUKJIOB JynHbl 4. COOTBETCTBEHHO, BBIJICIUB B I'Da-
de G 3aMKHYTBII UK/ AHAJOTUYIHOM JJTUHBI, MBI MOXKEM y?Ke OJJHO3HAYTHO ITOMETHUTH OCTABIIAECS
BepiuHbl rpada G Tak, 9ToObl CIIICKH CMEKHOCTH 3TuX rpados coBnaau (cMorpu puc.25,b).

1 8 1 8
2 7 7 2
3 6 4 5
4 5 6 3

(a) (b)

Puc. 25: Ycranosiienne nzomopdusma Mex 1y rpadamu

4.3.2. B npakTriecknx 3a/1a9axX JOBOJbHO YaCTO BCTPEUYAIOTCS I'Padbl, B KOTOPBIX COJIEPIKATCS COT-
Hu Thica4 BepiuH. J[g Takux rpadoB HUKaKie BU3yaJibHble METOJIbI OlleHKHU y2Ke He pabdotaior. He
CYIIECTBYET TIOKA U HUKAKHUX JOCTATOYHO MPOCTBIX KPUTEPUEB, MO3BOJISIONUX JOCTATOYHO OBICTPO
OTBETUTH Ha BOIIPOC, ABJISIOTCA JIU JIBA 38/ IAHHBIX rpada n3oMopdubiMu min Het. KonedHo xe, ecTb
OYeBU/IHbIE HEOOXOIMMBIE YCJIOBUS M30MOPGHOCTH JBYX I'padoB — TaK, HAIPUMED, Y N30MOPMHBIX
rpadOB MOCTIeI0BATETHHOCTH CTElleHell UX BEPINH JIOJI?KHBI, OUeBHIHO, coBIaIaTh. Ho B caydae, ec-
JIX TI0JTOOHOTO POJIa OYEBHTHBIE YCJIOBUS BBIIIOJTHEHBI, TO HE OCTAETCS HIYEro JIPYroro, Kak IIPOBEPIThH
3aJIaHHYIO 1apy rpados Ha n30MOPGMHOCTH IPOCTHIM IePeOOPOM.

st sToro Bepiuabl 060ux TpadoB MOMEYAT YUCIAMU U3 OJJHOIO U TOTO YKe MHOXKeCTBa [n], 3arem
pasMeTKy 1epBoro rpada pUKCUPYIOT, a TOMETKH BTOPOTo rpada HAUYNHAIOT IepeCcTaB/IsTh, BOOOIIe
roBopsi, Bcemu n! crocobamu. Ecjm Ha KAKOM-TO IIare MaTPHUIbl CMEXKHOCTH WJIA YK€ CIUCKUA CMeXK-
HOCTHU 3TUX JIBYX I'PAPOB COBIAIYT, TO rpadbl ABIAIOTCA N30MOPMHBIME JIPYT JApyry. B nporuBHOM
cIydae OHU HEeM30MOPQHBI.

Takoro pojia aJropuT™bl Kpaitie Hea(GEeKTUBHBI XOTsI ObI IIOTOMY, 9TO IIPU OOJIBIIUX N 3HAYCHUE 7!
Kpaitie Besinko. CyIIecTBYIOT JOCTATOYHO CJIOXKHBIE AJITOPUTMBbI, MTO3BOJIsIOIHE OoJiee 3DPEKTUBHO
MPOBEPATH Ha M30MOP(U3M CIIelnaIbHbIE TOIKIACChI Ipad OB, 0JIHAKO HUKAKOTO OBICTPOTO aJI'OPUT-
Ma, TTO3BOJIAIONIETO Je/IaTh 9TO B OOIIEM CIydae, IMOKa He CYIIEeCTBYET.

4.4. Hapsiy ¢ uzomopduszmom, B Teopun rpadoB BBOJUTCI TaKXKe MOHITHE aBTOMOPGMU3IMa — M30-
Mopdusma rpada G B ceds.

4.4.1. [Ipex e veMm jnaBarh hopMaabHOe OIpeje/ieHne aBToMopdu3Ma, BEpHEMCs ellle pa3 K OUeHb
BayKHBIM TOHSITUSIM HEIIOMEYEHHBIX U MOMeueHHBbIX rpados. JlaBaiite mogymaem, CKOJIBKUMU CIIOCO-
6aMu MBI MOYKEM Pa3METUTh OJIMH M TOT Ke HermoMedeHHbIH rpad Ha n BepimHax. OYeBUIHO, ITO
MBI 9TO MOXKeM cjeiaTh n! crmocobamu. OHAKO MPHU 3TOM BO3HMKAET BOIPOC — JIEHCTBUTE/IHHO JIN
BCE TaKWe CIIOCOOBI MMOMETKH JIAJIyT HAM Pa3AuuHble TTOMEIeHHbIE rpadbl?



1 2 3 2 1 3
1 2 3 1 2
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(a) Hemmomeuennstit rpad (b) ITomeuenubie rpadwr

Puc. 26

B kadecTBe npumepa paccMOTPUM MPOCTON HEMIOMEYeHHBIN Tpad Ha TpeX BepIInHAaX, UMEIONIN JIBa
pebpa (puc.26,a). Tlomerum st wero 3! crocobamu ero BepiuHbL. B pesyibrare Mbl moydnm 6
OMEeYEHHBIX TpadoB, M300pazkeHHbIX Ha puc.26,b. OHaKO MBI ¢ BaMH y:Ke mepebpajim Bce ToMe-
JeHHble I'padbl, IIOCTPOEHHBIE Ha TPEX BEPIINHAX, U BBIICHUIN, UYTO CYIIECTBYET TOJIBKO JIUIIb TPU
PA3AUNHBIE TIOMETIEeHHBIX rpada, umerornux asa pebpa. CremnoBare/bHO, cpen mectu rpadoB, mMo-
KAa3aHHBIX Ha puc.26,b, MOOBUHA JIUITHSISA B TOM CMBIC/IE, 9TO CPein STUX rpadoB nMmerTces rpadwl,
[IPeCTaBJISIONIe cOO0M OAUH U TOT Ke IOMEeYEeHHBIN rpad.

Hecroxxno, B wactHocTH, yoeaurhess B ToM, uto rpadsl i u (3, nmokazannbie Ha puc.26,b, mpe-
CTaBJIAIOT COOOM OJIMH W TOT K€ IIOMEYEeHHbII rpad — IMepBbIil U3 HUX IEPEXOUT BO BTOPOIi IIPU €10
passopore Ha 180°. To ke Kacaercs u rpadoB Gy u Gg, a Takxke rpados Gy u Gs.

4.4.2. JlaBaiiTe Tenepb rocrapaeMcs pazodbpaThesd ¢ TPUUUHON TOTO, YTO IPU PA3METKE BEPIITUH HEIIO-
MederHoro rpacda n! crocobamm Mbl osTydaem summHEEe rpadel. [l 9TOro BosbMeM HemoMedeHHbI
rpad G, Kak-TO pasMeTHM ero BepIIMHBI (HallpuMep, Tak, KaK 9TO [OKa3aHo Ha puc.27,a), a 3aTeM
paceMoTpuM TonojipobHee Bee byHKIWU @ [3] — [3], 3aato01ue nepecTaHOBKU BEPIITHH MOJTY Y€HHOIO
TakuM obpaszoM nomedennoro rpada Gi.

o o .
1 2 3 1 3 2
(a) I'pad G1 (b) I'padp G

Puc. 27: NsomopdHbIe moMedeHHbIe Ipadbl HA TPEX BePIIHHAX

PaccmorpuMm BHagasie (OYyHKIUIO (1, OCTABJIAIONLYIO €JIUHUILY Ha MECTEe M MEHSIONLYI0O MECTaMU Bep-
MUl 2 1 3:

e1()=1,  ¢i(2)=3, ¢i(3)=2.

B pesysbrare mbl u3 rpada (G nosyunm nomedenusiii rpad Go (puc.27,b). EcrectBenno, uro rpadbr
G1 u (G m30MOpdHBI APYT APYTY, TaK KaK OHU IOJYyYeHBI U3 OJHOIO M TOTO K€ HEIOMEUEHHOI'O
rpada. OgHAKO BayKHO TO, UTO 9TO — JBA PA3IUIHBIX Tpada: CIIUCKU CMEKHOCTH 3TUX JIBYX I'padoB
PA3JINIHBL:

1 cMmexna ¢ 2 1 cmexkna c 3
G 2 cmexHa c 1 u 3; Gy : 2 cmexHa c 3
3 cMmexHa C 2 3 cMmexua c 1l u 2.
o ——0 o —0—— 0
1 2 3 3 2 1
(a) I'pad Gy (b) I'pad G3

Puc. 28: UnenaTuanbie moMevdeHHble rpadbl HA TPeX BePIIHHAX



PaccmoTpuMm Ternephb mepectaHoBKY o BepiunH rpada G Buia

e1) =3,  2)=2 = @3)=1

B pesysbrare Takoit nepectanoBku Mbl u3 rpada G (puc.28,a) mosyuanm rpad G (puc.28,b). Baxno,
410 y Takoro rpada GGz ClIMCOK CMEXKHOCTH MOJTHOCTHIO COBIIAIAET CO CIIMCKOM CMEXKHOCTH UCXOIHOTO
rpacda. CiemoBaTesibHO, B pe3yabTare MOMOOHON MepecTaHOBKH (Yo MBI MOJIy9IaeM TOT ¥Ke CaMbIil
HOMeYeHHBIH I'pad, 9To y Hac ObLI J0 NepecTaHOBKH. Takas IepecTaHOBKa BEPIINH, IIPU KOTOPOIi
rpad Kak IIOMEYEHHBI OOBEKT IIEepPexXOoIuT caM B celsd, KaK pa3 M Ha3bIBACTCH GGMOMOPHUIMOM

rpadea.
Boutee dpopmasibaOe orpeesenune apromopdusma rpada 3ByIUT CIASTYIONUM 00pa30M.

Onpenenenne 4.7. Bzanmuo-ognosnaqnoe orobpaxenune ¢ : V(G) — V(G) muoxkecrBa V(G)
BepmuH 1pocToro rpada G B ceba HasbiBaeTcd aBToMopdusmom rpacda G, ecinm oHa coxXpaHser
orHOmeHne cmexknoctu 6 epage G. Ilociennee o3HavgaeT, YTO €CJIM BEPIIMHBI T U 4 COCIUHEHBLI B
rpade G pebpom {z,y}, To B ToM Ke camom rpade G 1 06passl Y(z), Y(y) ITUX BEPIIUH COETNHEHBI
MeKJ1y coDOoil pedpom.

4.4.3. aBaiiTe elme pa3 cpaBHUM olpejesieHns n3oMopdusma u apromopdusma rpadon. Ha mep-
BBl B3IVIA 9TU OLpPEIeIeHUs OYeHb MOXOXKHU APYT Ha APYyra, W Cpa3y He OYeHb IIOHATHO, YeM OHH
OTIMYAIOTC JIPpYT OT Apyra. Kasasoch Obl, OT/IMYUe 3TUX OLpPeIeIeHUil COCTOUT B TOM, 9TO B OIIPe-
JesieHnn n3oMopdusma burypupyior pasanansie MaoxkectBa Vi(G1) n Vo(G2) BepiuH, TOra Kak B
OlpeIeJIeHnr aBTOMOPQU3Ma 9TU MHOKECTBa CoBIaaioT. OIHAKO 9TO OTIMYNE B ABYX ONPEIe/IeHN-
sX abCOJTIIOTHO HeNpUHIUINAIbHO. Kak mpaBuiio, BepInHbl JIF0O0ro rpada moMevaiTcst SJIeMeHTaMI
OJIHOTO U TOTO Ke MHOxKkecTBa [n] = {1,2,...,n} HepBBIX N HATYPAJbHBIX YUCEJI, TAK YTO U B ONpe/Ie-
JIeHUW U30MOpGU3Ma, U B OIPEJIEIeHUI aBTOMOPMU3Ma B POIU 0TOOPAZKEHUS ¢ OOBITHO BBICTYIIAET
KaKas-TO [IePECTAHOBKaA 0 : [n] — [n]| HepPBBIX N HATYPAIbLHBIX THCEJI.

Kitouepoe ke oTmmdme 9TUX JBYX ONpeIeIeHI 3aK/II09aeTcs B CJIeayoneM. B ompegeieHnn aBTo-
Mopdu3Ma MbI B Pe3y/IbTaTe 0TOOPAXKEHUS (o TOJIydaeM mom oice camuiii rpad G, Torja Kak B cJrydae
nzoMopdusMa, He SBJIAIONErocs apromopdusmoM, rpad G 1o geiicTBueM 0TOOpPaXKEHUs (p mepe-
XOJIUT B HEKOTOPBI dpyeoti rpad (o, OTIMIHBIN OT ucxoaHOro rpada (1, IprudeM 3TO BEPHO JIaxKe B
ToM cirydae, korga MuoxkectBa Vi (G1) u Vo(G3) BepimuH sTux 1ByxX rpados coBnaaror. Jlerde Bcero
9TO OTJIMIHE OIUCATH B TEPMUHAX MATPHUIIHI UIN CIIUCKA CMEKHOCTH I'padoOB: B CJIydae aBTOMOPhU3-
Ma CIIHCOK CMeKHOCTH rpada G He U3MEHUTCS, TOTJAa KakK B pe3y/bTare JeicTBUsS n30Mopdu3Ma
crucku cMmexkHoctu rpados G u Gy OyayT, BOODIIE TOBOPs, OTJIMYATLCS JAPYT OT JIpyTa.

4.4.4. PaccMOTPUM Tellepb MHOXKECTBO BCEX aBTOMOP(MU3MOB KaKOI'0-TO ITPOCTOI0 TTOMEYEHHOT'O I'pa-
da G. OueBuaHO, YTO TOXKJIECTBEHHAs IlepecTaHoBKa id HmpuUHAJIEKAT 3TOMY MHOXKecTBY. [laiiee,
1Ist J1I060ro apToMopdu3Ma ¢ 06paTHLI K Hemy asToMopdusM ¢~ ! takxke ne menser rpad G, To
eCTb MPUHAJIEXKUT TOMY K€ MHOXKeCTBY aBToMOopdu3MoB. Hakownerr, eciiu ¢ u g SIBJISIOTCS aBTO-
Mopdusmamu rpada, To 1 UX KOMIIO3UIIN 3a/1aeT HaM HEKOTOPbIi aBToMopdus3M. MHbIMEU ciioBamu,
oreparus KOMIO3UINE aBToOMOPGhU3MOB 3a/1aeT Ha MHOYKeCTBe Beex aBroMopdusmos rpyminy Aut(G),
KOTOpasi Ha3bIBaeTCsd 2pynnot asmomophusmos momedennoro rpacda G.

Tax, B pazoOpaHHOM BBIIIE TPUMEpE I'PyIa aBTOMOPGU3MOB MmoMedeHHOTo Tpada (1 cocTouT M3
JIBYX TIEPECTAHOBOK — TOXKJIECTBEHHOI ITepeCTaHOBKN id, a TaK:Ke MepecTaHOBKU, MEHSIONIEH MecTaMu
Bepiuubl 1 u 3. NHbiME citoBaMu, 9Ta rpymna u3oMopdHa rpyie Zs.

4.4.5. HecmoTpst Ha TO, 9TO TpyIIia aBTOMOPMU3MOB OIpe/iesieHa Jjisi toMedeHHoro rpada G, oHa,
HA CaMOM-TO JleJle, OTparkKaeT BHYTPEHHIOID CUMMETPUIO MCXOJTHOro HermmoMedeHHOro rpada G. Taxk,



HAITPUMep, MbI BIJIUM, YTO TTOKA3aHHbII Ha puc.26,a HEIIOMEeYeHHbIH Tpad G Ha TpeX BepITNHAaX CUM-
MeTpHuYeH OTHOCUTEeIbHO 1moBopoTa Ha 180°. IIpobiema cocTouT JIUIB B TOM, YTO HE OY€Hb ITOHATHO,
KaK y HEIOMEYEHHOro rpada Takne CUMMETPUI UCKaTh. U 3/1ech HaM Kak pa3 u NPUXOJUT Ha TIOMOTIDH
noMeveHHbIN rpad: Mbl Oepem HeromevdeHHbIN rpad G, Kak-TO pasMedaeM ero BePIITUHBI, T0IydIaeM
noMeveHHbIi rpad G, BeIYUC/ISEM Jis Hero rpyiiy asroMopdusmos Aut(G), a 3aTeM roBOpuM, 4To
9Ta IPyIHIa U OTParKaeT BHYTPEHHIOI CUMMETPHIO UCXO/IHOI'O HEIIOMEUeHHOro rpada G.

4.4.6. [locse cienaHHbIX 3aMedaHiil MbI MOXKEM BEPHYTbHCs K IIpobJieMe, ¢ KOTOPOH Mbl HAUNHAJIN —
K OIPEJICICHUIO KOJIMIECTBa PA3/IMIHBIX TOMEUYEHHBIX I'PpadoB.

YrBepxkaeuue 4.8. Koauvecmso N passudHvir noMeverHblr 2padhos, NOAYHAEMBLT U3 HENOMEUEH-
1020 epaga G pasmemxroli €20 GePUUH, PACCHYUMBIBAEMCA NO POPMYAE

n!
N = TRw@)y )

2de G| — npouseosvHo BvlOPAHHBLT nomevennoil 2pad, nosyuernuds usa G nexomopol padmemror
€20 BEPUWIUH.

HNokazatenbcTBo. Beibepem mpomsBo/ibHBIN TOMedeHHbIN rpad (G| U cocamTaem Jijisi HEro TPYIIILY
apromopdusmos Aut(Gh). [lpeamnonokumM BHaYaIE, UTO TOPSIOK STO IPYIIBL coBagaer ¢ n!. 91o
O3HAYAET, YUTO JII0Oas IepecTaHOBKa BepimuH 1epeBoautT rpad G B cebs, TO ecTh y HAC TOJIydaeTcs

JINIITb OJIMH MOMEYeHHBIN rpad, oTBedalonuii ncxogHoMy HenoMedennomy rpady G. B stom ciryuae
dbopmyna (3) Bepra — ona jgaer n!/n! =1, To ecTb eIMHCTBEHHBI TTOMEYEHHBII rpad.

Teneps npennosnoxum, aro | Aut(G)| < n!. B arom ciyuae cpenn Beex n! nepectaHOBOK BepIMH
HaiiIeTcs mepecTaHoBKa o, He npuHa iexkanias Aut(Gy). NabivMm ciioBaMu, 9Ta IepecTaHOBKa TIepe-
BeJleT HaMm rpad (7 B HEKOTODLIH n3oMopdHbIil, HO orinunblit o1 GG rpad G,. [Ipumenum Torya K
rpady (G; Bce mepecTaHOBKU BUJIA

o, @ € Aut(G).

KonmiecTBo TaKuX IepPEeCTAHOBOK COBIAIAET, OUEBH/IHO, ¢ MOIHOCTHIO | Aut(G1)| rpymmer aBToMOD-
dusmos rpada G1. [Ipu sToMm Bee st nepectanoBku nepeseayT rpad G B rpad Go. HelicrBUTEIBHO,
BHaYAaJ/Ie MBI C TIOMOIIBIO TIEPECTAaHOBKU (¢ TtepeBeieM rpad G B cebs, a 3aTeM ¢ TOMOIIBIO (p u3 rpada
G, nostyunm rpad Gs.

Ecnu MBI Ha 9TOM Im1are Bce mepecTaHOBKH BepinnH rpada (G mepedbpasin, TO MbI Ha 3TOM OCTAHABJIN-
BaeMcsl. B MpOTUBHOM Cilydae y HAC HaiiIeTcs ele Kakas-To [epecTaHOBKa (p, He IpHHAJJIesKaIast
Aut(G1) u nepepoggimas G1 B rpad G, ormuunsiii or Gy u Go. IlpojosKast yKasaHHbBIN 11poriec,
MBI B KOHIIE KOHIIOB HMCUY€pIIaeM BCe MHOXKeCTBO @ 1epecTaHOBOK. [Ipm 3TOM Bce 9TO MHOXKECTBO Y
HAC OKazKeTcsl pasouThiM Ha [N OJI0KOB, KayKJIblil 13 KOTOPBIX MMeeT MOMHOCTE | Aut(Gh)|. Kazxk prit
Takoii OJIOK COOTBETCTBYET IlepecTaHOBKaM, mepeBoadmuM rpad (G; B HEKOTOPBI M30MOPQHBI, HO
oramuHblil oT (G momedeHHbI Tpad G;. ObIee ke KoamdecTBO N pa3InIHBIX TOMEYeHHBIX IpadoB
CBSI3aHO C KOJIMYECTBOM n! Bcex mepectaHoBOK MHOxKecTBa V' ((G1) Bepiun rpada G dopmylioit

N - |Aut(Gy)| = n!,

13 KOTOpOil u cyejyer dpopmyia (3). ]

4.4.7. IlepeBejieM TpoBeJIEHHBIE BBIIIE PACCYZKJICHUS Ha A3bIK Teopuu rpyui. /s sToro paccMorpum
MHOKeCTBO X BCEX MOMedYeHHBIX IpadoB, MOCTPOEHHBIX Ha n-MHOXKecTBe {1,2,...,n} BepmmH, a



Tak:Ke JeficTBUe IPYIIbI S, IePecTaAaHOBOK Ha TOM MHOxKecTBe X. l'oBopsr, uro rpader Gp u Go
U30MOP(QHBL JAPYr JAPYLY, €CIU CyIIeCTBYeT TaKas IEePeCTAHOBKA ¢ MHOXKECTBA BEPIIUH, KOTOPas
nepesojut rpad Gy B rpad Go = 0 o G, TO ecTh Takas epecTaHOBKa, KoTopas Jioboe pebpo {7, 5}
B rpade G nepesoaur B pebpo {o(i),0(j)}. Ha si3bike Teopun rpymin 9170 03HAYAET, YTO ITH rpadbl
9KBHBAJIEHTHBI OTHOCUTEJILHO JeACTBUS TPYIIILI S, TO €CTh IPUHAJJIEXKAT OJHOM U TOil 2Ke opbume

SpoG={00G:0€S,}

snemenTa (G MHOXKecTBa X Bcex rpadoB, MOCTPOEHHBIX HA 711 BEPIINHAX, MO JIEHCTBUEM TPYIIIBL S,.
Kaxxnass Takass opbuta Ha g3bIKe Teopun rpadoB IpeCcTaBisieT co0O HEKOTOPBIN HelroMedYeHHbIH
rpad Ha N-MHOXKECTBE BepIINUH.

Pacemorpum rerrepb mopMHOKecTBO Aut(G) mepecTaHOBOK 0, JTFOOOH 9JIEMEHT KOTOPOI'O OCTABJISIET
HEKOTOPBIH moMevdeHHbI rpad G € X' HemoABUKHBIM:

Aut(G) :={c€S,: 000G =G}.

HecmioxKHO MOHSATH, 9TO TAKOe MOJMHOYKECTBO MEPeCTaHOBOK obpasyer noarpyminy Aut(G) rpymist
S,, epecTaHoOBOK. Takas MOJIPYIIIa HA sI3bIKE TEOPUH IPYIIT HA3BIBAETC CMAOUAUAMOPOM DJTEMEH-
ta G MHOXKecTBa X. DTa moArpynmna (Kak u jobas moarpyima H rpymmer S,) 3amaer pasbueHue
rpymnmbsl S, BeeX MepecTaHoBOK Ha 6JoKu o - Aut((G), HasbIBaeMble CMEKHBIMU KJIACCAME TPYIIIbI S,
o noarpymnme Aut(G). Pasmep s1ux 6510k0B otuHakoB n pased mopsaky | Aut(G)| rpynmst Aut(G).
CuietoBaTesibHO, TOPSIIOK | Sy, | Beeil rpymibl epecTaHOBOK paBeH pou3BejieHnio mopsiyika | Aut(G)|
rpynmbl aBroMopdusMoB rpada G Ha KOJIMIECTBO CMEXKHBIX KiaaccoB S,/ Aut(G) rpymmsr S, 1m0
noarpymie Aut(G) (teopema Jlarpamzka):

1S,| = nl = | Aut(G)] - S,/ Aut(G).

B paccMoTpeHHOM HaMu TpUMepe Mbl pasOUI MHOXKECTBO S3 BCEX IEPECTAHOBOK BepIUH Tpada
(G1 Ha OJIOKH, COCTOsIIUE U3 MEPECTAHOBOK BUJA @ - ¢, e ¢ € Aut(Gy), un mokaszaiu, 4To pasMep
KazkJI0ro 06JIOKa paBeH JBYM — MopsiaKy rpyimbl Aut(Gy).

3areM MbI 3aMETUJIH, 9TO JIIOOOMY TaKOMY OJIOKY IIepeCTaHOBOK OTBeYaeT HEKOTOPHIi rpad G, n30-
MopdubIil ncxoanomy rpady G. Ha sa3bike Teopum rpyin JaHHBIH dakT (GOPMYIUPYeTcs B BHUIE
J0CTaTOYHO BaKHOI'O, 1 B TO 2K€ BpPEMA JOCTATOYHO IIPOCTO AOKA3BIBAEMOI'O YTBEPXKJICHHNA — TaK
HasbiBaemoii Orbit-Stabiliser Theorem. CoriacHo 3Toit Teopeme, IMEETCsT B3AaUMHO-OHO3HAYHOE CO-
OTBETCTBUE MEXKJy BCeMH jieMeHTaMu opoutel S, o G rpada G (1o ecth Bcemu nzomopdubivMu G
rpadamu Ha n BepuMHax) u (akTop-MHOKeCTBOM S,/ Aut(G), TO €cTh MHOXKECTBOM BCEX CMEKHBIX
KJIACCOB I'PYIIIBI S, 110 crabumsaropy Aut(G). CiieicTBueM 9TOTO YTBEPXKICHUS KaK Pa3 U SBJISICTCS
PABEHCTBO

|Sy| = n! = Aut(G)| - |S, o G| = | Aut(G)| - N,
e N — KoamdecTBo rpadoB Ha n BepIimHax, m30MOpMHBIX G.
4.4.8. /TajmM erre 0JIHO BaxKHOE OIIpeJIesIeHNe.
Onpenenenue 4.9. I'pad G HasbiBaeTCsd acCHMETPUYIHBIM, €CJIH €r0 IPYIIa aBTOMOPGMU3MOB TPH-

BuaJibHa, TO €CTb COCTOUT TOJIBKO N3 TO}K,[LeCTBeHHOIU/I ImepecTaHOBKHN MHOXKeCTBa [?7,] €ro BepuinH.

Baxkno 3ameTnTh, 94TO YeM BBIIIIE 1, T€M OOJIbINee KOmdaecTBO rpadoB acumverpudno. CregoBare ib-
HO, TIpU OOJIBIIUX 1 KOJIMIeCTBO M, HEIIOMEUEeHHBIX rpadOB MOXKHO OIEHUTH 110 (hopMmyie

o(3)

n!

M, ~




5 OcHoBHBbIE CBOIiCTBa JepeBbhEB

5.1. O,ZLHI/IM U3 CaMbIX BarKHBIX ITOHATUNI Teopuu I‘paCbOB ABJIAETCA IIOHATHE AePEBa.

5.1.1. Haunem ¢ bopMaIbHOIO OIpeIeIeHns STOrO OHSITHSI.

Onpenenenne 5.1. JlepeBoMm Ha3bIBAeTCsI IPOCTON CBsA3HBIN Ipad 6e3 nukios. [Ipoussosbhblil (He
06s3aTeIbHO CBSI3HBIN) TPOCTOil Tpad 6e3 IUKIIOB HA3BIBAETCS JIECOM.

3 A 9
2 °

4 5 6 8
1 10

Puc. 29: [Ipumep nepeBa Ha JecATH BepITMHAX

Ha pwuc.29 nokazan npumep sepeBa 1', moctpoennoro Ha 10 BeprmHax.

5.1.2. Uzyuum npocreiinme cBoiicTBa jepeBbeB. HauneM co cjieIyoIero BaXKHOTO OIpe/Ie/IeHus.

Onpenenenue 5.2. Bepmuna rpada G, umerornias eIMHUIHYIO CTENIEHb, HA3BIBACTCS JINCTOM.

Y nepesa T', mokazaHHOTO Ha puc.29, nMeeTcd MeCThb JUCTheB — Bepmuubt 1, 2, 3, 7, 9 u 10.

Jlemma 5.3. V 06020 depesa T', nocmpoennozo na n = 2 6epUUHAT, UMEECMCA KAK MUHUMYM 080
AUCNG.

[NokasaTenscteo. Pacemorpum mpousBosibHbIE npocroit yte P = (xg, X1, ..., T) MaKCUMAIbHON
mmabl B 1. [l n3o0parkeHHOrO Ha puc.29 jiepeBa TaKUM IIyTeM sBJISETCs, HAIIPUMED, MyTh P =
= (1,4,5,6,8,9). OueBmyHo, 4To Takoii myTh B T Bcerjga CyIecTByeT, IpudeM ero jyinHa k paBHA
muamverpy diam(T") mepesa T'. IlokazkeM, 9TO KOHIbI 9TOTO IIYTH — BEPIIHHBI o 1 ) — 00S3aHBI OBITH
JINCTHSIMH.

[IpeamosoKum, 9TO 9TO HE TaK, TO €CTh IIPEIIIOJIOKUM, HAIIPUMED, ITO U3 BEPIIUHBI T) UCXOIAT JIBa
win 6osee pebpa. OmHO U3 HEUX — 910 pebpo {xk_1, 2y }. JIoboe npyroe ncxossee u3 xy pebpo e He
MOXKET COEJINHATD ) HU C KAKOH JPYTOil N3 OCTABIIMUXCS BEPIUH IIyTH P — B MPOTUBHOM CJIYYIa€ MbI
Ob1 oTyansn B rpade mukia. CremoBaTebHO, pedpo € COequHsIeT ) ¢ KaKOH-TO HOBOH BepITNHOM
Try1 rpada T. Ho B TakoM ciydae Mbl mosrydaeM B rpade T mpocroit myTh (Tg, X1, ..., Tk, Tri1),
JITMHA KOTOPOr0 Ha €IMHUILY OOoJIbIe JINHBL yTu P. A 3T0, B ¢BOIO 0Yepehb, IPOTHBOPEUUT TOMY,
49TO IyTh P SIBJsSIeTCA MaKCUMAJIbHBIM. ]

5.1.3. U3 jioKa3aHHoil JIEeMMBI JJOCTATOYHO JIETKO CJIEIYeT OJIHO U3 OCHOBHBLIX CBOWCTB jepeBa 1.
Teopema 5.4. B depese T', nocmpoennom na n eepuunaz, umeemcs posuo (n — 1) pebpo:
E|=[V]-1=n—1.

JlokazaTenbCTBO MIPOBE/IEM UH/IYKIIUEH 10 KOJIMYECTBY 1 BepIiiuH B rpade. basa unyKiun oueBuiHa
— JIepeBo, cocTosdInee U3 n = 1 BepIIMHBbI, He UMeeT HU ojHoro pebpa. [Ipesmnosoxkum Terepb, 9To



YTBEPK/CHHE JTOKA3AHO [JIsl JIePEBbEB, IIOCTPOCHHDLIX Ha 1 BEPIINHAX, U HOKAaXKeM, 9TO OHO OCTACTCS
BEPHBIM J[JIs IPOU3BOJILHOTO Jiepesa ¢ (n + 1)-it BepuHoii.

JeitcTBUTE/IBHO, 110 JIOKA3aHHOW BBIIIE JieMMe 5.3 Y JII0O0T0 TaKOI'o JIepeBa MMEETCs XOTs Obl OJIMH
JIUCT T. YJIAJIMM TelepPb 9TOT JINCT T BMECTE C UHITUJIECHTHBIM eMy peopoM e. [losryuennniti B pe3yiib-
TaTe Takoil omepanun rpad T’ ocTaHeTCs, OYEBUIHO, CBSI3HBIM, W JOMOJHUTEIbHBIX IIUKJIOB B HEM
rTakyke He nosiuTca. CienoBarenbHo, rpad T’ saBisieTcst 1epeBOM, TMOCTPOEHHBIM Ha 7. BEpIITMHAX.
Ho y Takoro jsepeBa 1o WHIyKIIMOHHOMY ITpe/IosIoKeHno numeercst (n — 1) pebpo. CremoBareabHo,
y MCXOHOrO JiepeBa 1’ mmeercss pOBHO N pebep. O]

JlocTarouHo o4eBUIHO U 0OpATHOE YTBEPIKJICHHE.

Teopema 5.5. /1060t npocmoti ceasnuiti epagh G, nocmpoennviti na n eepwunax u umerouyut (n—1)
PebPO, ABAACNCA DEPEGOM.

HokazatenscTBo. leiictBureibuo, Beibepem B rpade G Ji00yi0 BEpIINHY ¥ W HOKPACHM €€, HAIPH-
Mep, B KPACHBIN IBET. 3aTeM HAYHEM IIOCJIEI0BATEILHO BBIMOJIHITE CJIEYIONNE JAeiicTBus: OyaeM
BBEIOMPAThH B (G TPOM3BOJIBHYIO HEOKPAIIIEHHYIO BEPINUHY Z, CMEXKHYIO C OJTHON U3 yiKe OKPAITeHHBIX
BEPIINH Y, ¥ KPACUTDb €€ B KpacHbIil niBeT. OIHOBPEMEHHO ¢ 9TUM OyJIeM OKPAIUBATH B TOT K€ IIBET
u pebpo, coeJMHUBINEE z ¢ OKpalleHHoit Bepiuuoit y rpada G. To, uro Takasd BepiiuHa z Bcerja
HalIeTCsd, JOCTATOYHO OYeBUIHO — I'pad (G CBA3HBIN, U, BbIOUpas JIOOYIO U3 €Ile HEOKPAIIEHHBIX
BEPIIUH, MbI MOYKEM TOCTPOUTH IIYTh, COEIUHSIONINN ee ¢ OJIHOI M3 yKe OKPAIEeHHBIX BEPINUH, Ha-
IIPUMED, C UCXOIHOM BEPIUHON ', 1 0/THA U3 BEPIIIH ITOTO Iy TH 00sI3aTeTHHO OY/IET ere HeOKpalleHa
U CMEXKHA C OJIHON M3 yrKe OKpalleHHbIX Bepiind rpada G.

OrMmernM Tenepb CAeIyIONNi BaXKHbIIE MOMEHT: B IIPOIIECCE BBIITOJTHEHUsT ITUX JEHCTBUI Mbl KasK-
JIBI pa3 K y2Ke OKpPAIIEeHHBIM BepITUHaM JI00aB/IgeM KaKylo-TO HOBYIO BepimuHy rpada. Huki ke B
rpade G MOXKeT TOJIyIUThCsI TOJIBKO JIMINB B CIydae, KOIJa Mbl Ha KAKOM-TO Iare MPHUILIH B yKe
OKpaIleHnyio Bepimuny. VHbIMI cJioBaMu, TUKJIBI Y HAC B IIPOTIECCE BBITTOJTHEHUS JTAHHOTO aJTOPUTMAa
HOSIBUTHCST HE MOTYT. 3aMETHM Terepb, 9To 3a (n— 1) mar Mbl OKpacuM TaKuM 0Opa30M BCe BEPITHHBI
u pebpa rpada G, mogayduB TaKuM 00pa30M OKPAIIEeHHbIH CBA3HBIN rpad 6e3 mukaoB. Tem cambiM
MBI TIOKa3aJi, 9To Tpad G sIBiIsieTcs JIepeBoM. O

CaencrBue 5.6. Beakutl c6a3Hbil 2pag, nocmpoennviil Ha N 6ePUUHGT, UMEEM KaK MUHUMYM (1 —
— 1) pebpo.

HokasaTtenscteo. Pacemorpum mpousBosibHbIN cBsI3HBIN rpad. Ecan takoit rpad He sBisgercs jgepe-
BOM, TO Y HEI'O UMeeTCsl XOTs Obl OJIMH IUKJI. B 9TOM IUK/Ie MbI BCET/Ia MOXKEM YJIAJIUTH OJHO Pedpo,
u rpad IpU ITOM OCTAHETCs CBI3HBIM. ByieM mpo/1o/KaTh 9TOT IMPOIECe JI0 TeX Iop, MoKa B rpade
HEe OCTaHeTCs HU OJIHOTO IUKJIA. B pe3ysbrare MoIyIuM IPOCTON CBA3HBIN rpad 0e3 MUKJIOB, TO eCTh
nepeBo. Kosmmuectso pebep y sepesa pasto (n — 1). CrenoBareibHO, y HCXOAHOTO Ipada nmeeTcs
kKak MuHEMYM (1 — 1) pebpo. ]

3ameuanue 5.7. JlanHoe ciie/IcTBUE NPYTUMHU CJIOBAMH MOXKHO MepedOopMyInpOBaTh U TaK: y BCSA-
KOI'0 CBSA3HOTO T'pada CyIIecTBYyeT OCTOBHOE JiepeBo. lloyunTh 9T0 JepeBo MOXKHO, JIMOO y1asiss
Jutare pebpa, b0 (4ro 6osiee pannoHAIBHO) UCIOJIb3Ysl aJIrTOPUTM, HCIIOJIb30BAHHBIN IIPU JJOKa3a~
TEJILCTBE TEOPEMBI H.5. DTOT AJITOPUTM, HA3BIBAEMBIH TIONCKOM B IVIyOUHY, OU€Hb YACTO UCIIOJIb3YETCS
B Pa3HOOOPA3HBIX MPUJIOXKEHUAX, CBA3AHHBIX C Teopueil rpados.

Tax, HAIIPUMeEp, C MOMOIIHIO ITOTO AJTOPUTMa MOXKHO HANUTH BCe KOMIIOHEHTHI CBI3HOCTH HEOPH-
eHTupoBanuoro rpada. [lemaercs 370 Tak: BHaUasie MbI I0JIATaeM, UTO KaxKjas BepiinHa B rpade
HeoKpallleHa (Wi He IpoiijieHa aaropuTMoM, v.visited=false), a anciio kommonent css3uocTn rpada



paBHO HYJIIO. 3aTeM B IUKJE Mbl IiepedupaeM Bce BeprnHabl rpada. Ha kaxmom mare muk/ia mpose-
psdeM, OKpallleHa JIn TeKyIas BepinHa. Kcim HeT, To Mbl BBI3bIBaEM JIJId Hee TPOIEeIyPy IOUCKa B
rry6ury. B 910l mporeype Mbl OKpalmBaeM TeKyILyto Bepiiuny (v.visited=true), mpocmarpuBaem
CIIMCOK CMEYKHBIX C Heil BEpIINH, U B CJIy4ae, €CJIU B 9TOM CIUCKe OOHAPYXKUBAETCS HEOKpAITeHHA
BEPIINHA, PEKYPCUBHO BbI3bIBAEM JIJIs Hee IIPOIEyPy Houcka B rryouny. Kaxk iplit pa3, Korja Mbl BbI-
XOJUM W3 IPOIEAYPhl BO BHEITHUI MUKJI, Mbl YBEJIUINBAEM KOJUYECTBO CBSI3HBIX KOMIIOHEHT rpada
Ha €UHAILY.

5.1.4. OT™meTuM elre JBe BayKHbIE XapaKTepU3aIlui JIepeBa.

Onpenenenue 5.8. Ilpocroit cBa3ublil Tpad Ha3bIBaeTCI MUHUMAJILHO CBSI3HBIM, €CJIU YJIAJICHUE
JiIoO0T0 pebpa MPUBOJIUT K HAPYIIEHUIO CBA3HOCTU rpada.

YrBepxkaeuue 5.9. ['pagp T asasemcs depesom mozda u moavko mozda, K020a 0H ABAAECMCHA MU-
HUMAAOHO CBAZHDIM 2DAPOM.

[lokazaTenbCTBO MpakTUYeCKu O9eBUIHO. [leiicTBUTEIbHO, TPEJIIIOIOKIM, YTO MUHUMAIBHO CBA3HBII
rpacd T ue apisercd jgepeBoM. Tormaa B HEM MMeeTCs KAKOW-TO IMUKJI. YIajeHue JIO0Tro U3 BXO/Isd-
IUX B 9TOT IUKJI pebep cBa3HOCTb rpada He nHapymut. [lomyunim nporuBopeune ¢ tem, aro 1T —
MUHUMAJIBHO CBA3HBIN Tpad.

[IpeamonoxumM Tenepb, 9To B sepeBe 1 cymmectByer pebpo e = {x,y}, mocie yuaaeHus: KOTOPOro
rpacd ocraerca cBa3ubIM. [lociiesiHee, B 9aCTHOCTH, O3HAYAET, UTO B IMOJYYEHHOM TIOCJIE YyJIaJI€HUs
pebpa rpade cyriecTByeT mpocToil myTh P, cBa3biBatonuii Bepmunabl x u Y. Ho Torga B mcexoanom
rpacde T cymecrsyer muka P U {z,y}. D10 nporuopednt Tomy, 9ro T’ SIBJISIETCS IEPEBOM. O

Caeacrsue 5.10. Jlwboe pebpo 6 depese ABAACMCA MOCTIOM.

YrBepxkaenue 5.11. I'pagp T asasemcsa depesom mozda u moavko mozda, K020a i 00T 06Yx
€20 BEPWUH CYULLCTEYEm eQUHCMEEHHBLT NPOCMOt NYMb, COeOUHANUWULT IMU BEPUUHDL.

HokazsaTtensctso. [Iycrs B 1" jjist 110001 TIapbl BEPIIUH CYIIECTBYET €IUHCTBEHHbBIN COEIMHATONIII X
rpoctoit myth. Torma T' aBisercs jpepeBoM. /leficTBUTEIBHO, B IPOTUBHOM cjiydae B 1’ cyliecTByeT
IAKJI, & JII0ObIe JIBe IIPUHA/JIEXKAIIe STOMY IIMKJIy BEPIINHBI COEJMHEHbI MEXKIy cODOO 110 KpaiiHeii
Mepe ABYyMd IPOCTBIMU IIyTAMU, YTO HEBO3MOZXKHO.

Ob6parno, yctsb T’ ABJSIETCS JEPEBOM, U IIYCTh B HEM CYIIECTBYIOT JIBA PA3IMIHBIX TPOCTHIX yTu P
u (), COeINHSIONNX KAKNe-TO JBe BepIuHbl x u y. Paccmorpum B P pebpa, He npunajexarme (),
a B () — pebpa, He npunayiexkamme P. Obbeaunenne takux pedbep oOpasyer, 09eBUIHO, OJIUNH WJIN
HECKOJIBKO ITUKJIOB, YTO TPOTUBOPEYHUT TOMY, UTO 1’ ABJII€TCS JTEPEBOM. O

CaeacrBue 5.12. [Tycmo T ecmv ocmoshoe depeso ceastozo epaga G, u nycmsv e ecmvb pebpo, He
npunadaescausee T'. Tozda epa T + e codeporcum edurcmeenHvili YukA.

[lokazaTenbcTBO. 3aMeTuM, IpexK e BCero, 9To Jaboii 1muki B rpade T+ e 06si3aH coiep:KaTh pedpo
e = {x,y} — B mpoTuBHOM cjIy9ae Mbl Obl HOJYYNIN NUKJI U B JepeBe T, 4ero GbITh He MOKET.
Kpome toro, C' ects nmukst B T+ e Torga u TObKO TOra, Korjga C' — e ecThb Ty-IyTh B MCXOTHOM
nepese T. Ho B nepese T' xy-nyTh epumHcTBeHeH. CrieoBaresibHO, 1 + € COJNEPXKUT €IMHCTBEHHBIH
IIUKJI, IIPOXOSAIIHI depe3 pedbpo e. O

5.1.5. Pacemorpum Temepnh mpoctoit cBsa3HBIN Tpad (G, B KOTOPOM WMMeeTcsl XOTd Obl OjfHa Iapa
OTJIMYHBIX JAPYT OT APyra OCTOBHBIX JepeBbeB T u T".



YrBepxkaeuune 5.13. [lycmv e ecmv pebpo ocmoshnozo depesa T, ne npunadiestcawee 0cmosHOMY
depesy T". Toeda 6 ocmosrom depese 1" natidemes pebpo €', ne npunadiescausee ocmosHomy depesy
T, maxoe, wmo epagp T — e + €' asaaemcsa ocmosnvim depesom epaga G.

Pewenne. Yianenue pebpa e = {z, y} paspasusaer T Ha JiBe CBA3HbIE KOMIIOHEHTHI. OG03HATNM Yepe3
V1 u Vo MHOXKeCTBa BEPIIUH 3THX JIBYX KOMIIOHEHT, Takue, 4to © € Vi, y € V. B nepese T” cymectByer
eJIMHCTBEHHBI 1y Th, COeJIMHAIONMI BepIuHbI & 1 y. Takoil nyTh obsi3an uMmerh pedbpo € uz Vi B ;.
Tak Kak e ecTb eguHCTBEHHOE pebpo B Aepese T Mexxy Vi u Vs, To pebpo €’ He npuHaJIeskKuT JepeBy
T.'pacdp T — e+ €' saBisieTcst CBSI3HBIM, COJEP:KUT . — 1 pebpo, a cjreJIoBaTeIbHO, sIBJISIETCA OCTOBHBIM
nepeBoM Tpada G.

BameTnM, 9TO TaK Kak B jiepeBe 1’ mMeercs eIMHCTBEHHDBIA IIyTh MEXKy BEpPIIMHAMHA X U 1, TO
Jio6aB/IeHne K 9TOMY IIyTH pebpa € IPUBOAUT K IOSABJICHUIO €JIMHCTBEHHOrO IuKJja B rpade T + e.
Vianenue ke u3 31oro rpada pebpa € yHmuTOKaeT MUK, npespaias rpad 1" — e’ + e B cBA3HBII
AIMKJINYIeCKUii rmojrpad — ere oJHO 0OCTOBHOE JiepeBo rpada G. O

5.2. Naorna Hapsy ¢ OOBITHBIMU JIEPEBbAMUI U JIECAMU PACCMATPHUBAIOT TaK HA3bIBAEMbIE KOPHEGLLE
JIEPEBBS U JIECA.

Onpenenenue 5.14. Kopresvim depesom HA3BIBAETCS JIEPEBO C BBIJIEJIEHHON BEPITUHON, HA3bIBA-
eMoil KopHeM. Kopresvim necom HA3bIBAETCH Jlec, KarXKIas KOMIIOHEHTA CBI3HOCTH KOTOPOIO IIPej-
cTaBysgeT co00il KOPHEBOE JIEPEBO.

5.2.1. Harysiino KopHeBoe JIEpeBO MOYKHO IIPEJICTAB/IATE cebe Tak. [IpegcraBum jiepeBo B BUje HEKO-
TOPOro (PU3NIECKOT0 00BEKTA, BEPITUHAMI KOTOPOTO SIBJISIIOTCSI HEKOTOPBIE MAPHUPHI, a pedpaMu —
COEIMHAIONTNE TU MapHUpbl TpyOku. [lojBemmBas Takoe JiepeBO 3a KaKyIo-TO BEPIIUHY T, Mbl KaK
pa3 u MOJIyIUM KOPHEBOE JIEPEBO ¢ KOPHEM B BEPIIIIHE .
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(a) JlepeBo Ha JiecsTH BepIIUHAX (b) KopHeBoe jsiepeBo ¢ KopHeM B BepiiuHe 6

Puc. 30: /lepeBo n KopHEBOE J1IEPEBO

B kadecTBe nmpumMepa 1mojiBecuM nokazannoe Ha puc.30,a jiepeBo 3a Bepmmny 6. B pesyibrare mosrydaum
KOpHEBOE JIepeBo, mokazanHoe Ha puc.30,b.

5.2.2. B mobom KopHEeBOM JiepeBe 1), ¢ KOpHEM B BEPIIUHE 7" Y HAC UMEETCs €JIMHCTBEHHBIN MIyTh U3
KOPHS B IIPOU3BOJILHYIO BEPIIUHY Z. [JIMHA 9TOrO MyTH ONPEJIEISieT Ypo6eb BEPIIUHBI & B KOPHEBOM
nepese T,.. Buicomoti nepeBa Ha3bIBaeTCs JIJIMHA HAMOOJIBIIIETO TIYTH OT KOPHS T JIEPEBa /10 BEPITUHBI
x. fcHo, UTO B MOCTEIHEM Clydae BepInHa £ 0bsg3aHa ObITH JUCTOM JsiepeBa 1.

Tax, nzobpazkennoe Ha puc.30,b nepeBo 7). nMeeT BbICOTY, PABHYIO TPeM. Y POBEHb BEPIIUHbI 4 paBeH
JIBYM.



5.2.3. MNunorna xopuesoe jiepeBo 7). yI00HO OpUEHTHUPOBATH OT KOPHs 7 JIepeBa K €ro JIUCThAM
(cm.puc.31). B Takoit opumeHTannyM BXOJSAIMIAsT CTEeHb 000 BEPIMHBI, OTJIMYHOM OT KOpHs, Oy/er
paBusaAThC equnnie. Kopenb mepesa opuentupoBaHHOrO JiepeBa 1) 6yaeT B 9TOM CIydae MCTOTHU-
KOM, TO €CTb BEpIINHO, BXOIAINIAs CTelleHb KOTOPOil paBHa HYJIIO, & JII0OO JINCT OyIeT CTOKOM, TO
€CTb BEPIIUHO, UCXOJIAIAs CTelleHb KOTOPO paBHA HYJIIO.

6

Puc. 31

B nepese T Beprimna x HasbiBaeTcsi pojuTesieM (parent) BepIIMHBI ¥, a BepIIMHA y — peOEHKOM
(child) BepumuHbl , ecyiu cymecTByeT opueHTUpOBaHHOE Pebpo (x,y), Beayiiee us x B y. Tak, Ha
puc.31 BepminHa 5 sIBISETCS POJUTEIEM JIJIsi BEPITUHDI 4, a BepinuHa 4 — PeOEHKOM JIIsT BEPIIUHBI 5.

Ecnn cymecTByeT opreHTUPOBAHHBIN IIYTh U3 BEPIINHBI T B BEPIIUHY 2z, TO BEPIITNHA T HA3BIBAETCH
npejikoM (ancestor) Jiyisi BEpIIMHBL 2z, a BepiHa z — noromkoM (descendant) jist Beprimabst 2. Ha
puc.31 BepruHbl 1, 2 u 3 ABJIAIOTCH MOTOMKAME JIJIsi BEPIIMHBL 5, & BEPIITUHA 5 — UX OOIIUM IIPEJIKOM.

B ciyuae, eciin HanboJIbINasg UCXOIAINAs CTEIIeHb BEPIIUHBI B JIepeBe PaBHAECTCS M, TO TAKOe JIEPEBO
Ha3bIBAETCA M-apHbIM JIepeBOM. TaK, JepeBo, MoKa3aHHoe Ha puc.31l, daBiigeTcd 3-apHbIM JePEBOM.

5.2.4. Bribop kopus B jJepeBe T 3amaer Ha MuHOXKecTBe V(1) BepIIMH 3TOrO JiepeBa YaCTHIHBII
MOP4AJIOK, TIPEBpAIlasd 3TO MHOXKECTBO B 9aCTHIHO YIIOpsijiodeHHoe. B oJiHOi U3 cyie/ytonuii ryiaB Mbl
O/IpoOHEe ITOrOBOPUM O TAKOM MHOXKECTBE, a ceivac JIUIIb JAaJ UM €ro olpeesieHue.

Onpenenenne 5.15. acmuuno ynopadowerHvim MHOMCECME0M HASBIBAETCSI MHOXKeCTBO P (KOHEeU-
HOe WM CYeTHOE) C BBEJEHHBIM Ha HeM GUHADHBIM OTHOIIEHHEM =< (TakK HA3bIBAEMBIM OMHOUWEHUEM
YACMuUH020 NOPAJKA), YIOBIETBOPAIONIMM CJIEYIONIUM TPEM aKCUOMAM:

1. PeditekcuBHoCTh: [t J100oro @ € P cupaBeyinBo T < .
2. TpaH3UTUBHOCTB: €M T X YU Y <X 2, TO T <X 2.

3. AHTHCHUMMETPUYHOCTD: €CJIN & <X Y U Y < &, TO T = Y.

B ciydae kopHeBOTO JiepeBa MBI OYJE€M CUATATH, UYTO T < Y, €CJHU T JICKUT HA IyTH, COEIUHSAIO-
UM KOPEHb 7 JiepeBa ¢ BepImuHoi y. VHbIMEU c/loBaMu, 3TO O3HAYAET, YTO B COOTBETCTBYIOMEM 7).
OPHEHTUPOBAHHOM JiepeBe 1 BepIIMHA T SIBJISIETCS MPEIKOM it BepimuHbl y. Kpome Toro, robbie
BEPIINHBI, JIeXKalllle Ha IIyTHU, COE/IMHSIONIEM KOPHEBYIO BEPIIIUHY C OJIHUM U3 €r0 JIMCTOB, CPABHUMBI
MEKTy COOOI, TO €CTh, KAK TOBOPAT, 00pa3yIoT 14ens B pacCMaTPUBAEMOM YACTUYHO YIOPSI0UEHHOM
MHOZKECTBE.



6 Jluneiinoe mpocTtpaHcTBO pebdep. LInkianl n pa3pessnl

6.1. IlepeitileM K U3yUEHUIO €Ile OJIHOTO BayKHOT'O MOHATUS, TECHO CBI3aHHOT'O C OCTOBHBIM JE€PEBOM
rpada G — nouaTHUd QYHIAMEHTAILHOTO ITUK/IA.

6.1.1. I[Iycrs T ecTh HEKOTOpPOE OCTOBHOE JiepeBo cBsizHOTO rpada G. Pebpa rpada G, He BoIe -
mue B T, 06pasyior, Kak roBopart, xodepeso T rpada G. Komepeso T MOXKHO ellie TPaKTOBATh Kak
OCTOBHBII moarpad, mosydennsiii u3 G ymajieHneM Bcex pebep, MPUHALIEKAIINX OCTOBHOMY Jepe-
By T. Pebpa nepesa T maspisaior mnorga sersamu (branches) storo jgepesa, a pebpa xojepesa T
HA3bIBAIOT XOPJaMU UCXOHOTO JiepeBa 1.

Pacemorpum ipousBosibHOe pebpo e = {z, y}, npunasyrexairee kojgepeBy 1. CoriacHo yTBepKICHIIO
7?7, rpad T + e, momydennslit jobasienneM K 1 pebpa e, COMep:KUT e IMHCTBEHHBIN UK. DTOT 1K
oboszuauaetcst 00braHo C, M Ha3bIBaeTCd GyHdamenmarvhoim yuksom rpada G 1o OTHOIMIEHUIO K
OCTOBHOMY J1epeBy 1.

6.1.2. PaccmoTpuM Temeph Bce MHOKecTBO pebep m3 1. Kaxkiomy n3 3Tux pebep e COOTBETCTBYET
cBoit dyHIaMeHTaIbHBIN UK C,, oIy deHHbI Jo0aBaeHeM e K 1. MHOXKeCcTBO Bcex TaKuX IUKJIOB
obpazyer, KaK TOBOPAT, PyHIaMEHMAADHOE MHOHCECTNEO UUKA08, accortmupoBantoe ¢ 1. KommdecTBo
JKe IIUKJIOB B 9TOM MHOYKECTBE, COBIIAJIAIONIEe C KOJIMYecTBOM pebep B 1, HA3LIBACTCS UUKAOGIM
pareom y(G) rpada G. Iouarho, aro s moboro cesasuoro rpada G nukiaosoit panr (G) He
3aBUCUT OT BbIOOpa OcTOBHOTO JiepeBa 1’ B rpade u paBeH m — n + 1, rje m — KoaudecTBo pedep B

rpade G.

1 € 2
€s e
5 5
64 eZ
€y €
€3
4 3

Puc. 32: OcroBHoe siepeBo rpada

s Cez Ce,? Ce4

Puc. 33: ®ynmamenraabHble UKL pada

B kauectBe npumepa paccmorpuM rpad G, nokaszannbiii Ha puc.32. Pebpa ocroHoro jepesa 1T’ Ha
9TOM PUCYHKE IIOMEYEHbI CHHUM IIBETOM. ¥ Takoro rpada mmeeTcss deTbipe pebpa e;, ¢ = 2,...,5,

BxojAmue B Kozepeso 1. Kak ciencrsue, mukiioBoii panr y(G) manaoro rpada paBeH YeThIPEM.



CooTsercTByIonye KaxxJIoMy u3 pebep e; € T dynmamenTanbable MUKIbI C,, ITOMEYEHBI KPACHBIM
IIBETOM Ha puc.33.

6.2. Ba:KHO 3aMETUTB, YTO IO HOCTPOEHUIO Hopoxkaaroniee nukia C,, pedpo e; He BXOIUT HU B Ka-
K1e npyrue dyHIaMeHTaIbHble MUKIBL Tpada G, MOPOXkKIeHHbIe OCTAJIBHBIMU pedpaMu €; € T. D10
CBOMCTBO MO3BOJIAET PACCMATPUBATH MHOXKECTBO (DYHIAMEHTAIBHBIX ITUKJIOB KaK 0a3uc B JTUHEHHOM
MIOJIITPOCTPAHCTBE HEKOTOPOI'O JIMHEHHOTO TTPOCTPAHCTBa pedep, K ONMCAHUI0 KOTOPOro MBI ceifdac u
nepeiaeM.

6.2.1. Paccmorpum mmpocToit ¢Bsi3ubIi rpad G, TOCTPOEHHBINH Ha N BEPIIUHAX W UMEIOITHi m pedep.
Beesem muoxkectBo £(G) Beex mogamuoxkecTs MHOXKecTBa E(G) pebep rpada G. Ero moxHO pac-
CMATPHUBATh KaK JIMHEHHOe NpocTpaHcTBo € Hajl JiByX3jeMeHTHbIM mojieM Fy = {0, 1} orHOCHTEIbHO
onepaiu /\ CEMMETPHYECKOi pasHocTu. Hy/IeBbIM 3/1eMEHTOM B 9TOM IIPOCTPAHCTBE SBJISETCS IIy-
cToe o MHOXKeCTBO pebep . Kpome toro, tak kak S A S = @ jyist 11000r0 MOIMHOXKECTBa S pedbep
(To ecthb 3emenTa MHOKecTBa € (G)), TO 0OPATHBI 971eMeHT —S K S B 9TOM IPOCTPAHCTBE COBIIAAET
¢ S. Tak kak MHOKecTBO E(G) Beex pebep obpasyeT B 9TOM HPOCTPAHCTBe Oa3uc (Tak Ha3bIBAEMBIi
craHsapTHbIi 6asuc npocrpancTa £), TO PA3MEPHOCTDb ITOIO TPOCTPAHCTBA PABHA M.

JIr00oit astement S € £ B craHgapTHOM Oas3mnce MOYKHO IPEJICTABUTH B BUJe OMHAPHON CTPOKHU JIJTH-
HBI M. B ciydae, eciim pebpo e; € S, Ha i-if O3UIINN STOW CTPOKM CTOUT €JIWHWIA. B mporuBHOM
caydae TaM CTOUT HoJIb. Hampumep, MHOXKeCTBO pebep OCTOBHOTO JiepeBa 1, TOKa3aHHOTO Ha PUC.32,
OIMCHIBAETCS BEKTOPOM

(1,0,0,0,0,1,1,1).

Cranjapraas oneparus “uckiodaroniee uin’ (exclusive-or, ujim xor) JAByX TAKUX CTPOK 3ajaer Ou-
HAPHYIO OIIEPAINIO HA MHOXKECTBE TAKMX CTPOK, SKBUBAJIEHTHYIO OIEPAINH CUMMETPHIECKOH PA3HO-
cru A wa MuHokecTBe £(G) TOAMHO)KECTB MHOXKeCTBa, pebep rpada G. UHbIMI coBaMU, MBI MOXKEM
BMecTO £ paccMaTpuBaTh H30MOP(MHOE eMy JIMHEHHOe TTPOCTPAHCTBO OMHAPHBIX CTPOK JIJTUHBI 17 HAT
nosieM [Fy ¢ omepariueii xor.

6.2.2. Jluneitnoe pocTpaHcTBO £ MOXKHO MIPEBPATUTH B €BKJINIOBO, BBE/IsI CKAJISIPHOE ITPOU3BEICHIE
ero saeMenToB S u () o dpopmyJie

(S,Q) :=s1q1 + - - + Smqm € Fo,

rie s; € {0,1} u ¢; € {0,1} ectb ko3 buUIMEHTI B pa3/iokKeHnH TOJAMHOKeCTB S U () TIO CTaHIapT-
HoMy Oasucy. V3 aToro ompejenenns BUIHO, 9TO JBa djeMeHTa S u () OpTOrOHAJbHBI JPYT JAPYTY
TOIJIa ¥ TOJIBKO TOT/Ia, KOTJIa OHU IIEPECEKAIOTCs 110 9eTHOMY JHCIy pebep.

6.2.3. /laBaiiTe Tenepb BBEJEM JOCTATOYHO BayKHOE MOHATHE JeKoMIo3unuu rpada G.

Onpenenenune 6.1. /lexkommosurueit rpacda G HazbiBaeTcs cemeiicTBo H momapHO pebepHO Hele-
pecekaroruxcs nojarpacdos Hy, ..., Hy rpacda G, obbeguHenne KOTOPBIX JAeT BCE MHOXKECTBO pedep
E(G):

UmenE(H;) = E(G).

Ecmu cemeiictBo H cocTOUT TOJIBKO M3 IyTell JTUOO TOJBKO U3 IMUKJIOB, TO H HA3BIBAETCH JIEKOMIIO-
surmeit G na nytu (path decomposition) mwin #a nukist (cycle decomposition).

Cpazy 3ameTnM, 9TO JEKOMIIO3UIAS Ha IMyTH i J00oro rpada G cyliecTByeT BCerja, Tak Kak
BCerJia CyIIECTBYeT TaK Ha3blBaeMas TPUBHAJIbHASA JIEKOMIIOZUIHS, Y KOTOPOil JIFoO0e MOIMHOZKECTBO
H; cocrout 3 onuaOo4YHOTO pebpa e; rpada G. JekoMIo3uiys e Ha IUKJIIbI CYIIECTBYEeT He BCera



— Jioboe JiepeBo 1’ mpejicTaBgeT TPUBUAILHDBIN TpuMep rpada, Jjisd KOTOPOro TaKas JEKOMIIO3UIIA
OTCYTCTBYET.

[Ipeanonoxkum, aro rpad G JomyckaeT JIEKOMIIO3UIUIO HA UKL B 9TOM ciydae cremnenb Jiro0oii
seprnabl © € V(G) rpada G derna. [eficTBuresbHO, 9Ta CTENEHb MPECTABIACT COOO yABOCHHOE
KOJIMYECTBO ITUKJIOB, MPOXOJAIINX 4Yepe3 BepmuHy x. VIHbIMEU c/toBaMU, MbI MTOKAa3aJ/Id, YTO JIOOOI
rpad, JTOMYCKAIOMNN JEKOMIIO3UIINIO Ha, IUKJIbI, IBJISICTCA Y4emHviM TPacdOM.

Omnpenenenue 6.2. 'pad G Ha3BIBAETCS 9€THBIM, €CJIN JTIO0AST €0 BEPIITUHA UMEET YeTHYIO CTEICHb.

OxkasbIBaeTcs, BEpHO U 00PATHOE YTBEPXKICHNE.

Teopema 6.3 (Veblen, 1912). I'pag G donycraem dexomnozunyuro na yukv, mozda u moavko mozda,
xo2da G wemmovii.

HokazatensctBo. Ham ocrajioch JlokaszaTh, 9TO JiI00OH YeTHBIA rpad JI0IyCcKaeT JeKOMIIO3UIINI0 Ha
IUKJIbL. Byaem mokasbiBaTh 9TO yTBep:K/ieHne WHIYKIHeH 1Mo KoaundecTBy pebep. B ciyuae mycroro
rpada 9TO yTBepKIeHNe BePHO — MbI (G MOXKEM PA3JIOXKHUTh Ha, IIyCTOE MHOXKECTBO IUKJIOB. [lycTh
tertepb G ABJISIETCS HEMYCTBIM 9eTHBIM rpadom. Pacemorpum B Hem noarpad H, WHIyIUPOBAHHBIM
BepiuHaMu Tpada G ¢ MOJOKHUTETbHBIMA YeTHBIMU cTeneHaMu. Tak Kak Jiobas BepIInHa 3TOrO
noarpada 60JIbINe WIM paBHA JIBYM, TO Takoii moarpad comep:kut nukia C. Pacemorpum Torma B
rpade G ocroubiii noarpad G’ := G\ E(C'), nonyuennsrit yaanernem pebep rukia C. 91oT noarpad
UMeEeT MEHbIIlee KOJIMIeCTBO pedep, a MOTOMY JIOMyCKaeT pasjioxkeHue Ha 1uk/bl. Ho Torma u rpad
GG norycKaeT pa3jioyKeHre Ha Te Ke IUKJIbI Iroc 1k C. n

6.2.4. PaccmoTpumM Tenepb MHOXKECTBO BCEX YETHBIX IoArpados 3aganHoro rpada G.

YrBepxkaenue 6.4. Cummempuueckasn pasnocms 08yx vemmwvix nodepapos Hy u Hy ecmwv crosa
wemmwili nodzpag.

Hokazatenbcto. Ilpeanonoxxum Baagasze, uro noarpadsr Hi u Hy e nmeroT obmux BepiinH. B aToM
caydae UX CHMMeTpHYecKasl pasHOCTh IpeJcTaBjsger coboil derHblil moarpad Hy U Hy. B nporusaHOM
caydae pacCMOTPHUM IIPOM3BOJILHYIO OOIIYIO BEpIIMHY T 4YeTHBIX mnoarpadgoB Hy u Hy. Oboznadnm
qepe3 S MOJIMHOXKECTBO MHIIMIEHTHBIX = pebep, npuHajekammux Hi, a depe3 Sy — HOIMHOKECTBO
pebep, npunamekamnx Hy. CuMmmerpudeckast pasHocTh S1ASy mnpencrapisieT coboil oObeauHenne
JBYX 6J10KOB — mojmHOKecTBa By = 51\ (S1M.S2) pebep, npunasyiexkanux Hy 1 He TPUHAIEIKAIIIX
Hy, a Takzke nojmuokectBa By = Sy \ (51 N Sy) pebep, npunaiexkamux Hy v He NpUHAJIEKATIIX
H,. Kak cyejicTBue,

Tak kak |S1| u | S| gerHbl, TO YeTHBIM #BISCTCA U dnCaO |S1ASy|. VHbIME clI0BaMu, BCe BEpITHHBI
OCTOBHOTO mojirpada, MoJIyIeHHOro B Pe3yJIbTaTe CUMMETPHYECKON Pa3HOCTH JIBYX YE€THBIX MOJIDPa-
doB Hi u Hy, uMeIOT 9eTHYIO CTelleHb, a clegoBaresbHo, noarpad H = Hy /A Hy sBjisieTcst 4eTHBIM
o/irpadoM. O

CaencrBue 6.5. Mnoocecmeo uemmnvlxr nodepados 3aMKHYMO OMHOCUMEALHO Onepayuy /N, mo
ecmu obpasyem 6 € aunetinoe nodnpocmparcmeo C.

YuuTsiBasg TeopeMy Veblen, Mbl MOXKeM CKa3aTh, YTO 9TO JIMHEHHOE MOITPOCTPAHCTBO TOPOKIACTCSA
Bcemn nmkJiamu rpada G. Kak ciencrsue, moampocrpancTBo C HA3BIBAETCA NPOCMPAHCMEOM UUKAOE

rpacda G.



6.2.5. PaHee MBI CKa3aJii, 9TO JHO6OI71 beH,ZLaMeHTaJ’II)HbIﬁ IINKJI Cem CBSI3aHHBIN C HEKOTOPBIM OCTOB-
ubIM JepeBoM 1" rpada G, comep:kut pebpo e; (xopay mepesa T'), He BXojsIee HU B KaKOil JpyToit
dyumamerTaabHb UK. C TOYKM 3peHUs] JTMHEHHON aareOpbl 3TO O3HATAET, ITO TAKNe IUKJIbI B~
JISTIOTCsI JTMHEIHO He3aBUCUMBIMU: JIMHEHAasT KOMOMHAIIIST
a-(O,l,...,\l/_/,...,\O/_/,...,O)—l—ﬁ-(l,l,...,\(l/,...,\l/_/,...,O):(0,0,...,\q_/,...,\(l_/,...,())
g J 1 J ? J

TaKWUX I[UKJOB PABHA IIyCTOMY IMUKJIY (HyJIEBOMY BEKTODY) TOTJA U TOJBKO TOTJIA, KOTIa KoM um-
enTel @ = [ = 0. CemoBaTe/IbHO, MBI UMeeM m—n—+ 1 JTuHeHO He3aBUCUMBbIil BEKTOP B IIPOCTPAHCTBE
C nukyioB rpada G. Ham xodercs mokasarh, 970 HAOOP TaKUX BEKTOPOB 00pasyeT 0a3mc mpocTpaH-
crBa C. B nmpuHImIe, 115 3TOro HyKHO JI0Ka3aTh, 9TO JIOO0H UK/ rpada MOXKeT ObITh IIpeJICTaB/IeH
B BHJle JIMHEIHON KoMOMHAIum >TuX (GyHAaMeHTaJbHbIX HUKIOB (. OJHAKO MOYKHO IOCTYIUTDH
HECKOJILKO IIPOIIe — Ha CaMOM Jiejie, HaM JIOCTATOYHO IOKa3aTh, YTO Pa3MEpPHOCTDb mpocTpancTBa C
paBaa m —n + 1. Ecim 310 Tak, To J1000it Habop u3 m — n + 1 JIMHEIHO HEe3aBUCUMBIX BEKTOPOB, U
B TOM 9HC/Ie HAOOp pyHIAMEHTAIbHBIX ITUKJI0B, oOpasyer B C Gaswuc.

Jltst MoCTH KEHUsT STON MEIU MBI, B CBOIO OYepe/lb, PACCMOTPUM B HMPOCTPAHCTBE &£ eIle OJIHO TI0JI-
IPOCTPAHCTBO — TaK HAa3bIBaeMOe MPOCTpaHCTBO B paspe3os rpada G. 3areM MbI JJOKAXKeM, 49TO,
BO-TIEPBBIX, 9TO MPOCTPAHCTBO OPTOrOHAIBHO C, 8 BO-BTOPBIX, UTO B 9TOM IIPOCTPAHCTBE CYIECTBYET
n — 1 juHeitHo He3aBHCHMBIX BeKTOpOoB. Tak kak (n — 1) + (m —n + 1) = m, To orciona cpasy
OyJ1eT cJieJI0BaTh, BO-IIEPBBIX, YTO PA3MEPHOCTD IpocTpancTBa C paBHa m —n + 1, & BO-BTOPBIX, 9TO
dynnamenTanpable nukiaer C,, 00pa3yloT B 9TOM IPOCTPAHCTBE Oa3MC.

6.3. [lyist ontpeesiennst moammpocTpancTBa B HaM TOHAI00ITCS HECKOJIBKO BasKHBIX ITOHSITUN.

6.3.1. Haunem c nousTus pebepHO pase/sionero Muoxkectsa F.

Onpenenenne 6.6. [lonvuoxkecrBo F' C E(G) HasbBaeTCA pebepHo pasiesstouyum MHOHCECMEOM
cBasnoro rpada G, ecau nocie yaanaeHus Bcex pedep uz F rpad G — F nepecrtaer ObITh CBSI3HDBIM.

PaccmorpuMm B KadecTBe mpuMepa rpad, mokazanublit Ha puc.34. CHHIM 1IBETOM Ha KaXKJOM U3 ITUX
PHUCYHKOB ITOME€YEHbI pedpa, Moc/e yaajleHns KOTOPhIX rpad mepectaeT ObITh cBsa3HbIM. CJrejioBa-
TeJIbHO, JII000e U3 TAKUX IOJIMHOXKECTB pebep obpasyer pebepHO pasJielIsioliee MHOKECTBO.

1 1 1 1

(b)

(@

Puc. 34

6.3.2. Creqyiomiee BaykHOe JIJIs HAC TOHSITHE — 9TO TOHATHE pebephozo paspesa (edge cut). Ilycrs
y HAC MMEIOTCS JiBa MOjJMHOXKecTBa S u Sy muHo)kectBa V' (G) Bepmmu rpada G (#e obsi3aTebHO
Herepecekaouxcs). Pacemorpum Bee pebpa rpada G, OlMH U3 KOHIIOB KOTOPBIX IPUHAJIEXKUT ST,
a BTOpOit — So. MHOXKecTBO Takux pebep obo3HauaeTcst 00bdHO depes [Sy, Ss]. Ciayuato S; = Sy =
= S orBevaer HAOOP pebep, oba KOHIA KOTOPBIX JexaT B S. Hac xe ceiiuac Oymer mHTEpecoBaTh
IPOTUBOIOJIOKHBIN CJIydail, a UMeHHO, caydaii, korga Sy = V(G) \ 5.



Onpenenenne 6.7. Ilycrs S ecTb HEKOTOPOE TOAMHOXKECTBO MHOXKecTBa BeprmH V(G) rpada,
a S = V(G)\ S. Habop pebep [S,S] naswiBaercss pebepHbIM paspe3oMm Tpada (G, CBSI3aHHBIM C
HoIMHOZKeCTBOM S. VHOrIa OH TakzKe Ha3bIBaeTCs KorpaHuiei S u obozHadaercs depes J(S9).

Ouesmyno, uro 9(S) = 9(S), a takxke To, uro (V(G)) = @. Kpome Toro, rpad G asisercs
JIBYJIOJIBHBIM, €CJIM B HEM CYIIIECTBYET TAKOEe MOJAMHOKECTBO S BepiiuH, uTo J(S) COBIaIaeT co BCeM
muokecTBOM F(G) pebep rpada G. Pebepubiii paspes 0(x), CBsi3aHHBI ¢ OT/IEJIBHON BEPIITHHON T,
SIBJISIETCSI, KAK TOBOPST, TPUBUAJIBbHBIM pPEOEPHBIM pPa3pe3oM U IIpeJicTaB/isieT coboit Habop pedep,
MHIIeHTHBIX =. [1o aHajornu ¢ 9TuM 9acTHBIM caydaeM pasmep |0(S)| mommuoxectsa pebep O(S)
B ciiydae MysabTurpada 6e3 mereib Ha3bIBACTCS CMeneHbr TMOJAMHOKECTBa BepIInH S.

Tax xak B rpade G — [S, S] myTu Mexxay S S OTCYTCTBYIOT, TO M0GOI HElycToil peGepHbIil paspes
[S, S] snsieTcs pebepro-pazenaronM MHOKecTBoM. O6paTHOe, KOHETHO Ke, HeBepHo. Tak, pebepHo
paszJiessoniee MHOXKECTBO, IIOKA3aHHOE CHHUAM I[BETOM Ha puc.34,a, pebepHBIM pa3pe3oM He siBJISIeTCs
— Hapsiy ¢ pebpom {1, 2} oo copepzkut sntntee pebpo {2, 3}. Bee ocraibible pebepHO pas3iesionye
MHOZKECTBA, TI0Ka3aHuble Ha puc.34,b, ¢ u d, sBisgiorcs oJHOBpeMeHHO 1 pebepHbIMEU paspe3amu. Tax,
Ha puc.34,b npejcraien pebepublii paspes 0(1), cBsa3anublii ¢ BepumHoii 1, Ha puc.34,c — pebepHbIit
paspes 0(1,4) mommuoxkectsa BepmH {1,4}, a #a puc.34,d — pebepusriit paspes J(1,2), cBa3aHHBII
¢ mojmHOKecTBOM {1,2} MHOXKeCTBa BEPIIKH.

6.3.3. Hakomnerr, BBejieM 1ocJieHee Hy»KHOEe HAM B 9TOM MeCTe MOHSTHE — IMOHATUE MUHUMANOHO20
pebeprozo paspesa (bond).

Ounpenesienne 6.8. Pebepublii paspes HasbiBaercs MuHuMabHbIM (bond), ecyin oH 1pejcTaBiser
coboit HemycToit pebepHbIil paspes, JIFoboe COOCTBEHHOE ITOIMHOXKECTBO KOTOPOI'O HE sSIBJIsSIeTCs pedep-
HBIM Pa3pPe30M.

Cpeny moKasaHHBIX Ha pHC.34 peOepHBIX Paspe30B TOJILKO JIBa ABIAIOTCI MUHIMAJIbLHBIME — pedep-
uble paspesbl (1) (puc.34,b) u 9(1,2) (puc.34,d). Pebepubiii paspes d(1,4), nokazauubiii Ha puc.34,c,
MUHUMAJILHBIM HE [ABJISeTCS — OH COIEP:KUT B KA4eCTBE CBOErO COOCTBEHHOIO IIOJIMHOXKECTBA PeOpO
{1, 2}, aBasgiomieecst pebepHBIM Pa3pe30M, CBSI3aHHBIM C BEPIITHHOM 1.

6.3.4. Jlokaxxkem Ternepb it cBa3HOrO rpada G cieayomnuii BayKHbIH KpUTepuii MUHUMAJILHOCTH
pebepHOro paspesa.

Teopema 6.9. B awbom ceasrom epage G 1106010 nenycmoti pebeprod paspes O(S) sasasemes mu-
HUMAALHOM 0204 U Moavko mozda, kozda epadh G — O(S) umeem 6 mournocmu dee ceaA3HblEe KOM-
NOHEHMbL.

NokazaTenscteo. Ilpeanonoxkum BHadase, uro rpad G — J(S) umeer B TOUHOCTH JiBe KOMIOHEHTHI
ceasaoctu G u Gy. Pebepubrit paspes F' := 0(S), 10 ompeieIeHuio, COIEPYKHUT Te U TOJIbKO Te pebpa,
KOTOpBIe coequHsoT B rpade G 3tu aBe KoMmroHeHTHI. [loaTtomy, eciim y F' cymmecTByeT coOCTBEHHOE
noaMuoxkectso F', To rpad G — F’ comepKuT B KadecTse HoArpaoB Te 2Ke caMble JIBe KOMIOHEHTEI
cesasnoctu G u G5 rpada G — F' mwrroc 1o KpaitHeilt Mmepe oH0 pedpo, COeUHSIIONIee ST KOMIOHEHTHI.
Crenosarensio, rpad G — O(G) asisiercst csi3HbiM, a 0(S) — MUHUMAJIBHBIM PEGEPHBIM PA3PE30M.

O6patHo, npejmnoaoxuM, 9o rpad G — A(S) comepkuT Gosiee eM JiBe CBI3HBIE KOMIOHEHTBI. DTO
O3HaYaeT, uTo au60 Toarpad H, WHIYIMpPOBAHHBI TOIMHOMKECTBOM BepimuH S, 6o noarpad H,
VH Ty IIMPOBAHHBII OMHOYKECTBOM BEPIINH S, COIEPIKUT 110 KpailHeil Mepe /IBe CBA3HbIe KOMIIOHEH-
1o, [lycTh, 111 onipejieieHHOCTH, TAKOBBIM siBjisieTcst ogrpad H. B srom ciydae S = AU B, npuiem



MeK Ty BepImHamu nojMuoxkecTB A u B pebpa orcyrerByior. Ho Torma, mHanpumep, [A, A] ectb co6-
CTBEHHOE MOJMHOZXKECTBO MHOXKecTBa J(S), fBistoneecss pebepHbIM Pa3pe3oM, a 9TO MPOTHBOPEUUT
MuHEMAaIbHOCTH O(S). O

6.3.5. /lokarkeM, HAKOHEII, CJIEIYIOIIEe BayKHOE yTBEPXKICHUE.

YrBepxkaenue 6.10. Cummempuueckasn paznocms 08YT Pa3AUNHbBIT PEOEPHBIT PA3PE3OE eCMb CHOBA
pebeprvili padpes, npuvem

AX)AIY)=0(X AY). (4)
Y Y Y Y Y Y

>
-
-
>

|
>
-
-

o(X) o(Y) o(XAY)
Puc. 35

HokasaTtenbctBo. To, uTO cUMMeTpUYecKas PA3HOCTh JIBYX PA3JIMIHBIX PEOEPHBIX PAa3pPe30B €CTh CHO-
Ba pebepHbIil paspes, cienyer u3 dopmyrbl (4). s ee nokazarenbcrBa paceMoTpuM prc.35. Bee
BapHaHTHl pasbuenus MHokecTBa V ((G) ¢ TOMOIIBIO JIBYX MOJMHOYKECTB UMEIOT CJICIYIONINAN BUT;:

XNY, X\Y, Y\ X, XnyY.
Bce atu BapuaHTbl MOXKHO HAIVISIIHO IIPEJACTABUTDH B BUJE CJICIYIONICH TaOIHIThI:
Y Y
X [ XNnY | X\Y
X |Y \ X XnYy

[IpaBble HUKHUE YEeTHIpE KJACTKU ITON TaOJIUIBI 00pa3yioT pasdbueHne KBaJipaTa Ha YeTbIpe JacTH,
KaK pa3 U OIMCHIBAIOIINE Bce deThipe Osioka pasbuenusi Muoxkecra V (G) Bepimn rpada G.

Teneps pacemorpum Habop pebep J(X). Dt pebpa moryT nexoauts 6o w3 X NY, mmbo u3z X \ Y,
U BXOJIUTH B JIIOObIE JIBe KJIETKU HUKHEH JacTU OMMCAHHOTO BBIINIE KBaJpaTa. B mTore mogydaercs
gyerbipe Tuma pedep (cm.puc.35). Amasormuno, pebpa m3 Habopa 0Y MOIYT BBIXOIUTH U3 JIEBBIX
KJIETOK KBaJIpaTa B JIIOOYIO U3 IPaBbLIX ee KJIeTOK. B nrore BHOBB 1mojtydaeM deTbipe BapuanTa. Terepn
0CTaJIOCh 00Pa30BaTh U3 ITUX HAOOPOB pedep CHMMETPUYIECKYIO PA3HOCTh. BUIHO, YTO B Hee He OyIyT
BXOJIUTH Te pebpa, KOTOPbIe COeIMHSIOT AUaroHaJbHble KJIeTKn KBajpara. Ho sto u ectb (X AY)
— mHO)KecTBY BepuinH X AY oTBevaror npaBblii BepXHUii U JieBblil HIzKHUI 610k pasbuenus V (G),
a pebpa n3 (X A'Y') coeuHSIOT UX ¢ IByMs OCTaBIINMIECA OsiokaMu pasbuenus V (G). O

CaenctBue 6.11. Mnoowcecmeo ecex pebeprvix pazpe3os emecme ¢ onepavuets /N obpazyem 6 Au-
Hetnom npocmpancmse E ecex nodmmoscecms muoscecmsa E(G) pebep epada G aunetinoe noonpo-
cmpancmeo B, Hazvi8aemoe AUHETHM NPOCMPAHCMEom pebepun padpesos epaga G.



6.4. HanmomuuMm, 4TO B HavaJje 3TOro maparpada Mbl BBEJM BaxKHOe MOHATHE (DYHIAMEHTAJIHLHOTO
MHOXKeCTBa TUKJIOB Tpada G. C 3TuM MOHATHEM TECHO CBSI3aHO HE MeHee BayKHOe MOoHsSTHe (hyH/1a-
MEHTAJBHOTO MHOYKECTBa pa3pe3os B rpade G.

6.4.1. Ilycts T ecTh IMPOM3BOJILHOE OCTOBHOE JIepeBo cBaA3HOro rpada (. Yaanaerue J0boro pedbpa
€ 9TOro JiepeBa pas3duBaeT Bce MHOXKECTBO BepIuH JiepeBa 1’ Ha jBa O/oka X um Y. Paccmorpum
TOr/Ia MUHUMAJbHBINA pebepHblii paspe3 0(X) =: 0., cBasbBalonmit B ucxogauoM rpade G BepImHbI
u3 6siokoB X u Y. Takoit pebepHbIil pazpe3 HA3BIBACTCA GYHIAMEHMANDHOIM PA3PE3OM, CBABAHHBIM
¢ gepeBoM T, a MHOXKECTBO BCEX TAKHUX Pas3pe30B — PyHIaMEHMAALHOIM MHOACECTEOM PA3PE30E,
CBA3aHHBIM C jepeBoM 1.

1 e; 2
€s €s
5
64 62
€7 66
€3
4 3

Puc. 36: OcroBHOoe jiepeBo rpada

1 e 2 1 e 2 1 e 2 1 e 2
€s 5 es €s 5 €s €s 5 €s s 5 €s
e; € ey € ey s e; s
€3 €3 €3 €3
4 3 4 3 4 3 4 3
(a) (b) (c) (d)

Puc. 37: ®ynmamenranbabie pa3pe3bl rpada

6.4.2. B kauecTBe npumepa paccMoTpuM rpad G, nokaszanubiit Ha puc.36. OcTtoBHOE JiepeBo T’ 3Toro
rpada cocrout u3 pebep ey, €g, €7 U eg (cunme pebpa Ha PUCYHKe). Yasss pedpo €1, Mbl pazobbem
MHOZKECTBO BepinuH jepeBa 1 Ha jBa 0JioKa — OJIOK, COCTOAIIMNA U3 €IUHCTBEHHON BEPINUHBI 2,
a Takke OJIOK, cocrogmuii u3 BepuuH {1,3,4,5}. CoorsercrBytormuii sToMy paszbueHno pebGepHbIit
paspes3 0(2) = 0., cocToutr u3 pebep ej, es, €5 (pebdpa, MOMeUeHHbIe KPDACHBIM TIBETOM Ha puc.37,a).
PebepHblit paspes Je,, oTBevaromuii pedpy eg 0CTOBHOIO jiepeBa, paser 0(3) = {eq, €3, e} (puc.37,b),
a pebepHblil paspes O.., cOOTBeTCTBYIONMI pebpy e7 jgepesa T, ectb 0(4) = {es, eq4,e7} (puc.37,c).
Haxkownerr, pebpy eg orBedaer pebepHblit paspe3 O, = 0(1,2) = {e9, €4, €5, €5} (puc.37,d).

Baxxno 3ameTnTh, 4TO J11000# (hyHIaMEHTAIbHBIN peOepHbIN pa3pe3 COCTOUT U3 pedpa €; OCTOBHOTO
JiepeBa, KOTOpoe MOPOK/IaeT 9TOT pa3pe3, a TaKKe elle U3 KaKuX-TO pedep, KOTopble coeauHsiiorT X
u Y B rpade GG, HO He COeUHSIOT UX B OCTOBHOM jiepeBe 1. VlHbIMU c/ioBaMu, Bce OCTaJIbHbIE pedpa
3TOro paspesa jepeny 1’ He IPUHAJIJIEZKAT, TO €CTh BCE OHU IPHHAJICKAT KojaepeBy 1 .

Kak ciesncrBue, pedbpo e; octoBHOroO Jepesa 1', HOpOXK/aioniee COOTBETCTBYIOMUI paspe3 O, II0
[IOCTPOEHUIO BXOJIUT TOJBKO B 9TOT (DYHIAMEHTAJIBHBII Pa3pe3 U He BXOJUT HU B KAKOM APyroit ¢pyH-



JlaMeHTaJIbHBIN pa3pes, CBA3aHHbII ¢ ApyruMu pebpamu e; ocTroBHoro gepesa 1. Ha a3bike nmpocTpan-
cTBa B pebepHbIX Pa3zpe30B 3TO 03HAYAET, UYTO TAKWe IMUKJ/IbI 00pa3yioT HAOOp JTMHEIHO HE3aBUCHMBIX
BEKTOPOB 9TOTO MPOCTPaHCTBa. KoanmdecTBO TaKWX JIMHEWHO HE3aBUCHMBIX BEKTOPOB COBIAJIAET C
KOJITIECTBOM pebep B OCTOBHOM JiepeBe cBsi3HOro rpada G u paBuo n — 1.

6.4.3. Kak u B citydae pyHIaMEHTATBHBIX ITUKJIOB, Mbl XOTUM JIOKA3aTh, YTO JII000I pebepHbIil pas3-
pe3 rpada MoKeT OBITh IPEJICTaB/ICH B BUJE JIMHEHHOW KOMOMHAIINNA HEKOTOPBIX (DyH/IaMEHTaIbHBIX
pas3pes3os O, TO ecTh 4TO HabOp (yHIaMeHTATBHBIX pa3pe3oB rpada G odpasyer Gas3uc IPOCTPaH-
crBa B. OTciojia, B 9aCTHOCTHU, CJEIOBAJIO ObI, 9TO Pa3MEPHOCTDb JAHHOI'O IOJIIPOCTPAHCTBA PaBHA
n — 1, a KOJMIECTBO BCeX pebepHBIX paspe3os cpazHoro rpada G pasno 2" 1. B ciydae HecBA3HOIO
rpada G, comepxkaiero k KOMIOHEHT, pa3MepHocTb B paBHa n — k.

MozkHo 3TOT hakT JoKa3aTh U HAIPAMYIO. MbI 2Ke jokazkeM 3ToT (haKT, paBHO KaK U AHAJOTUYHOE
yTBepzK/IeHne, Kacatolieecs (pyHIaMeHTaJIbHOI'O MHOXKECTBa IMKJIOB, JI0Ka3aB, YTO OPTOrOHAJIBHOE
JIOTIOJTHEHUE TIPOCTPaHCTBA B paszpe3oB coBHAIaeT ¢ MpocTpaHcTBOM C IUKJIOB U HAOOOPOT.

Teopema 6.12. IIpocmpancmeo yuksose C u npocmpancmeo pebepnuix padpe3os B arbozo 2paga
CBA3AHDL COOMHOWEHUAMU

C =B+, B=C"

HokasaTenscTBo. 3ameTum, mpexje Bcero, uro Jioboit muka C' rpada G repecekaeTcs ¢ JIIOObIM
pebeprbiM paspesom J(X) mo werHomy uwmcsty pebep. [leiictBuresnbro, jrobas BepimHa IuKaa C'
BXO/IUT GO B MojMHOKecTBO X BepimH, 6o B noamuokectso X = V(G) \ X sepumn. [lpu
JBUZKEHHN 110 1Ky C KOJIMYecTBO 1epexojioB m3 X B X COBIAJAET C KOJMYIECTBOM OOPATHBIX
nepexoyios uz X B X. Cieosarenso, |E(C) N (X)| ecth yernoe uncyio. A 3To, B CBOIO 04epeib,
O3HauaeT, 4To J000i UK/ opToroHaneH pebepHomy paspesy 9(X), To ects uro C C B,

O6paTHO, pacCMOTPUM MTPOU3BOJIBHOE MOAMHOKecTBO pebep F' ¢ C. Cormacuo Teopeme Veblen, cpen
BEpINNH, MHIWIEHTHBIX 9TOMY MTOJIMHOXKECTBY pebep, HaiiieTcst XOTs Obl 0/IHa BEPIUHA T, WHITHICHT-
Hasl HeYeTHOMY KoJmdecTBy pebep u3 F. CregoBaresibHO, mojMHOXKecTBO F' 1 pebepHblit paspes O(x)
[IEPECEKAIOTCS 110 HEYETHOMY KOJIMYECTBY pedep, a IMOTOMY UX CKaJIsipHOE IIPOM3BEJIeHIE PABHO €1H-
uure. VlHbIME ci0BaMu, B IPOCTpaHCTBe [3 peOepHBIX pa3pe30B 00s3aTeIbHO Hall1eTCsd XOTs Obl OJINH
ss1eMeHT — paspes (), He oprororaabHbiil . [lostomy moboe moamuaoxkectBo F' € C OpTOrOHAILHO-
My gonorennio B #e nmpurarexut. C yaerom C C Bt orciona caenyer, uto C B TOYHOCTH COBIIAIACT

c Bt.

Jlns jmoxasatenberba pasencTsa B = CL Tenepn joctatouno mnokasath, uto B = (BL)t. Mur yuxe
JIOKa3aJIl, 9To J1060it pebepHbIit pa3pes opToroHaseH mukiy, To ecth B C Ct = (B+)1. Ho Tak kak

B + B =m =|C| +|C*| = |B] +[(B")"],
To pasmeproctn B u (B)! cosnagator, a smauut, B = (B+)*. O

CaenctBue 6.13. Jlasa a06020 ceasznozo epaga G, nocmpoennoz2o Ha N BEPUUHAT U UMENULE20 M,
pebep, pazmeprocmu npocmparcmse B u C pasHbl

B =n—1, ICl=m —n+1, (5)

a pyrndamernmanvrvie paspesvt U GYHIGMEHMAALHBIE YUKABL 00PA3YIOM 6 IMUL NPOCMPAHCMEAL 0~
3uc.

Pewenue. JleitcTBuTeIbHO, CaeACcTBHEM TeopeMbl 6.12 siBjsgeTcs paBeHCTBO

|B| + |C| = m.



[MosTomy jiist JoKa3aTebeTBa paBeHCeTB (5) JoctaTodno B npocrpancTsax B u C naiitu n—1 u m+n—
— 1 MMHEeIHO HE3ABUCUMBIX BEKTOPOB. A MbI TaK¥e BEKTOPHI YK€ HAIIIN: B IPOCTPAHCTBE 3 TAKOBBIMUI
SIBJIATOTCA (pyHIaMeHTaIbHbIe pa3pesbl, a B mpocTpancTBe C — yHIaMeHTaIbHbIE TTUKJIbI. n

7 Iloacder ocToBHBIX JepeBbeB B rpade. MarpudaHas Teopema
O JIepeBbAX

7.1. /lokazanuyio B mpeablyiieM maparpade dopmyry Kamm Mbl MOKeM TaK»Ke WHTEPIPETUPOBATH
KakK (DOpPMyJIy TOJICUeTa KOJTMIECTBA BCEX OCTOBHBIX JIepeBbeB B moJinoM rpade K. OcHoBHasg 3a/a49a
JIAHHOTO Taparpada — HayduThesl permarh Gojee oOIIyro 3ajaady mojcdera kojmdectsa t(G) Beex
PA3JIMYHBIX OCTOBHBIX JIEPEBBEB JJIsI IPOU3BOJILHOIO CBA3HOTO rpada G.

(a) (b) ()
Puc. 38

7.1.1. Haunem ¢ npumepa rpada G, nmokazanHoro Ha puc.38,a. Y Takoro rpada mmeeTcs BOCEMb pa3-
JIMIHBIX OCTOBHBIX JIEPEBHEB — YEThIPE M3 HUX [POXOAT Yepe3 qraroHalib 91oro rpada (em.puc.38,b),
a JeThIpe OXBaThIBAIOT BHEIMHUN UK rpada G (puc.38,c).

B paccmoTrpenHOM IIpuMepe Mbl BCe MHOXKECTBO OCTOBHBIX JIEPEBbEB Pa30M/IN Ha JBa OJI0KA, OJUH U3
KOTOPBIX COJIEPXKUT JIEPEBbsl, IIPOXOIAIINE depe3 BeIOpaHHoe pedpo e, a BTOPOil — JIepeBbs, Uepes3 e
He npoxojsmme. [1o1o0HOro pojia paccy K IeHns JeKaT B OCHOBE PEKYPCHBHOM ITPOIEIyPhI MOJICIeTa
kosmuecTBa t((G) Beex ocToBHBIX mojarpados rpada GG, OCHOBaAHHOI Ha CJIEIYIOIEM YTBEPKICHIH.

YrBepxKaenue 7.1. Ilycmv e — pebpo, ne asasoweeca nemaets epagpa G. Tozda
tHG) =t(G—e)+tG\e), (6)

ede G — e — epag, noayuennoli uz G ydasenuem pebpa e, a G\ e — epad, nosyuennoi uz G
CMALUBAHUCM IMO20 PEODA.

HokazatenbcTBo. Bee MHoXKecTBO OCTOBHBIX JiepeBheB rpada GG pa3bubaercs Ha JiBa 0JI0KAa — OJIOK
JIEpPEBbEB, COJEpKAIIIX PeOpo €, 1 OJIOK JIepEeBbeB, € He cojep:kamux. OUeBUIHO, ITO BCe OCTOBHBIE
JIepeBbsI, KOTOpbIE He coJepzKaT Pedbpo e, sIBISIOTCS OCTOBHBIMHE JiepeBbsamu rpada G — e. Ilosatomy
KOJIMYECTBO TAKKUX JE€PEBbEB CoBIaaeT ¢ KoamdectsoM (G — e). [laBaiite Ternephb jokaxKeM, 9TO KO-
JITYECTBO OCTOBHBIX JICPEBLEB, COJACPKAIIUX €, COBIAIAeT C KOJIMIECTBOM OCTOBHBIX JIEPEBHEB I'pacda

G\ e.

JleficTBuTeIbHO, paccMoTpuM ocToBHOE JiepeBo 1’ rpada G, comepxkairee pedpo e. CTarnBaHne 3Toro
pebpa yMeHBIIIaeT KOJMIecTBO pebep 1 KojmdecTBo Bepinun B rpade T'\ e Ha equnuity. Kpome roro,



9Ta ollepalsi He IPUBOIUT K MOTEPH CBA3HOCTH mosydvarorierocs rpada G\ e. CiiemoBaresbHo,
rpad 7'\ e BHOBb sIBJISIETCS JIEPEBOM — OCTOBHBIM JiepeBoM rpada G\ e. Kpome Toro, Hukakue jpa
PA3INYIHBIX OCTOBHBIX JiepeBa rpada G, comepKammx e, He COJBIOTCS B OHO B PE3yJbTraTe ITOi
onepanuu. O6parHo, J1060e 0cToBHOE JiepeBo B rpade G \ e npespalaercs B OCTOBHOE JiepeBo rpada

(G, cozepKallee e, pacllellJIeHneM BEPIINHBI Ha JBE U J00aBICHHEM MeXK1y HUMU pedpa. O
e e,
€
(a) Ucxomusrit rpad G (b) I'pad G \ e

Puc. 39: Onepanus craruBanmst pebpa

7.1.2. CremaeM HECKOJIBKO 3aMeYaHUil, KACAIOIIUXCsI BBIYUCIUTE/IbHBIX acleKToB pacdera t(G) 1o
dbopmyse (6). [Ipexkie Beero, maxke ecim Mbl CTapTyeM € IIPOCTOrO CBS3HOTO rpada, TO B mporecce
yranenus pebep rpad MOKET mepectarb ObITh CBA3HLIM, & B IIpoIecce CTATUBaHus pedep B rpade
MOTYT TOSIBUTHCS TETIM U MyJabTupedpa. Tak, Hampumep, mocie crsaruBanusa pebpa e; y rpada G,
IOKa3aHHOro Ha puc.39,a, pebpo es, cBA3bIBaoIIee B UCXOAHOM I'pade G Te Ke BepIIMHbI, 9TO U €1,
IIPEBPAIIAETCS B IETJIIO.

Co citygaeMm HeCBA3HBIX rpadOB CIIPABUTHCS TPOCTO — Y TAKUX MOAIPA(OB OCTOBHBIX JIEPEBBER HE Cy-
mecTByet, noaromy jist takux rpados t(G) = 0. Mynbrupebpa B rpade He MeIaioT HaM [M0JIb30BATh-
sl peKyppeHTHbIM cooTHoIeHreM (6). OIHAKO MTPH MOSIBJIEHUH TI€TEJIb HAM HYKHO ObITH OCTOPOYKHEE
— peKyppeHTHOe cooTHoIeHre (6) mepectaeT paboTaTh B Clydae, Korjua pebpo e mpecTaBiiser coboit
netrio. PaccmorpuMm, K mpumepy, rpady, COCTOSIINN U3 OJIMHOYHON BEPITUHBI U TIETIA. Y TaKOro rpa-
da uMeeTcst € IMHCTBEHHOE OCTOBHOE JIEPEBO, COCTOSAIIEE M3 NU30JMPOBAHHON BepImuHbl. Popmyiia xKe
(6) mpuMeHUTEIBHO K JIAHHOMY caydato jgact Ham t(G) = 2. Kak ciecrsue, B mporecce mojicueTa mno
dbopmyste (6) HaM HYKHO Takue IeTIn JIMOO MPOCTO UTHOPUPOBATH, JINOO Cpa3y YAaJsiTh B IPOIECCE
UX TOSBJIEHUS — Ha KOJMYECTBO OCTOBHBIX JIEPEBbHEB 3TO HUKAK HE ITOBJIUSIET.

Haxkowner, pekypcusHblii nojcuer mo ¢dopmysie (6) Tpebyer 3ajaHus HadaJbHBIX ycjaoBuil. B mpo-
1ecce yjaJeHus U CTATMBaHusA pedep Mbl B KOHIIE KOHIIOB IOJIyduM rpadbl, J0d60e pedpo KOTOPHIX
npeJicraBiger coboit merio. Ecim B mosrydyennoM rpade Ipu 3TOM OCTaHeTCs OJHAa BEpIIUHa, TO
KOJIYECTBO OCTOBHBIX JIEPEBLEB B TAaKOM rpade pasHO enuaure. B nporusaoMm ciaydae t(G) = 0.

7.1.3. Tlosryuennoe HaMu peKyppeHTHOe cooTHOIIeHke (6) MPUBOAUT K JOCTATOTHO IPOMO3/IKUM BbI-
YUCTICHUSM JIaXKe I cyiydas rpadoB, UMEINX He 04YeHb 00JIbIoe Kojm4decTBo m pedbep. C yBe-
JITIEHUEM M KOJIMIeCTBO BBIYUC/IEHH SKCIIOHEHIMAJIBLHO Bo3pacTaeT. K cuacrbio, Hapsiy ¢ (6) st
nogcuera t(G) uMmeeTcs 3aMKHyTasl aHaJUTHYeCKasi hopMysia, ToydenHas emie B 1847 romxy Kupx-
rodom. Dra dhopMysia HOCUT Ha3BaHKE MATPUIHON TeopeMbl 0 JepeBbsix (Matrix Tree Theorem) u
Beipazkaer () depes onpeesiuTeb HeKOTopoil MaTpuIlbl. OIpeie/uTe b Ke KBaPaTHON MaTPHIIbI

pasMepoM 71 X 7. MBI MOYKEM COCUNTATH, HCHOIL3Ys MeHee 4eM N’ orepartuii.

Pacemorpum cBsizublil rpad G 6e3 nieresib, MOCTPOEHHBIN Ha MHOXKecTBe Bepuu [n] = {1,2,...,n}.
Mbpl 3HaeM, uTo MaTpuna M, cMezKHOCTH TaKOro rpada CUMMETPUYIHA, U BCE JUATOHAILHBIC 3JICMEHTEI
9TOI MaTPHUIILI paBHBI HYJII0. Bo3bMeM Teniepb MaTpuity My pasMepoM n Xn, B KOTOPOIi JuaroHaabHbIe



9JIeMeHTHl d; ; paBHbI cTernenam deg(i) cooTBeTCTBYIONMX Bepitui B rpade (G, a 0CTAIbHDIE 9I€MEHTLI
PaBHBI HYJIIO, U BbIUTEM U3 Hee maTpuity M,. B pesyiabrare nonyunm marpuity L = My— M, KoTopas
HOCHT Ha3BaHWe mampuyvt Jlaniaca.

Teopema 7.2 (Matrix tree theorem). Koauuwecmeso t(G) ocmosnwx depesves epagha G paso onpe-
desumenro mampuuv, L*, noaywennot ydasenuem ud mampuunv, Jlansaca L npoussosvroti cmpoku u
NPOU3BOALHO20 CMOAOUQ.

[Ipexxte ueM JOKa3BIBATH 3Ty TEOPEMY, MMOCMOTPUM, KaK OHa paboTtaer ;i npumepa rpada G, mo-
KazaHHOTO Ha puc.38,a. s Takoro rpada marpuna Jlamnaca nmeer Bu

3 -1 -1 -1

-1 3 -1 -1
L= -1 -1 2 0
-1 -1 0 2

Viasss u3 Hee IEePBYIO CTPOKY M IEPBBIA CTOJIOEI, MbI ITOJIyYaeM MaTPHILY

3 -1 -1
L'=(-1 2 o],
~1 0 2

OlpesIe/INTE L KOTOPOil paBeH 8.

7.1.4. Ilpu nokazareibcTBe MATPUIHON TEOPEMBI O JIEPEBBSX yI00HO ITEPETH OT HEOPUEHTUPOBAHHO-
ro rpaga G K HEKOTOPOMY OPHEHTUPOBAHHOMY I'pady [, MoJIyIYeHHOMY TPOM3BOJILHON OpHeHTAInei
pebep rpada . OKasbIBA€TCA, ITO IPU ITOM UMEETCS JOCTATOTHO IIPOCTasi CBI3b MEXK/Ly MATPUIIEi
Jlarmtaca L u marpuneit M; uarmuaentaoctu oprpada D. VMenno, cripaBejimBa cJie1yionas

Jlemma 7.3. Ilycmov D ecmwv opepagh, nosyuennniii uz G- npoussosvroti opuenmauueti pebep 2paga
G, a M; ecmb mampuya unyudernmmuocmu opepaga D. Tozda

L=M; M}

Hokasatenscteo. Hanomunm, uro B marpune M; snement m;; = 1, ecim peOpo e; BBIXOJUT U3 Bep-
IIUHBI ¢, M; ; = —1 B cIy4ae, ecjld €; BXOAUT B BepHIUHY 7, B m; ; = 0 B OCTaIbHBIX caydadx. JI1o0oil
seMent l; j Marpuupl M; - M ecth ckansphoe npoussenenue i-it u j-it crpok mMarpurst M;.

B ciyuae i # j 910 cKajgpHOE NMPOM3BE/IEHUE JAET HAM CTOJIBKO —1, CKOJIBKO MMeeTcss pebep, co-
eJIMHAIONUX Bepluubl ¢ n j. eiicrsuresnbno, ecimm m;, = 1 m mj, = —1, To 3TO 03Ha4aeT, 4TO B
rpacde G umeercss pedbpo €y, COeIMHSIIONIee BepuInubl ¢ U J. B mporuBHOM citydae XoTs ObI OJUH U3
STUX COMHOXKHTeJIEHl paBeH HyJIIO, II03TOMY CJIaraeMoe m;y - M = 0 U B CKaJIdpHOe IIPOU3BeieHne
BKJIaJIa HE JIaeT.

B citygae 1 = j Mbl nmeem m?’k, YTO JIACT €JIMHUILY B CJIydae, ecyii pedpo ey WHIIUJICHTHO BEPIIUHE 7.
Cymmupys o BceM k, MBI OJTy4JaeM Ha JHATOHAJIH IHCIO [;;, pABHOE CTEIEHU BEPIIUHBI ¢. O

CnencrBue 7.4. Mampuuya L*, noayvennas us mampuuns, Jlansaca L ydareruem npousdsosvnot
CMPOKU U NPOU3BOALHO20 CMOAOUG, DPABHA

L= Mi* ’ (Mz'*)Ta

ede M} ecmv mampuua, noayuennan ud M; ydarenuem npouseosoroti cmpoxu.



7.1.5. llpuctynuMm Terepb K JI0Ka3aTEIbCTBY MATPUIHON TeOPEMBI O jiepeBbax. [lycth B ecTb KBaJI-
parras mogMarpuna (n—1) X (n—1) marpurpsr M. [Tycrs Takxke G ecTh HEOPHEHTHPOBAHHBII Ipad,
HOJTy9eHHBI 13 D 3aMeHoil 1106010 OpueHTHpOBaHHOrO pebpa Ha HeopuenTnpobanHoe (underlying
graph). Crosibipl mojnMarpuiibl B oTBedaoT KaKOMy-TO HabOpy U3 1 — 1 OpUEeHTHPOBaHHBIX pebep B
oprpade D. CooTBeTcTBYIOIME 3TOMY HaOOPY HEOPUEHTUPOBAHHBIE pedpa BMECTe ¢ MHIUICHTHBIMU
uM BeprimHamu obpasyior B underlying graph G mexoropsiit iogrpad H. [lokaxkem, aro orpeenn-
TeJb moaMaTpullbl B paBeH + 1 B cirydae, ecjin OTBevalonuil 3Toii moamarpuiie moarpad H obpasyer
ocTOBHOE JiepeBo rpada G, 1 HyJII0 B TPOTUBHOM CJTydae.

[Ipeanonoxxum BHauase, uro nojarpad H mpejcrasiiser coboit ocroBHOe JiepeBo. B srom ciryuae B
H obszaresibHo HaiijlyTcs XoTd Obl jBa JiucTa. Tak Kak B IOJAMATPUIlE 3 OTCyTCTBYET TOJILKO JIUIID
OJIHa, CTPOKA MCXOJIHON MaTpuibl M; wHImenTHOCTH oprpada [, To B Heil obga3aTebHO HaiijieTcs
X0Ts OBl OJIHA CTPOKa j, OTBevaroliasd BepiuHe x noarpada H cremenn 1. B sToit crpoke nmeercs
e/INHCTBEHHbII Hemy/eBoil ajemMenT mj, ==x 1. PackiajabiBag onpejenuTessb MaTpuibl B no j-ii
CTPOKE, MBI IIOJIy4aeM PABEHCTBO BHUJIA

det B=mjj -det B' =+ 1-det B,

rne B’ — noamarpuna, nojydeHHas w3 B BbIYepKuUBaHMEM j-il cTpoKu U k-To crosibia. Ha sispike
noarpada H maHHas oneparys OTBevaeT YAaJeHUIO BEPITUHBI T cTelleHn 1 BMecTe ¢ WHITIEHTHBIM eif
pebpom. B pesynbrare Mbl nosydaem noarpad H — z, KOTOPBI BHOBD SBJISIETCS OCTOBHBIM JIEPEBOM,
Ho y2ke rpada G — x. llpojmomkas omnmcaHHbIil mporece jajee, Mbl Ha [IOCJIE/IHEM Iare MpujeM K
OCTOBHOMY JIEpEBY, TIOCTPOEHHOMY Ha JIBYX BEPIUHAX, /jisd KoToporo det B == 1.

Tenepnb J1omycTuM, 9TO COOTBETCTBYIOMMI rogmaTpure B nojarpad H He sBIsgeTCS OCTOBHBIM Je-
peBoM. CiegoBaTesibHO, B TaKOM mojrpade obszarenbro Haiigercsa muka C'. [lokaxkem, 94T0 B 3TOM
caydae 00g3aTe/IbHO HAeTCs HeTpUBHAJIbHAS JINHEHAsT KOMOMHAIMS CTOJIOIOB, paBHas HYI0. OT-
crojta OyIeT cjieoBaTh, YTO CTPOKU MaTPUIIbI JIMHEHTHO 3aBUCUMBI, TO ecTh uTo det B = 0.

PaccmorpuMm BHauasie pebpa, e Bxojgiue B Uk C. COOTBETCTBYIONIME UM CTOJIOIBI MATPHUILI B
BKJ/IIOYUM B JIMHEHHYIO KOMOMHAINIO ¢ KO3 durmenramu, paBHbIMU HYJI0. [Ipeanosoxkum Terepsn,
YTO HAIIpaBJIEHUE BceX pedep, BXOIAIINX B IUKJI, COBIIAJIAET C KAKUM-TO U3 HAIPaBJIeHUN 00X0/a
muksa C'. B aroMm ciaydae JuHeiHass KOMOWMHAINST COOTBETCTBYIONIUX ITHM pedpam CTOJIOIOB paB-
HAJIACh ObI HYJIIO (CKOJIBKO pebep BOILIO B BEPIIUHY & IUKJIA, CTOJIHKO ke pebep W3 Hee BBIILIO).
Opnako B mukse C' MoryT HaiiTuch U pebpa, KOTOpbIe HAIIPABJIEHBI B CTOPOHY, ITPOTUBOIOJIOXKHYIO
BBIOPAHHOMY HampasieHnto 00xo/1a nuksia C'. Torga Mbl MOYXKeM BKJIIOUUTH OTBEYAIOIINE STUM pedpam
CTOJIOIBI B JINHEWHYIO KOMOMHAIIUIO ¢ KO3 dUImenTaMu, paBHbIMA — 1, 1 BHOBb TIOJIYYUM JTHHEHHYIO
KOMOWHAIMIO CTOJIOIOB, PABHYIO HYJIEBOMY CTOJIOILY.

st 3aBepIieHnst JT0KA3aTeILCTBA TEOPEMbl HAM Telepb JO0CTATOYHO BOCIIOJIb30BATHCS (HOPMYJIOit
Bune-Korm, 1mo3Bosisitonieil BEIYUC/IATD OIPEIeTUTe/ b KBaJIPATHON MAaTPHIIbI, STBJISIONIENHCsS TPOU3-
BeJIEHNEM JBYX IPSIMOYTOJBHBIX MaTpuil. CoracHo 3Toit hopmyre,

det L* = det M; - (M) =) "(det B)?,

rJie CyMMHUPOBaHHE IPOBOUTCA 110 BeeM (n — 1) x (n— 1)-nmonmarpunam B marpurst M, . Mbl TosbKO
uro nokazaau, uro (det B)? = 1 B ciyuae, eciii B oTBedaeT ocToBHOMY mnojyiepesy rpada G, u
(det B)? = 0 B nporusHOM cayuae. Tem caMbIM MaTpUTIHAsI TEOPEMa O JIEPEBbSX JJOKA3AHA. O

7.2. B 3ak/o4eHne TeMbl, CBA3aHHON ¢ MATPUIHON TEOPEMOIi O JIepeBbsX, CHOPMYIUPYEM CJIEJICTBUE
U3 9TOM TEOPEMBI, CBOJIAIIEE TOJICUET KOJIMIECTBA OCTOBHBIX JEPEBLEB K IMOJICUETy COOCTBEHHBIX 3Ha-
genuit marpuiisl Jlamnaca L(G) rpada G.



7.2.1. IIpeaBapureIbHO HATOMHUM HEKOTOPbIE OCHOBHBIE TIOHATHUSI, CBA3aHHbIE ¢ COOCTBEHHBIME 3HA-
YEeHUSIMU ¥ COOCTBEHHBIMU UncjiaMu MaTpuil. [Ipex e Bcero, cobCcTBEHHBIM BEKTOPOM X MATPHUITHI A
Ha3bIBaeTCd OTIMYHBIN 0T 0 BEKTOD, yJAOBJIETBOPAIONINI yPaBHEHUIO

Ax=\x

CooTBeTcTByIOIIEe 9TOMY X YUCIO0 A Ha3blBaeTCst cOOCTBEHHBIM uncyioM marpuiibl A. CobcrBeHHBIE
YUCSIA A, ..., Ay MOXKHO OIPEJICTUTH U3 YPaBHEHU

det(A—AE) =0 — det(AE — A) = 0.
Mruoroaien
e(A) = (=1)"det(A—AE) =det(AE —A)=(A=X1)-(A=Xy)-...- (A=)

Ha3bIBaCTCA XapaKTEPUCTUICCKUM MHOT'OYJICHOM MaTPHUIIbI A CO6CTB€HHBI€ YucJa MaTpPUIIbI A €CTb
B TOYHOCTH KOPHU (BO3MOXKHO, KPATHBIE) 3TOI0 XapaKTePUCTUIECKOro MHOroYIeHa. KpaTrHoeTs Kop-
He \; XapaKTePUCTUIECKOIO MHOTOWIeHA ¢(A) HA3BIBAETCS aredpanvdecKoil KpaTHOCTBIO v(A;) cob-
CTBEHHOI'O YHUCJIA \;.

[Ipu 3aanHOM COOCTBEHHOM 3HAYEHUN A COOCTBEHHBIE BEKTOPHI X HAXOMATCH U3 PENIeHUS CHCTEMbI
OJIHOPO/IHBIX JIMHEHHBIX YpaBHEHUIT

(A= AE)-x=0.

Bumecre ¢ BekTopoMm 0 OHE COCTABIISIIOT HOIIPOCTPAHCTBO
Vi(A) = Ker(A — \E),

HA3LIBAEMOE COOCTBEHHBIM IIOJIPOCTPAHCTBOM N-MEPHOI'O IPOCTPAHCTBA, OTBEYAIONIUM COOCTBEHHO-
My quciay A. PasmepHOCTb 9TOro moipocTpaHcTBa Ha3bIBAETCS MEOMETPHYIECKOil KPATHOCTHIO Y(\)
cobcrBernoro gucia A. CienoBaresbHo,

v(A) = dim(Ker(A — AE)) = n — rank(A — \E).

leomerpuieckasi KpaTHOCTD () COOCTBEHHOrO 9YHUC/Ia HE MPEBOCXOIUT aJrebpamdecKoil KpaTHOCTI
a(N). B ciaydae, korjia Bce cOOCTBEHHBIE THCJIA BEIIECTBEHHBI U PA3JIMYHBI, T€OMETPHYIECKAsT U aJl-
rebpandecKkas KpaTHOCTH COOCTBEHHBIX YMCET COBIAJIAIOT W paBHBbI 1. B Oosiee obrem ciaydae 3Tu
KPATHOCTH MOTYT He COBIaJaTh. B KadecTBe IMepBOro XapakKTEpPHOro IPUMEPa PACCMOTPUM MATPHUILY
A = E. XapaKTepucTuieckoe ypaBHEHUE JIJIg 9TOH MaTpUIIbl UMEET BT

(A—1)" =0.

Crenosarenbio, E mmeer cobcrBerHOe wmesio A = 1, ajrebpamdeckas KpaTHOCTb a\) KOTOPOTo
pasua n. Kpome Toro, y(A\) = n — rank(A — 1 - F) = n — rank(0) = n, 0o9ToMy B 9TOM CJIydae
aJiredpamvyeckas U reoMeTprdecKasi KpaTHOCTH COBIIAIAOT. B cirydae ke MaTpHIlbl

2 1
=03
XapaKTEPpUCTUIECKOE YpaBHEHHUE NMEECT BUJL

A=2)2=0 — A=2, a(\) =2



C npyroit cTOpOHBI,
Y(A) =n—rank(A—AEF)=2—-1=1,

TaK KaK paHI' MaTPUILbI
01
A—NE=A-2F= 00

paBeH eIUHUIIE.

OOBITHO cITeKTp MaTpUIlbl A 3aIUCBIBAIOT B CJIEIYIOIIEM BHUJIE:

Al Ay N

Sp(A) =
PA= 0w 20 - 20w

Bamernm Takke, uto ecau rank(A) = k < n, o A = 0 ecTh COOCTBEHHOE UHCJIO STOW MATPHUIIBI

kpataocTr n — k. [eitcrBurensro, B sToM ciay4dae y(0) = n —rank(A) =n — k.

Hakoner, orMeTuM cjejyromiee IMoJae3H0e CBOMCTBO COOCTBEHHBIX UHCEN: €CIU J00aBUTh KO BCEM
JIMATrOHAJIBHBIM 3JIEMEHTaM MATPHIIbI OJIHO M TO K€ YHUCJIO €, TO BCe COOCTBEHHBIE YUC/Ia MATPHUIIHI
YBEJIMYATCA HA 9TO YUCI0. [JelicTBUTEIbHO, A+ ¢ IB/IIETCS KOPHEM XapaKTEePUCTHIECKOTIO YPaBHEHUA

det(A\E — (A+cE)) =0 = det(A—c)E—A) =0
TOTJ/Ia M TOJIBKO TOTJIA, KOTJIA A €CTh KOPEHb XapaKTEPUCTHIECKOTO yPABHEHUSI

det(\E — A) = 0.

7.2.2. Teneps copmyiupyem yTBEpKICHUE, TTO3BOJISIONIEE BEIYUCIATH KOJTHIECTBO OCTOBHBIX JIePe-
BbEB 110 criekTpy Matpuiibl Jlamraca rpada G.

CaexncrBue 7.5. I[Iycmv A\, Ag, ..., \, ecmo cobemsennvie snavernus mampuusvt L(G), npuvem Ay =
= 0. Tozda xoauwecmeo ocmoshuix depesves 6 epaghe G paccuumwieaemcsa no Gopmy.ae

t(G) = l)\2)\3 cee >\n-
n

Bamernm, 9To durypupymomee B (OPMYJIUPOBKE JTAHHOIO CJIEJCTBUS YTBEPKICHUE O TOM, UTO Y
MaTpUIbl L OJTHO M3 COOCTBEHHBIX UMCES PaBHAETCS HYJIIO, IOCTATOYHO O4eBUIAHO. [/lesto B ToMm, 4TO
CyMMa BCeX CTPOK MATPHUIbI L JIacT HAM HYJIEBYIO CTPOKY — B JIIOOOM CTOJIOIE ¢ KOJIUIeCTBO —1 B
TOYHOCTH PABHO CTEIIEHU BEPIIUHBI i, CTOsIel Ha auaronasn marpuilsl L. Kak ciencrsue, cTpokn
MaTpHILl L JIMHEHHO 3aBUCUMbBI, U TIOTOMY OJIHO U3 COOCTBEHHBIX Yuces L 00g3aH0 PaBHATHCS HYJIIO.
Mpur 6ys1emM 3TO0 cOOCTBEHHOE YHCIO0 OO03HAYATH Yepe3 Aj.

[Tozzke MBI MMOKaKeM, 9TO KpaTHOCTh coOcTBeHHOrO uncia A; = 0 paBua emunute. CiieI0BATEIHHO,
OCTaBIIIMECs] COOCTBEHHBIE YHCIA Ag, ..., A, MaTpHUILl L OTJIMIHBI OT Hy/ad. MbI yKe HallOMUHAJIN,
YTO COOCTBEHHBIE YHC/Ia MATPUILHI IIPEJICTABISIOT cOO0N KOPHU XapaKTepUCTUIECKOTO YpaBHEHUS

det\-E—L)=0 < A A=A) ...-(A=\) =0,

e B — equnnanas matputia, L — marpuna Jlamnaca. [Ipeamnonokum, 910 MbI XOTUM HAWTH KO-
dburment mpu A sToro nosmmoma. C 0O CTOPOHEL, STOT KO3(hQHUITIEHT PaBen

(=)™ g A



C zpyroit CTOPOHBI, €10 MOXKHO BBIYUC/IUTD 10 (hOpMyJIe

d
5 det(A- B~ L)],,.

I[TonbiTaemMesl BOCIOIBL30BAThCA 3TOi (POPMYIIOi 1 BHIPA3UTh KoadhdumenT upu A\ gepes KoJamdecTBo
OCTOBHBIX JiepeBbeB rpada G. g sroro Ham moHamobuTcss GpopMmysia, MO3BOIIIONAS BHITUCIATD
npousBojHyto onpeeaurens det(A(t)) marpunpt A(t), 3aBucsrieil 0T TPOU3BOJBLHOIO Mapamerpa t.

7.2.3. lepenumem marpuiy A(t) B Buie

A(t) = (a1(t), a2(t), ..., an(t)),

rie a;(t) ectb croabmpl MaTpuiel A(t). [Toap3ysich MyIbTHIMHEHHOCTBIO ONPEIETUTENs, Mbl MOXKEM
sanucarh npoussoamyio d/dt(det(A(t)) xak

%det(A(t)) = det(a}(t), az(t),. .., a,(t))+det(ai(t),as(t), ..., a,(t))+. . .+det(ai(t),as(t),. .., a,(t)).
JleficTBUTE/ILHO, ONpEIe/IUTe b TIpeJIcTaBageT coboil cymMmmy n! cilaraeMbiX, Kazxkjioe U3 KOTOPBIX C
TOYHOCTBIO [0 COMHOXKHTENsT £ 1 eCTh NPOU3BEAEHHE BUIRA (y(1)1 * Up(2)2 * - - - Ao(n)ns TAE O €CTh
HEKOTOpas MePeCTAHOBKA N-MHOXKeCTBa [n]. B KazK/10e 13 Taknux mpousseienuii 0643aTeIbHO BXOIUT
POBHO TI0 OJIHOMY 3JIEMEHTY OT KazkJ10ro cTosoa marpunsl A. [Tocie muddbepennmposanust KazKoro
TAKOTO MPOU3BEJICHUS 110 ¢ MBI II0/Ty 4MM B TOUHOCTH 72 CJIArAEMbIX, IPUYEM j-€ cIaraeMoe OyJ1eT UMeTh
B

As(1),1 " Ag(2),2 * - - - a;(j)yj, <oy Oo(n),n-

[Ipu dpukcupoBaHHOM j MBI UMEeM POBHO n! ciaraeMbix onucanHoro Buja. Cobupasi Bce 3TH ciarae-
MBI, MbI HOJTy¥aeM omnpejesnutesnsb Marpunbl AG(t) == (ay, ..., a}, ..., a,), NOJIyUeHHON! U3 MATPUIIBI
A(t) 3amMeHOit 9JIeMEHTOB j-TO CTOJIONA Ha TPOM3BOJHBIE ITUX IJIEMEHTOB 11O t.

st moncuera onpepenmrens suna det(ay(t),. .., a’(t),. .., a,(t)) Boconbsyemes dopmymoit Jlamra-

J
ca:
n

D (=1 a () - Miy(t).

i=1

det(ar(t), ..., d\(t),. .., an(t))

Bnecy M; ;(t) ects Munop Marpunsr Aj(t), TOo ecTb Olpene/nTe/Ib MATPUILL, HOIyIenHol u3 Al(t)
BBIYEPKUBAHUEM i-il CTPOKH U j-ro crojbna. Kak ciejcrsue,

4 qet(A( ZZ 1)l (1) - My (1) = tr(CT - A'(t)), (7)

dt =1 =1

rie C' = {C;;} — marpura, cocrasientas u3 sjueMenTos Buja (—1)"7 M, ; (aﬂre6pauquKHx JIOTIOJ-
HeHuil mu KOaKTOPOB 3JIEMEHTOB a;;), A'(t) — MaTpuIla, cocTaB/IeHHas U3 3JIEMEHTOB a; ;, tr(A)
— caen matpunpl A. Marpuy CT umorga HasbBaoT COIO3HOM WM IMPHUCOEIMHEHHON K A MaTpn-
neit. @opmyiny (7) mHasbBaoT dhopmysioil FIko6u BeIUNCIEHNS TPOU3BO/IHOMN ONPEIEINTE IS MATPHUIIBL,
3aBuUCAIlEil 0T napamerpa t.

7.2.4. B paccmaTpuBaeMOM HaMU CJIydae

1 -
At)=t-E—L — a; ;(t) = e = = A'(¢)
’ 0, ecmu i # j;

I
&



Kaxk ciencrsue,
n

n
d it
— +1 .
—det(A-E— L) = E (=)™ M, ;(\) = E M;i(N),
X : :
1=1 i=1
rae M; ;j eCTb MUHOD i-I'0 IUArOHAJILHOTO 3JIeMeHTa MaTPUIbl A- £ — L, TO ecThb olpeie/nTe b pa3Mepa
(n—1)x (n—1) marpuier A+ £ — L, u3 KOTOPOro BBIYEPKHYTHI i-s1 CTPOKa u i-it crosibert. [Togcrasiss B
3TOT olpe/ie/IuTe b 3Hadenne A = (), MBI HOJIyYUM yMHOKeHHbIH Ha (—1)""! onpeenuress MaTpuiibt
L* — wmarpuibl, mojaydeHHoil u3 marpuilbl Jlamiaca BelYepKUBaHUEM i-I'0 CTOJIONA U -l CTPOKH.
CrenoBaTesbHO,

% det(A- E — L)],_, = (—1)""! ;det(L*) — (1) - det(LY).

Ho u3 maTpudHOil TeopeMbl 0 JiepeBbsix ciemyet, 9to s rpada G onpenermrens det(L*) = ¢(G) —
KOJIMIECTBY OCTOBHBIX JiepeBbeB rpada G. [Tosromy

(D" g A= ()" L G = HG) = e A

8 Iloacuer ocroBHBIX JepeBbeB B oprpade. The BEST Theorem

8.1. /lokazaHHyIO B IIPEIbIIYINEH T/IaBe MATPUIHYIO TEOPEMY O JEPEBbIX MOXKHO 0OOOIUTH Ha CJIy-
qait oprpados. Takoe 0bobmenne 6b110 oTydeno B 1948 roay W.Tutte. C momorsio 3Toro 0b6ob1e-
HUS MBI 32T€M CMOKEM IOJICINTATH KOJUYIECTBO BCEX SIEPOBBIX ITUKJIOB B CBA3HOM rpade G.

8.1.1. PaccmoTpum 1pousBoJIbHBIN OpueHTHpOBaHHbIN I'pad [, mocTrpoenublilt Ha n Bepmunax. Jlms
HeopueHTHpoBaHHOTO rpada G Mbl BBeIn MaTpully Jlamraca L Kak MaTpHUILy, TOJYyIEHHYIO BbIUNTA-
Huem Marpuilbl M, cmexknocru rpada G w3 jauaronajbHol Marpuilbl My ¢ snementamu Myli, i] =
= deg(x;). g opuenTupoBaHHOTO rpada Mbl MOYXKEM BBECTH AHAJIOIW MaTpuilbl Jlammaca — mar-
punsl L~ u LT, noaydennsle BerauranueM mMaTpunbl M, cmexkaoctn oprpada D u3 JuaroHaJbHBIX
marpur, M, u M ¢ snemenramu M) [i,i] = outdeg(z;) u M [i,i] = indeg(x;) coorBeTcTBEHHO:

L~ =My — M, Lt =M} — M,.

Puc. 40

B kadectBe npumepa paccmorpuMm oprpad D, uzobpaxkenubiit Ha puc.40. Matpuns! Jlammaca s



9TOro oprpada 3aIMChIBAIOTCS TaK:

1 -1 0 O 3 -1 0 0

- -1 1 0 0 4 -1 2 0 0
L -1 -1 3 —-1]° L -1 -1 0 -1
-1 0 0 1 -1 0 0 1

BaMeTuM cpasy Ke, UTO, KaK ¥ B HEOPUEHTUPOBAHHOM CJlydae, MaTpuipl L~ u LT — 510 MaTpuips!
HEIOJTHOTO paHra. JleficTBUTeIbHO, KOJMIeCTBO NCXOSIINX U3 BEPIUHBL &; pebep pasHO outdeg(z;),
TaK YTO CyMMa JIEMEHTOB JIF000ii CTpOKK MaTpuIlpl L~ paBHa HYJII0. AHAJIOTUIHO, — i M, [i, 7] ecTh
B34TOE CO 3HAKOM MUHYC KOJIMIeCTBO pebep, Bxoaamux B Bepmmuy j. CkiaapiBas 1o ¢ indeg(z;),
MBI HOJTy9aeM, 9TO CyMMa 3JIeMEHTOB JI000ro cTosbma Marpuisl LT pasna mymo. CrenoBareabHo,
CTOJIONBI MATPUIBI L~ ¥ CTPOKU MaTpuibl LT SBIAIOTCS JTUHEHHO 3aBUCUMDBIMH.

8.1.2. JInis Toro, aTobbl chopMyIupoBaTh TeopeMmy TarTa, HaM OCTAJIOCh HAIIOMHUTH MOHATHE KOP-
HEBBIX OCTOBHBIX JIEPEBLEB, BCe PeOpa KOTOPHIX OPUEHTUPOBAHBI JINOO K KOPHIO X (TaK HA3BIBAEMBIX
spanning arborescences converging to x), 6o or KopHst = (Tak Ha3blBaeMbIX spanning arborescences
diverging from z). B jepeBbsix mepBoro THiia UCXOJsINasi CTeleHb JiF000i BEPIIUHBI, OTJUIHON OT T,
paBHA eJIUHUIE, & B JEPEeBbIX BTOPOrO TUITA PaBHA €IUHUIE BXOISINAsI CTEIeHb JII0OON BEPITHHEI,
oTim4aHoit oT x. [Ipu 9TOM MCXO/dAIIAst CTEleHb BEPIIUHBI T U BXOJIAIIAs CTEeHb BEPITUHBI & PABHbI
HYJIIO B JIEPEBbSX IIEPBOTO M BTOPOTO TUIIA COOTBETCTBEHHO.

8.1.3. Teopema TarTa 1103BOJIIET MOACUNTATH KOJMIECTBO KOPHEBBIX OCTOBHBIX JIEPEBHEB C KOPHEM
B BEpPIIHUHE 1.

Teopema 8.1 (W.Tutte, 1948). Koauuecmeo t~(D,i) xopneswux ocmosuvix depesves, 6ce pebpa ko-
MOPYIT OPUEHMUPOBAHDL K KOPHIO T, PAGHO ONPEICAUMENIO NOOMAMPUYL, Mampuyv, Jlanaaca L™, us
KOMOPOT 8bIKUHYMDYL -7 CMPOKA U -1 cmosbey;:

t7(D,i) = det(Ly).
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Puc. 41

Tax, a1 nokasanuoro Ha puc.40 rpada D xomaudectBo ¢t (D, 1) oCTOBHBIX JepeBbeB, Bce pebpa
KOTOPBIX OPUEHTUPOBAHBI K BepiinHe 1, paBHO

0
(D, 1) = det(L,) |-1 3 —1]|=3.
0

Bce st epeBbs n3obpazkeHbl Ha pucyHke 41.



8.1.4. Ilpucrynum K jmokasaresibecTBy Teopembl Tarrta. /[y onpejesiennoct OyjieM CYUTATD, YTO B
KavuecTBe KOPHsI MbI BeIOpasn Bepiuny 1. Cpasdy 3amerum, 910 B ciaydae, Korjaa B oprpade D cyiie-
CTByeT BepIinHa ¢ HOMepoM ¢ > 1, y Koropoit outdeg(i) = 0, KOJIUIECTBO OCTOBHBIX JIEPEBBEB, BCE
pebpa KOTOPBIX OPUEHTUPOBAHBI K BepiinHe 1, paBHO HY/10. TOT Ke pe3ysbTaT JaeT HaM U TeopeMa
Tarra: B TakoMm cjly4ae Kak B Marpuue L, Tak U B UCXOAHON MaTpune L~ cTpoKa, oTBevYalonias
Bepiune i, HyjeBasd. JleficTBUTEIbHO, B 9TOM C/Iydae JMaroHAIbHBIN 3/IEMEHT TUX MaTPUIl PaBEH
outdeg(i) = 0. Kpome Toro, r060ii Apyroif 37eMeHT i-if CTPOKH e€CTh B3dTOE CO 3HAKOM MUHYC KO-
JIMIeCTBO pebep, MCXOMANNX W3 BEPIIUHBI ¢ B COOTBETCTBYIONIYIO 3TOMY 3JIeMEHTY BEPIIUHY j, TO
ecTh TakzKe papen ny.io. CregoBaTe/lbHo, n onpeaeurensb | Ly | coorsercTByromeit MaTpUIbl papeH
HYJTIO.

Tenepb paccMOTpUM CJIydaii, KOrja Jjisi HEKOTOpOro 4 > 1 u3 BeprmumHbl ¢ ucxogut [ > 1 pebep (1o
ecTh Korjia Jijisi HeKoToporo i creredb outdeg(i) = [ > 1). B arom ciryuae mMbl BMecTo oprpada D
MOXKEM paccMoTpeTh oprpadul Dy u D;_1, ngenrudnbie [, 3a UCK/IIOYEHHEM pedpep U3 BEPIIHHBI
¢ B ocrajbHble BepiuHbl. VMenno, B oprpade D Mbl OCTaBUM JIUIIL OJHO HCXOjdInee u3 i pedpo
(He BayKHO, Ky/la MMEHHO), a BCe OCTajbHbIe pebpa u3 i octaBuM B oprpade D;_;. Tak kak Jsroboe
OCTOBHOE JIEPEBO JIOJIZKHO COJEPKATH POBHO OJIHO MCXO/IsIIee nu3 i pedbpo, To

(D, 1) = t~(Dy, 1)+t~ (Dy_y, 1).

3aMeTHM, ITO Te YK€ PACCYZKI€HN MbI MOKEM IIPOBECTH U Ha A3bIKe MaTpull L, ;. VimenHO, MaTpuIie:
Ly (D) m Ly (D;—1) 32 nCKIIIOMEHEEM i-# CTPOKH BBINIAIAT MICHTHIHO. B i-if crpoke MaTpumbl L
—(D1) AuaroHaJbHBII 97€MEHT paBeH 1, KAKOH-TO U3 9JIEMEHTOB @; j, i 7# J, PaBeH —1, a OCTaJbHbIE
3/IeMeHThI paBHbl Hymo. [Ipn sTom i-a cTpoka Lj (D) pasna cymme i-x cTpok matput Ly, (D;) u
Li1(D;—1). Ho Torma MBI MOMKEM 3aIlICATh, 9TO

det(L,(D)) = det(Ly,(Dy)) + det(Ly;(Di1)).

CrenoBaTeibHO, HAM JIOCTATOYHO JIOKA3aTh YTBEPXKICHUE TEOPEMbBI I CJIydas, KOrJa BCe Juaro-
HAJILHBIE 3JIEMEHTBI MATPUILI L] paBHBI €JUHUIIE, TO €CTb JJId CIydasl, KOrja U3 JII000! BEPIINHbI
t > 1 UCXoUT eJIMHCTBEHHOE Pedpo.

8.1.5. B yc/ioBusIX ¢/1e/1aHHOTO BBIIIE TIPEJIITOI0KEHNsT PACCMOTPUM BHAYAJIE CUTYAIINIO, IIPU KOTOPOIi
B oprpade D Haiimercss OpUEHTHPOBAHHBIN IUKJI, HE MPOXOAAIINil depe3 Bepiuny 1. flcHo, 9To
B TaKOM CJjIy4dae IIyTH U3 BEPHINH 3TOI'O IHUKJIa B BEPIIUHY 1 OTCYTCTBYIOT, a IIOTOMY KOJIMIECTBO
OCTOBHBIX JIEPEBLEB TaKOro oprpada ¢ KopHeMm B BepiiuHe 1 paBusgercd mHyso. [lokaxkem Terepsb,
YTO U COOTBETCTBYIONIHMII TaKOMy oprpady OIpeJ e/ InTe b det(Lil) = 0. Paccmorpum B KadecTBe
npuMepa oprpad D, HOCTPOEHHBII Ha YeThIpEX BEpINMHAX, Y KOTOPOIro dYepe3 BepiuHbl 2, 3 u 4

IIPOXO/IUT TPOCTON TMKJI JuHb! 3. CooTBercTByIomas TakoMy rpady D marpuna L], nmeer Bu

Bumro, uro nuHeiinas KOMOMHAIMS CTPOK, OTBEYAIONIUX BEPIIMHAM IUKJIAa, PaBHA HYJO. AHAJIO-
rudHasg CUTyals OyJieT HaOJI0JaThCd U B OOIEM CJIydae: CyMMa OTBEYAIONIUX BEPIIUHAM IHKJIA
CTPOK OYJIeT PABHATHCA HYJII0. DTO, B CBOIO OUEPE/ib, O3HAYACT, UTO CTPOKHU TAKON MATPHUIILI TUHEITHO
3aBUCHUMBI, & IIOTOMY OIPEJIeTUTENH deg(Lil) =0.

8.1.6. PaccmoTpum, HaKOHEIl, CUTYAIUIO, IIPU KOTOPO#l B oprpade Jiroboil 3aMKHYTHIIT OPUEHTUPO-
BaHHBIN ITUKJI, €CJIM OH BOOOIIE CYIIECTBYET, IIPOXOUT Uepe3 Bepiuny 1. B sToMm ciydae, craprys us



JII000#1 Bepmuubl ¢ > 1, Mbl 00g3aTeIbHO TpUJieM B Bepruny 1. Yiasss Bce pebpa, ucxojdiime us 1
(a Takme pebpa HU B OJHO HY’KHOE HAM OCTOBHOE JIEPEBO He BOIIyT), MbI IpeBpaTuM [) B OPHEHTH-
POBAHHOE OCTOBHOE JIePEBO, Bce pebdpa KOTOPOTO HAaIpaBJieHbI K BepmnHe 1. Tak Kak Takoe JepeBo
MOJIyYaeTCs OJHO3HAYHO, TO B [) CYIIECTBYET €/IMHCTBEHHOE HY?KHOe HaM OCTOBHOe JiepeBo. Bee, aTo
HaM OCTaJIOCh MOKa3aTh — 3TO TO, YTO B JAHHOM Clydae onpejesnutennb det(L; ) = 1.

C Touknm 3peHust MaTpUIlhl L~ yrajgerune pedbep, ncxomdanmx u3 1, o3Hadaer oOHyJIeHIe TIEPBO# CTPOKN
sroit Mmatpunpl. MHbIMu ciioBamu, Ha mMarpuily Lj; 3TH omnepanun HUKaK HE TOBIUSIOT. Boibepem
Terepb B OCTOBHOM JepeBe, MOJIyYeHHOM II0C/Ie VAAJEHHUS BCEX UCXOAAMNX n3 1 pedbep, KaKOi-To JIUCT
1, I PACCMOTPUM 2-11 CTOJIOEI] MATPUIIHI Lil. JlnaroHaIbHBIM 3JIEMEHT 9TOI0 CTOJIOIA PaBEH eUHUIIE.
OcrasbHbIe 3JIeMEHTBI 9TOIO CTOJIOIA PABHBI HYJIIO — B BEPIIUHY ¢ HUKaKe pedpa 13 APYTUX BEPIITUH
oprpada D, oTudHbIX OT 1, He TpUXoadaT. PacK/iaibiBas TOT/Ia OIPEIeTUTE/ b MATPHUIIHI 110 STOMY
CTOJIOILY, MBI 110 UHJIYKIIUKA [TPUXO/IMM K PABEHCTBY det(Lil) = 1. Teopema TarTa mokazaHa.

8.1.7. Bamerum, uro u3 Teopembl Tarra JErkKo MOMIYyYnTh MATPUIHYIO Teopemy o Kosmdectse t(G)
OCTOBHBIX JIePEBbEB B HEOPUEHTHPOBAHHOM T'pade G. 3ameHnM 1115 9Toro B rpade G oboe HeopueH-
TUPOBaAHHOE peOPO Ha Hapy pedep, OpUEeHTUPOBAHHBIX B JIBYX Pa3/IMYHBIX HaIlpaBJICHUAX. Boioupas
Ternepb IPOU3BOIBHYIO BEPIIUHY X HOJIYIeHHOro oprpada D, Mbl MOXKEM 3alicaTh, 9TO

HG) = t~(D, z).

JleiicTBuTE IbHO, JTIO6OMY KOPHEBOMY OPHEHTHPOBAHHOMY JEPEBY, Bce pebpa KOTOPOro HAIPABJIEHbBI
K BEpINUHE T, OTBEYaeT HEKOTOPOe OCTOBHOE JiepeBo rpada (G, moyydeHHoe n3 KOPHEBOI'O OPUEHTH-
POBAHHOI'O JIepeBa 3aMeHOH OpMeHTHPOBaHHBLIX pebep Ha HeopueHTHpoBaHHble. OOparHO, IycTh 1
ecTh 0CcTOBHOE JiepeBo rpada G. Opuentupyst pebpa T’ e IMHCTBEHHBIM 00Pa30M 110 HAIIPpaBJIEHHUIO K
BBLIOPAHHOI BepIIUHE X, MBI HOJIy4YuM B [ KOpHEBOEe OPHEHTHUPOBAHHOE JIE€PEBO, BCe pedpa KOTOPOro
HAIIPABJIEHBl B CTOPOHY BEPIIUHBI .

Kpowme Toro, 3amernm, 4T0 UMEET MECTO PABEHCTBO
tH(D,z) =t (D,x).

JleiicTBUTENIBHO, JIJIs €10 JJOKA3aTeIbCTBA JOCTATOYHO B oprpade ) 3aMeHUTH OPUEHTAINIO BCEX ero
pebep Ha TPOTUBOIIOJIOKHYIO.

8.2. Teopema TarTa 0 KOJIMYECTBE OCTOBHBIX JIEPEBbEB B oprpade [ MO3BOJILET MOJICINTATH KOJIH-
YeCTBO IIEPOBLIX UKJIOB B TPOU3BOJBHOM OPUEHTHPOBAHHOM 3iijiepoBoM Irpade D.

8.2.1. Dror pesynbrar m3ecren kKak the BEST theorem. Csoe nazBanme Teopema mosydmia 1o
mepBeIM OykBaM pamMmimii MaremMaTukon, ee pokasaBmmM: B 1941 romy Cedric Smith n William
Tutte moacunTa N KOJTMYIECTBO SMIEPOBBIX UKJIOB B rpade, NCXodIias CTeleHb BEPITUH KOTOPOTo
pasaa qByM, a B 1951 romy Nicholaas de Bruijn u Tatyana van Aardenne-Ehrenfest o606mmmmm sty
dopmyily Ha cirydail IPOM3BOJILHOIO 3HAYMEHUS UCXOJMANINX CTeleHeil BepIiH oprpada.

Teopema 8.2 (de Bruijn, van Ardenne-Ehrenfest, Smith, and Tutte). Koauwecmeo e(D) atineposoix
yuka06 6 opepage D paccuumuvisaemes no gopmy.ae

e(D) =t~ (D, z) - [ [ (outdeg(y) — 1)!,

yeD

2de x — npoussoavras sepwuna opepagda D, t~ (D, ) — Koauuwecmseo KOPHESHT 0CMOSHIT Jepe6ves,
6ce pebpa Komopwvlr HANPABAEHDL K KOPHIO 6 GEPULUHE T .



Caeacrsue 8.3. Koauuvecmeo t~ (D, x) Kopresur ocmosnur depesves 6 opepage D ne 3asucum om
8v00pa KOPHA, MO eCMb BEPUUHDL T .

8.2.2. 3adukcupyem mpousBOJIbHYIO BepiumnHy x B oprpade D (Beprmmua 1 Ha puc.42), a Takike
HeKOoTOpoe pebpo e = (x,y), ABJSIOIIeecsi CTapTOBbIM PeOPOM Jijist J106oro sitieposa nukiaa W s
rpade (pebpo e; = (1, 3) ua puc.42). [Tokazkem BHaUasIe, KaK MO SIEPOBY IUKJLY TOCTPOUTH OCTOBHOE
JIEPEBO C KOPHEM B BEPIIUHE T.

Puc. 42

Mpbr 3HaEM, UTO 3i1JI€POB IIUKJI IPOXOIUT 110 KaxKJI0My pebpy oprpada [ poBHO OJMH pa3, 3ajiaBasd
Ha MHOXKecTBe E(D) pebep HEKOTODBIN JTMHENHHbIH Mopsiok (cM. pebpa eq, . . ., €12 Ha puc.42). Kpome
TOr'0, OH XOTs Obl OJIMH Pa3 MPOXOJUT Yepe3 KaxKIyio BepinHy oprpada . Boibepem st KaxKaoii
BEPIIUHBI Y # T UCXOJgInee U3 y pebpo ¢ HAUOOIbIIUM HOMEPOM (CM. pebpa, MOMeYeHHbIE CHHUM
mBeroM Ha puc.42). [Tokazxkem, aTo mopoxKieHHbIl UMy pebpamu moarpad 1’ npejcrapiiser coboit
KOPHEBOE OCTOBHOE JIepPeBO ¢ KOPHEM B BepiinHe 1.

JleitcTBuTeIbHO, U3 JTI000# BEPIIUHBI Y # & UCXOAUT JIUIIL OJHO pedpO ¢ HAnOOJIBLIIIM HOMepOM. Mbl
IpU JIOKa3aTeIbCTBE TeopeMbl TarTa yrKe yKasblBaJd, UTO B 3TOH cuTyanuu moarpad, mopoxKIeH-
HBIIT 3TUMU pebpaMu, IIpeJICTaBIgeT coOoi JubO JiepeBo, Jimbo mpocrtoil ukya. Ho B janHoM cirydae
IIPOCTOTO IHKJIA OBITH He MOXKeT. leifcTBUTEIbHO, ecii ObI MbI, BRI U3 KAKOI-TO BEPIIUHBI 2 10
pebpy e;, BoILIM OBl B Hee Ke 110 KaKOMY-TO PeOpy €;, TO Mbl JIOJIZKHBI ObLIM OBl IOJIy9HUTDh, ITO
j > 1. Ho mb1 06xoumM Bepimabl oprpada [ 10 3itjaepoBoMy NUKITY, HATHHAIOIMIEMYCS B BePIITHHE
1. 9710 03HaUaeT, 9TO, BOWIS B KAKYIO-TO BEPIIUHY 2 # X 10 PeOPY ¢ HOMEPOM j, MbI BBIATH U3 Hee
JIOJKHBI 110 pebpy ¢ HOMepoMm j + 1. Ho Torma pebpo e; — 310 He pebpo ¢ HAMOOIBITUM HOMEPOM,
BBIXOJIsIIee 13 BepiuHbl 2. [lonyawman nporuBopeune. Takum obpazom, cuHue pebpa B oprpade D
IIMKJIOB HE 00Pa3yIoT, MOKPHIBAIOT BCE BEPIINHBI Oprpada, a KOJMIeCTBO ITUX pedep paBHsgeTcs n— 1.
CrenoBaTeibHO, 9TH pedpa MOPOoKIal0T OCTOBHOE JepeBo B oprpade D ¢ KopHeMm B Bepiiume 1.

8.2.3. PaccmoTpum Terepb KaKoe-TO OCTOBHOE JiepeBo 1'; Bce pebpa KOTOPOro HaIllpaBJ/IEHbI K KOPHIO B
BepHinHe . HaM HY2>KHO IIOHATH, CKOJIBKO PA3JIMYIHbIX 317LH€p0BbIX IMUKJIOB MBI CMOXKeM ITIOCTPOUTDL U3
OJIHOT'O U TOTO 2Ke 0CTOBHOIO Jiepesa T'. [Ijis1 aroro nasaiite nponyMepyeM (¢ HOBTOPEHUsIMU) Bee peb-
pa oprpada D coryacHo cieyomemMmy IprHImy. 3ahuKCHpOBAHHOMY B caMOM Hadasie pebpy (x,y),
€ KOTOPOT'O, KaK MbI JJOTOBOPUJINCH, OY/IyT HAYMHATHCS BCE IJIEPOBBI UKJIBL B oprpade D, Mbl IpH-
cBouM HOMep 1 (pebpo e; Ha puc.42). Ocranbubiv outdeg(x) — 1 pebpam wHazuaunm (outdeg(x) — 1)!



KOJITIECTBOM CIOCODOB MIPOU3BOJIbHBIE HOMEpa U3 MHOXKecTBa {2, ..., outdeg(x)}. s mroboit mpy-
roii BepImHbI 2 # = oprpada D MbI IPHCBOUM HOMED, PaBHBIH outdeg(z), MCXOIAIIEMY U3 BEPIIUHBI
z pebpy, npuHaIeKaieMy ocropaoMy jepeBy. OcraiababiM pebpam Mbl BHOBb (outdeg(z) — 1)! ko-
JIMYECTBOM CIIOCODOB HA3HAYMM TIPOU3BOJIbHBIE HOMepa 13 MHOKecTBa {1, ..., outdeg(z) — 1}. Beero,
TaKuM 00pa30M, MBI HOJIydaeM

d:= H(outdeg(z) —1)!

zeD

c1r1ocoboB IpoHyMepoBaTh pebpa oprpada D.

YoeaumMces Terepb, 4TO JI00asi TakKas HyMmepalus pedep 3ajiaeT HaM OJUH U3 d OPUEHTHUPOBAHHBIX
SIIEPOBBIX IUKJIOB B oprpade D. Jljis 5Toro npu 3aJaHHON HyMepamyun pebep ompe e/ iiM MapIipy T
B oprpade D cienyromum obpasom. Haunem mapmpyT ¢ pebpa (x,y), momedenroro nomepom 1. [Tpu
3axo/ie B JIIOOYIO BepINHYy 2 oprpada MOKWHEM 3TY BEepPINUHY IO eIlle He UCIOJb30BAaHHOMY pedpy ¢
HAMMEHBITMM HOMepoM. Tak Kak mpu BXojie B JIFOOYIO BEPIINHY 2 # T Y HAC KOJUIECTBO UCXOISIIIIIX
u3 z pebep Ha eauHUILY OOJbINEe KOJUIECTBa BXOJSIINX, TO MbI BCEIJa M3 2z CMOXKEM IepeiTH B
KaKyI0-TO JIpyryio BepiiuHy. OCTaHOBUTBHCS K€ Mbl CMOXKEM TOJIbKO B BepinuHe . [Ipm sTom Bece
BXOJIAIIE B & pebpa K 9TOMY MOMEHTY OVIAYT y2Ke UCIO/Ib30BaHbl. 1[0 mOCTpoeHno 3T0 03HAYAET,
YTO MCIOJIb30BAHHBIMU OKa3aJIUCh BCe pedpa KaxKI0i U3 BePIINH, HaXOAAIINXCd Ha PACCTOAHUT 1 OT
KOpH4A B OCTOBHOM JIepeBeE. ﬂaﬂee 110 MHAYKIHUKU MO2KHO IIOKa3aTb, 9YTO HUCIIOJIb3OBaAaHHBIMU OKa3aJIUCh
BOODOIIIE BCce pebpa oprpada D.

8.2.4. Urak, MbI Jj1 JTF000T0 OCTOBHOT'O JIepeBa IMMOCTPOWIH d PA3JIMIHBIX SUIEPOBBIX IUKJIOB B D.
KpOMe TOro, pas3jindHble OCTOBHbLIE J€PE€BbsA IMMOPO2KIAAIOT HaM pa3/JIMYHbIE MHOXKeCTBa SﬁﬂepOBbIX
k0B, Takum obpaszom, e( D) aeitcrBuresibho pasao t~ (D, x) - d. Teopema nokazaHa.

9 T'aMMJIbTOHOBBI ITUKJIBI

9.1. Bo MHOIrEX NMpaKTHYECKUX 3a/lad9ax Hapsy C SMIEPOBLIMU IUKJIAMHA YacTO BCTPEYAIOTCH U TaK
Ha3bIBaeMble 2a.MUALMOHOEY, UUKAbL — TIPOCTbIE ITUKJIBI, IIPOXO/ISIINE Yepe3 KarK/yI0 BEPIIUHY I'Da-

da.

9.1.1. Iloxkauryit, Hanbojiee U3BECTHAS U3 TAKUX 3aJ[@9d — ITO TaK Ha3bIBaeMas 340440 0 KOMMUBOA-
oicepe. B 3T0it 3aj1a19€ TOProBelr JI0JIZKEH 000UTH BCe TOPO/Ia U3 HEKOTOPOTO CIIUCKA, 3aX0/d B KAXKTbIi
rOpPO/JT, TOJIBKO OJIMH Pa3, W BEPHYTHCA B UCXOJHBINA TOPOJI, C KOTOPOI'O OH HAYAJ CBOE ITYyTEIIECTBHUE.
OOGBIYHO TIPH 9TOM yKa3bIBAETCsl HEKOTOPBIH KpUTepuii ONTUMAIBHOCTH MapimipyTa (Kpardaiimmii,
caMmblil JiemeBblil u npovee). B ciydae, Korja JONOTHUTEIbHBIE KPUTEPUN HE YKA3aHbBI, 33/la9a CBO-
JIUTCSI K TIOMCKY TaMIJIBTOHOBA MK B I'pade, BePIIHHAMI KOTOPOT'O SBJISIOTCS TOPOJIa, a pedpamMu
— COEIMHAIONINE UX JIOPOTH.

Eme onna 3ajada, cobcTBEHHO, U Jlajia UM TaMUJIBTOHOBY IUKJy — OHa ObLIA ONUCAHA B IUCHME
FamuibToHa cBoeMy JIpyry B (popMe MarTeMaTH4ecKoil urpbl Ha Jojekadjpe (puc.43). B sroit urpe
OJIMH U3 UI'POKOB JIOJIZKEH ObLI BCTABUTD IMAJIOYKHU B JIIOOBIE TIATH ITOCIEI0BATE/IHHO UJIYIITUX BEPITUH
JIOJTPKA3/IPa, & BTOPOI — MPOJIOIKUTH TOT IyTh Ha BCe OCTaBIIHMecsd BepmuHbL. HBIMEI cioBamu,
UTPOKY JIOJI?KHBI ObLIM HANTH MPOCTOM IMKJI, MPOXOIAIINI Yepe3 Bce BEPIIMHBI J1o/ieKasapa. OmaHo
13 BO3MOXKHBIX PeIeHuil moKa3ano Ha puc.43

9.1.2. Kak u B ci1ydae sitjiepoBa MUKJIa, MEPBBII BOIIPOC, KOTOPBI BO3HUKAET IIPU aHaJInu3e M0J00HOTO
polia 3aJ1ad, 3TO BOIPOC CYIIECTBOBAHWS TaMUJILTOHOBA IHKJA B 3ajaHHOM rpade. OueBHIHBIME



Puc. 43: ['aMUJIbTOHOB IIUKJI B HOJEKa3Ipe

HEOOXOIMMBIMI YCJIOBUSAMU CYIIIECTBOBAHUS INaMUJIBTOHOBA NMUKJA B rpade G dBJISETCH CBI3HOCTD
sTOro rpada, a TakzKe OTCyTCTBHE B HeM BepiimH crernenn deg(x) = 1, To ectb jmcTheB. HyTh MeHee
TPUBHAJILHBIM ABJISIETCS CJIEJIyIolIee HeoOXOIMMOe YCJIOBHE CYIIECTBOBAHUSA T'aMUJILTOHOBA ITUKJIA B

rpade.

YrBepxkaeuune 9.1. [lycmov 6 epade G umeemcs amuivmonos yuka. Tozda xoruvecmeo ¢(G — S)
KOMNOHEHM, CBAZHOCTNU, NOAYIAUOULULCA 6 Pe3ysvmame YOaNeHUA GEPUWUH U3 HEKOMOPO20 HENYCMO-
20 nodmmootcecmea S C V(G) sepwun epaga, 1e npesocrodum KoAudecmea YoaNeHHOIT GEPUUHN.

(G —8) < |S]. (8)

HokasaTtenbctBo. /[leiicTBUTeIbHO, HaYHEM 00XOJ] FAMHUJILTOHOBA IUKJIA B rpade U3 MPOU3BOJIbLHOM
BEPIIMHBI T TOAMHOXKecTBa S. Bxoms B mepByto kommonenty cssasunoctu U; rpada G — S gepes
BepIUHY §1 € S, Mbl 00sI3aHBI BBIUTH W3 Hee Yepe3 KaKyIo-TO JPYTYIo BepimHy So € S. VHbI-
MU CJIOBaMU, KOJIUMYIECTBO BEPIIMH ITOJMHOMXKECTBA S, Uepe3 KOTOpPble TaMUJILTOHOB IIUKJI BXOJUT B
KOMIIOHEHTBI cBA3HOCTU U;, COBIA/Ia€T C KOJTMYECTBOM 3THX KOMIIOHEHT cBa3HOcTU. CJie/0BaTesIbHO,
IOJIMHOZKECTBO S 00s13aHO cOofiepKaTh Kak MUHUMYM ¢(G — S) BepIuH. O

9.1.3. OcuosHaga HpO6JI€Ma CO BCEMU U3BECTHBLIMHU Ha CeFO,ZLHHHIHI/IIL/'I MOMEHT H606XO,ZLI/IMI)IMI/I YCJI0BU-
AMU CyIIEeCTBOBaHUA I'aMHUJIBTOHOBa UKJIA B rpacbe COCTOHUT B TOM, 9YTO HM OJHO U3 HUX HE ABJIACTCA
O/JHOBPEMCHHO U JOCTATOYIHBIM.

Koneuno e, cymiecTByoT rpadbl, I KOTOPBIX BOIPOC O CYIIECTBOBAHUN TaMHIJILTOHOBA ITHKJIIA
odeBuieH. Tak, B mpocToM CBs3HOM rpade Ha n = 2 BepIIMHAX TaMUJIBTOHOB IHKJI HE CYIIECTBYET
(XOTSI CYIIECTBYET 2aMUADTMOHOE NYMb — IPOCTOI Iy Th, IPOXOAIIHI depe3 Bce Bepiiunnl rpada). B
JIF0O0M TUKJITIecKOM Tpade (Ml MHOIOYTOJIbHYKE, WK TIOJUTOHE), TOCTPOEHHOM Ha 1 > 2 BepIIi-
HaX, CyIIECTBYIOT POBHO OJIH IAMUJILTOHOB UK. B ciyuae nosmoro rpada K,, n > 2, cymecTByer
(n — 1)!/2 raMHIIIBTOHOBBIX IIMKJIOB (CMOTpPHU ylipakuenue 7).

B obmem xe ciaydae oTBeT Ha BOIPOC, CyIIECTBYeT JIM B JIAHHOM Tpade TraMuJIbTOHOB IIHKJI, CO-
BEPINIEHHO HETPHUBUAJIEH. B 9YacTHOCTH, Ha HACTOAIINN MOMEHT HET HUKAKUX ITPOCTHIX KPUTEPUEB
CYIIECTBOBAHUS TAMUJILTOHOBA ITUKJIA, OJOOHBIX TOMY, YTO MbI CPOPMYJINPOBAJIN BBIIIE JIJIsd, Ka3a-
JIOCH OBbI, OYEHb MTOX0XKEro MOHATHUS ditiepoBa 1ukJia. Bosee Toro, B 1972 rony Puuaps Kapn nokazait,
YTO 3a/1a1a OIPeJIeIeHIs TOT0, CYIIECTBYET JIU B IPOM3BOJILHOM Ipade TraMUIBTOHOB UK, STBJISIETCS
N P-tiontHoil 3agadeii.

Hecmorpst Ha 9T0 medaibHOE OOCTOSTENIHLCTBO, B Teopun IpadoB BCe K€ UMeeTCs IeJbI Psi J10-
CTATOYHBIX YCJOBUIl CYIIeCTBOBaHUSI TaMUJIBTOHOBA IIyTH WM IUKJIa B rpade. Tak, MHTYUTUBHO
HOHSITHO, YTO YeM 6oJIbIle y (IIPOCTOro CBA3HOrO) rpada, IIOCTPOEHHOIO Ha 1 BEpIINHAX, pebep, TeM
6OJIBITIIE BEPOSITHOCTH TOTO, 9TO B HEM CYIECTBYET TAMUJIBTOHOB IUKJI. DTO BUIHO XOTS OBI U3 TOTO,



4TO B NOJTHOM rpade K, KommdecTBo pedep B KOTOPOM MaKCUMAaJbHO, TaMUJILTOHOB ITUKJI TapaH-
TUPOBAHHO cyIecTByeT. Hike MbI chopMyIupyeM HECKOJBLKO Pe3yJIbTATOB, KOTOPbIEe (DOPMaIU3yIOT
9TO WHTYUTUBHOE HaOJIIOJIEHNE.

9.1.4. IlpeanosokuM BHaYaJje, 9TO Mbl CMOIVIM KaKUM-TO 0Opa3oM IIOCTPOUTH B IIPOCTOM TI'pade
G raMuabTOHOB TyThb P = x1,...,%,, n > 2. Bo3HuKaeT BOIpOC, KOI/a MBI 3TOT MyTh MOXKEM
JIOCTPOUTD JI0 raMuIbTOHOBa uKIa C. OTBeT 0YeBHIeH B TOM CJIydae, KOT/ia KOHIIbI ITOCTPOEHHOTO
IyTU — BEPIIWHBI 1 U T, — OKa3BbIBAIOTCA CMEXKHBIMU. B 3TOM ciyvdae MbI BCETr/ia MOYKEM JIOCTPOUTD
iyt P j0 ramusibronoBa nukia C, mobaBuB K HeMy pebpo {1, z,}. Ciydail HeCMEKHBIX BEPIIUH
T1 U T, FABJIFIETCA y2Ke He CTOJb OUEBUIHBIM.

Jlemma 9.2. ITycmv 6 npocmom epage G umeemcea 2amusomonos nymv P = x1,...,x,, n > 2,
COCQUHANULUL NAPY HECMENHCHDLT BEPWUH T1 U Tp. Jocmamounvim ycrosuem CYULeCmeosaHus 2a-
MUALMOHOBG YUKAL 68 MAKOM 2Pape ABAACNCA BHINOAHEHUE CACIYIOULE20 HEPAGEHCMEA:

deg(1) + deg(w,) > n. (9)

°
X7 X2 Xi Xit+1 X

n-1
Puc. 44: Ilocrpoenne raMu/ibTOHOBa UK B rpade

HokazatensctBo. OcHOBHAS mjiesi JOKA3ATEILCTBA ITOTO YTBEPKICHUS JIOBOJLHO IpocTa. IlycTh B
rpacde G cymecTByeT raMuIbTOHOB Ty Th

P=(xy,29,...,2,),

COEJIMHSIIONINI HeCMeyKHbIe MeK Iy cOo0O# BEpIUHBI Ty U T,. Ham Hy»KHO moKa3aTb, 910 B G 00sI-
3aTebHO CYIECTBYeT MpUHAJIesKalne 3ToMy mytu pebpo e = {x;, z;41}, Takoe, 9TO BEPIIUHA T 1
CMeXKHa C X1, & BepIIUHA T; CMeXKHa ¢ X, (puc.44). Torma Mbl Beeryia cMoXKeM 3aMeHUTh yTh P Ha
raMUJIbTOHOB TTHKJT

C = (T1,%2, Tiy Ty Ty 1y -+ s T 1, T1)-

[TokazkeMm, uTo Takoe pebpo e obs3arenbHO Hafigercs. [lycrs crenenb BepInHbL 1 paBHa [. YcaoBHE
(9) o3Havaer, 9TO cpeu JIOOBIX | OTIIMIHBIX OT T, BepiuH rpada G Haiijgercs XoTst ObI 0J[HA BEpIIUHA,
CMeXKHas ¢ x,. JleficTBuTe/ibHO, ecin Obl 3TO OBLIO HE TaK, TO CTEIEHb BEPINUHBI X, ObLja Obl MEHbBIIIE
win paBHa (n — [ — 1): | He CMEXHBIX C &, BEpIIUH ILUIIOC caMa BepIInHa T, BKIajga B deg(x,) He
JIAIOT. DTO, B CBOKO O4Yepelib, IPOTHBOPEYNT HepaBeHCTBY (9).

Teneps Bo3bMeEM | cMEKHBIX ¢ 21 BepiinH rpada G 1 OTCTYIINM OT 9TUX BEPIIUH Ha OJIHO PeOPO Ha3a/1
BJI0JIb TaMuIbTOHOBa IyTH P. [losiyunm nabop u3 [ BepImH, ojiHa U3 KOTOPBIX — KaKas-TO BEPIIHA
x; — 0DsI3aTeJIbHO CMeXKHA C T,,. Torma pebpo {x;, x;11} 1 Oymer HyKHBIM HaM PeOpPOM e. ]

CaenacrBue 9.3. [lycmv P = x1, ..., x5, k > 2, ecmb Haubosvwuti no KA04EHUIO NPOCMOT nYmb 6
epage G. Tozda amom nymv mootcno npespamums 6 npocmot yuks C' aubo 6 cayuae, k0200 KOHUbL
nymu P — sepwunv, T1 U T — ABAAOMCA CMENCHOIMU, AUOO 6 CAyuae, K020a CYMMG CMenexet
2amux sepuwur bosvue usu pasra k:

deg(x1) + deg(zy) > k. (10)



HokazaTtenbcTBo. elicTBUTEIBHO, B CiIydae, KOIJIa BEPIIUHDI L1 U T ABISIOTCI CMEXKHBIMU, HCKOMBIit
kst C' nosrydaercs gobasierneM K mytu P pebpa {xq, T }.

[IperiooykuM, 9TO BEPIIMHBL £1 U X OKA3aJIUCh HECMEXKHBIMUA. 3aMETUM, YTO STU BEPIIUHBI COETH-
HEHbI peOpaMU TOJBKO ¢ KAKUMU-TO JPYTUMU BEPIIMHAMHE TOTO YK€ IIYTH — B ITPOTUBHOM CJTy9Iae MbI
CMOTJIM OBI IIPOJIOJIKUTE TTyTh P Ha KaKWe-TO JIpyTue BEPIIUHDI.

Paccmorpum noprpad H, unjpynupyembiit Bcemu Bepiinnamu mytu P. CoryiacHo cJieJIAaHHOMY BBbIIITe
3aMEYaHUIO, CTENEHU BEPIIUH X1 U T B 3TOM mHoarpade ocrtanyTcd npe:kuumu. Kak ciiejicrsue,
HepaBeHcTBO (10) Jyst 9TuxX BepimH OKazkeTcss BepHbIM 1 B noarpade H. Ho B sToM moarpade
nyTh P gBisgercs raMuibTOHOBBIM. CJIeIoBATE/IHLHO, €r0 MOYKHO IIPEBPATUTD B FAMUJIBTOHOB 1HUKJT '
C1I0COOOM, OTTMCAHHBIM TIPHU JOKA3aTEIHCTBE JeMMbI 9.2. O

9.1.5. Creayromast TeopeMa JaeT HaM JOCTaTOYHbIE YCIOBUS CYIIECTBOBAHUSI TAMUJIBTOHOBA IIyTH B
rpade.

Teopema 9.4 (Ope). Ilycmv G — npocmoti epagd, nocmpoennvil Ha n > 2 eepwunax. FEcau das
M00uT 08YxT HecmeAHcHur sepwun .Yy 2pada G 6vNOAHACMCA YCAOBUE

deg(z) + deg(y) = n — 1, (11)

mo epa G umeem 2aMuUALMOHOE NYMb.

[okasaTenbcTBo. Bamernm, mpexe Bcero, 9ro Jioboit rpad G, ymosiaerBopsioruii yeaousm (11),
SABJIAETCA CBA3HBIM. /leiicTBUTEIHLHO, PACCMOTPHUM POU3BOJILHYIO MAPY HECMEYKHBIX BEPIIUH & U Y.
Yeqosue (11) Bmecre ¢ npuniunoM /Iupuxie rapaHTUpyeT HaM, 9TO CPeJu OCTaBIIuXcd (n — 2)-X
BepIIUH 00g3aTe/IbHO HalileTcsa XoTd Obl OJHa BepINuHA z, CMeXKHad Kak ¢ o, Tak u ¢ y. Cienosa-
TeJILHO, JIIOOYIO IIapy HEeCMEXKHBIX BEPIIMH B TAKOM I'pade MbI MOXKEM COCJIMHUTE IIyTeM JJIMHLL IBa,
TO ecThb rpad G CBs3eH.

Tenepb MPEIIOIOKUM, YTO y HAC BbINOJHEHO yciaosue (11), a ramuwibToHOB yTh B rpade G He
CYIIECTBYET. DTO O3HAYACT, UTO MAKCUMAJbHBINA IIPOCTOH yTh PP B TakoMm rpade cojepxkut k < n
BepimH. Kpome Toro, B 11060M cBA3HOM T'pade, TOCTPOEHHOM Ha 1 > 2 BepIINHAX, JIJTMHA TPOCTOTO
IyTH MaKCUMAaJILHOM JIMHBI O0JIbIIe n paBHa jaByM. [losTomy, cornmacuo ciemacrsuio 9.3, B rpade
CYIIECTBYET MPOCTOM IUKJI JIJIUHBI K.

Taxk kak k < n u rpacd G cBsaseH, o B G 06s13aHa CYIIIECTBOBATH BEPIINHA ¥, He BXOIsIad B UK C'

M CMeXKHast XOTs Obl ¢ OJIHO¥ M3 BepInH = = 7 31oro mukaa C' = (xq,...,x;). Ho B Takom ciryuae
MBI BCerjia MOXKeM IMOCTpouTh B rpade GG mpocToit myTh ¥, X1, Lo, . .., T} JJIAHBI, OOJbIIeil, dem k,
YTO MPOTUBOPEYUT IMPEJTOTOKEHUIO O TOM, UTO P ecTh MyTh MakKcUMaJbHON Amunbl. [lomydennoe
IPOTUBOPEYNE JIOKA3BIBAET TEOPEMY. 0

9.1.6. ChopmymupyeM Terepb HECKOJIBKO OYEBUIHBIX CJIEICTBUIT 13 Teopembl Ope.

CnencrBue 9.5. Ilycmv G — epag, nocmpoennunti wa n > 2 sepwunax. Ecau das ar060t napo
HECMEHCHDIT BEPULUH BBINOAHACTCA YCAOBUE

deg(x) + deg(y) > n, (12)

mo 6 2page G umeemcsa 2aMULLMOHOE UUK.A.

HokazaTtenbctBo. /leiicTBurensho, B cury TeopeMbl Ope, B TakoM rpade o0sI3aH CyIIecTBOBATh I'a-
MUJIBTOHOB TIyTh P = 1, ..., x,. CoriacHo cieactuio 9.3, ero Bceria MOKHO TTPEBPATUTD B TAMUJTb-
TOHOB ITUKJI. ]



Caexncrsue 9.6 ([dupak). [Tycmo G — npocmoti epad na n > 2 eepwunax. Ecau cmenens kasrcdot
u3 e20 sepwun boavwe uau pasra (n —1)/2, mo 6 epadpe cywecmsyem 2amusbMoOr08 NYMob, @& €CAU
boALWE UAU PABHG N/2 — MO 8 HEM CYWECMBYEM U 2aMUNDTMOHOE UUKA.

9.2. Vcroprdecku EPBBIM JTOCTATOYHBIM YCJIOBHEM CYIECTBOBAHIS TaMUJIBTOHOBA IUKJa B rpade
obl1a Teopema Jlupaka, mokazanHas uM B 1952 rogy. DTa Teopema sIBUIaCh OTIPABHON TOIKOMN JjIst
IOJTYy 9eHUS TIeJI0T0 psijia Bee DoJtee n 6oJiee crabbiX YCJIOBHiT Ha CTEIIeHN BEPIIUH rpada, J0CTaTOUHBIX
JIJIS CYIIeCTBOBaHUA TaMUJIBTOHOBOTO IuKJa B HeM. Teopema Ope, mokazannasi B 1960 rosmy, ObLia
OJIHUM U3 HamOoJiee BasKHBIX pe3y/IbTaToB Ha 3ToM IyTu. B 1972 roxy Bargia XBataJsr mosrydm
JIOCTATOYHOE YCJIOBHE, OXBaTHIBAIOIIEEe BCE MOJIydYeHHbIe paHee pe3ysabrarbl. s Toro, arobbl ero
chopMyIIpOBaTh, HAM MOHAI00ATCS HEKOTOPBIE JOMOTHUTETbHBIE TIOHITHA U (DAKTHI.

9.2.1. IIpex e Bcero, MoKaxkKeM CJIeIyIoliee HECJI0:KHOe ClIeicTBre TeopeMbl Ope.

Jlemma 9.7. Ilycmo G ecmvb npocmotl epagh, 6 KOMOPOM CYWECMBYEM NAPa HECMENHCHDIT MeAHCIY
cob0l sepwur T, Y, CYMMAPHAA CMENEeHsb Komopuxr boavwe usu pasna n. Tozda 6 G cywecmsyem
2AMUNDMONOE YUKA M020a U MoAvKko mozda, kozda on cyuecmeyem 6 epage G + {x,y}.

HokazatensctBo. B o/iHy cTOpOHY yTBep:KieHne 09eBUIHO — eciu B rpade G cyIecTByeT raMm/ib-
TOHOB IIUKJI, TO YK TeM GoJiee oH cymiecTByer u B rpade G + {x,y}. O6paTHo, IPEAIONI0KAM, ITO
B G + {x,y} cymecrByer ramuwibToHOB KL Torga B rpade G CyIecTByeT raMUJIBTOHOB IMyTh C
KOHIIaMM B BepHinHaxX T 1 Y, KOTOpI)H';I MBI BCer’Jja MOXKEM TpaHC(bOpMI/IpOBaTb B I'aMMJIBTOHOB IMKJI
C110coOOM, OIIMCAHHBIM IIPH JIOKA3aTENIbCTBE JIEMMBbI 9.2. ]

9.2.2. Ternepnb copmysiupyem ciieyroliee MoJIe3HOe TTOHITHE.

Ounpenesienne 9.8. Bambikanuem C(G) rpada G HasbiBaercs rpad, mosydeHnslii n3 G mocieaoBa-
TEJILHBIM COEJIMHEHUEM B HEM PeOpaMu 1ap HECMEXKHBIX MeXK 1y co0Oil BEPIIUH, CyMMapHbIE CTEIICHN
KOTOPBIX OOJIbINE WJIM PABHBI 1, JI0 TeX 0P, [TOKa HU OJHOI Takoil mapbl B rpade He OCTaHeTCs.

Puc. 45: Ilocrpoenne 3aMmbikanus rpada G

B kauectBe mpumepa Ha puc.4b mokazano 3ambikanue rpada (G, mnpeJcTaBsioniee coOOi MOTHBIM
rpacd K.

Bameuanue 9.9. I'pad C(G), moayueHuslii B pesynbraTe Hpornemypbl 3ambikanus rpada G, He
3AaBUCHUT OT IOPsIJIKa BEIOOpaA pedep, COeINHSIONINX HeCMeKHbIe BepinHbl B rpade G.

HNokazatensctBo. O603HAYMNM Yepes €1, ..., e, U fi,..., fs MOCIe0BaTEILHOCTI pedep, T00aBITeMbIX
B TIporiecce nosryvuenus 3ambikaauii G; u G rpacda G. [lokaxkem, 1ro jiroboe pedpo e; MpucyTCTByeT
B rpacde G, a Kaxjioe pebpo f; noasigerca B rpade Gi. [eiicrBuTenbHo, peinoaoKuM obpaTHoe.
[Iycts Torma e = {x,y} ectb mepBoe pedpPO B IOC/IEIOBATEILHOCTH €;, KOTOPOE He BOILIO B rpad
(5. Pacemorpum torma rpad H = G + {ey, ..., ex_1}. I3 onpenenenus rpada G ciaemyer, 910

degy(z) + degy(y) = n.



Ho MBI Tak kKak Bce e;, @ < k npuHamiexkar (G, To rpad H sBigercsa TakxKe u moarpadom rpada
(G5, a moTomy

degGQ (.’,U) + degGg (y) 2 n.
Kpowme Toro, tak kax B G pebpo {:I:, y} OTCyTCTBYeT, TO B rpacde Gy BEpIINHBI T U i HECMEXKHBI. A

9TO, B CBOIO OYepejlb, MPOTUBOPEUUT aJropurmy nocrpoenus rpada Go. Crenoarenbno, G; = Go,
tak 9To C'(G) oupeseseH oHO3HATHO.

9.2.3. CnescrBueM cOpMyTHPOBAHHON BBITIE JIeMMbBI 9.7 ABJISIETCS CIeIyolee YTBEPXK IeHe.

Teopema 9.10 (Bondy-Chvatal, 1976). IIpocmot epadp G seasemcs 2amuibmonouim mozda u
moavko moezda, kozda ezo 3amuvikarue C(G) ABAACMCA 2aMUABTNOHOBHIM 2PAPOM.

CaenctBue 9.11. Ecau C(G) = K,,, mo epad G asasemcs 2aMUADTMOHOGVIM.

Tak, B cirygae 6(G) > n/2 xaxzaas mapa HeCMeKHbIX BepiinH rpada G 1omkHa OBITH COCAUHEHA
pebpom, Tak uro C(G) = K,. Ilosromy teopema Tnupaka ectb dacTHblii ciaydaii Teopembr 9.10.

9.2.4. Tenepb MbI TOTOBBI JIOKA3aTh HAWIYYIIYIO U3 U3BECTHBIX OIEHOK HAa CTEIEHW BEPIIUH, TapaH-
TUPYIOIILYIO CYIIIECTBOBaHNE TaMIJILTOHOBA IUKJIa B rpade.

Teopema 9.12 (Chvatal, 1972). ITycmov G ecmv npocmoti 2pad, nocmpoermvili ha n > 2 6ePUUHAL,
cmenennas nocaedosamervnocms (dy, .. ., d,) Komopozo ydosaemeopsem cAeOYOUEMY YCAOBUIO:

Vi<n/2 260 d; > i, b0 dp_; = n —1i. (13)

Tozda 6 G cywecmeyem 2aMUNDMOHOE UUKA.

[NokasaTtensctBo. Mbr mokaxkeMm, uro 3ambikanne C(G) rpada G sBisiercst mosHbM Tpadom K.
Byznem mokaseiBarh 910 0T nporuBHoro. Vimenno, npemanosnoxum, uro C(G) # K,. Boibepem Tora
B rpacde C(G) mapy Takux HECMEXKHBIX MeXKy COOON BEPIIUH T, Y, JJisi KOTOPBIX CyMMa S CTelleHeil
MakcuMaJjbHa. Mbl 3HaeM, 9TO 3Ta CyMMa OrpaHUYeHa CBEPXY BEJIUIUHON 1

s = deg(z) + deg(y) < n.

[Monoxkum mas onpenesrerntoct i := deg(z) < deg(y). B cuy nociennero HepasencTsa, i < n/2, a
deg(y) < (n —1).

Mpb1 BBIOpa/I HECMEYXKHYIO ITapy BEPIIUH ¢ HAaUOOJIbINe cyMMOii s crenieneit Bepimua. [TosTomy obast
HeCMeXKHasl ¢ Y BepIInHa UMeeT CTeleHb, MeHbIyto uin pasayio deg(x) = i. Takux Bepmun B rpade
C(G) —y nmeercsa n— 1 —deg(y) mryk, npudem u3 HepaBeHCTBa § < (n— 1) ciie/yer, 9To KOJIUIeCTBO
9THUX BEPIHINH OOJIbIIIE UJIU PABHO i

deg(x) +deg(y) <n—1 = n—1—deg(y) > deg(z) = 1.

Uubivu ciioBamu, B rpade C(G) rapaHTUPOBAHHO UMEETCs i BEPIIUH, CTEIeHN KOTOPBIX MEHbIIIE UJIH
PaBHBI %.

Hasee, mrobast HeCMeKHasl ¢ T BepINUHA UMEET CTEleHb, MeHbINyo uin pasuyio deg(y) < (n — ).
Takux BepmH umeercst n — 1 — deg(x) = n — 1 — ¢ mryk. Kpome Toro, cama BepimHa  uMeer
crerneHb, MeHbInyo (n — ). [losromy MbI MOXKeM 106aBUTH 9Ty BepimuHy K (n — 1 — i) BepurmHam
rpada, crereHb KOTOPBIX MeHbIre (1 — 7). VIHBIMI CJIOBAMU, MBI [TOJIY IHJIH, YTO KOJUIECTBO BEPIITHH
rpada C(G), crenenb KOTOPLIX MeHbIIe (1 — i), paBHO (n — ).



Teneps 3amernm, uto G ecth ocToBHbII IoArpad rpada G. [lostomy ecim B C(G) Kakas-To BepiinHa
NMEET CTeleHb, MEHBIIYI0 HEKOTOPOTO YNC/Ia, TO U B (G CTEIeHb 9TO# BEPIITUHBI HE TPEBOCXOIUT TOTO
ke qnciaa. CraegoBaresbHo, B Tpade (G HANLINCH, KAK MUHUMYM i BEPIIUH CTEIeHN, MEHBIeH n
PaBHOI ¢, U N — i BEePIIUH, CTelleHb KOTOPHIX MEHbIIe N — i, a 3T0 MPOTUBOpednT ycjaosusm (13). [

9.3. B 3ak/mouenue JaHHOrO Maparpada MmoroBOpUM O TaMUJIBTOHOBBIX IHUKJIaX B oprpadax.

9.3.1. OkasbIiBaeTcs, 9TO J1000e 0000IIeHNe OIMUCAHHBIX BBIINIE JIOCTATOYHBIX YCIOBUN CYHNIECTBOBA-
HUsI TAMUJIBTOHOBBIX IIyTEll U IUKJ/IOB B HEOPUEHTUPOBAHHBIX Ipadax Ha OPUEHTHUPOBAHHBIN CJIytail
JaeTcsl JIOBOJIbHO TsizKesio. B 9acTHOCTH, CyIIecTByeT cjejyrolnee obobIenne reopembl /Iupaka Ha
caydait oprpados.

Teopema 9.13. [Iycmv D ecmv cusvho c6a3HvIL 0pepad, ucrodawai U 6LodAwan cmenety 1060
BEPWUHDL T 8 KOMOopom boavwe uau pasha n/2. Tozda 6 D cyuecmeyem 2amusbmonos yuka.

[lokazaTenbCTBO 3TOI TEOPEMbI 3HAUUTEIHLHO CJIOZKHEE JI0Ka3aTe/IbCTBa TeopeMbl lupaka jiist Heopu-
E€HTUPOBAHHBIX I'padoB U 37Ch TPUBOJUTHCA HE OYIIET.

9.3.2. BmecTo 9TOr0 MbI PACCMOTPHUM BazKHBIH TOJIKIACC OPTPadOB, /It KOTOPBIX BOIIPOC CYIIECTBO-
BaHUS raMUJILTOHOBA IIyTH WJIN IUKJIa PENIaeTCs 3HAUNTEHHO TIPOIIIE.

Onpenenenne 9.14. Typuupom T HasbiBaeTcs oprpad, J0ObIe JIBe BEPIIHHBI KOTOPOI'O COEINHEHbI
POBHO OJHUM OpPHEHTHPOBaHHBIM pedbpoM. VHBIMEU cioBaMM, TYPHHPOM Ha3bIBaeTCs oprpad, Mmosy-
YeHHbBIH u3 1oJiHoro rpada K, npou3BoJIbHON OopueHTaIueil ero pebep.

Teopema 9.15 (Redei, 1934). B aobom myprupe T cyuecmsyem opuenmuposartbili 2a. Muibmonos
nymoy.

[lokasaTenbCTBO MpoBeAeM MH Ly KIIMeii 110 KOJM9eCTBY n Bepiind B Typaupe D. O49eBuaHo, 9TO TpUBU-
aJILHBII TaMUILTOHOB 11y Th, COCTOAIINI U3 OIHON BEPIINHLI, CYIIECTBYET B TPUBUAJILHOM YK€ TyPHUPE,
IOCTPOEHHOM Ha OJHOI BepmuHe. [IpeaoIoKuM renepb, 9To npu Jo60M (BUKCUPOBAHHOM 1. > 2
0601 TypHUD, TOCTPOeHHBIH Ha (n — 1)-if BepiiuHe, nMeeT raMuJIBTOHOB Iy Th. PaccMoTpuM Toria B
TypHupe T', MOCTPOEHHOM Ha N BepIIUHAX, IIPOU3Bo/IbHY0 Bepiuny x. Oprpad T’ = T — x aBisercs
TypHEPOM Ha (n — 1)-if BepIiHe, Tak 9TO B HEM CYIECTBYeT FaMUJIBTOHOB TyTh P = (z1,..., 2, 1).
B sTOM ci1yuae BO3MOXKHO BCEro TPHU BapUAHTA.

Puc. 46



1. B oprpade T cymectByer pebpo (x,z1). Torga B T cymecTByeT n OpHEHTHPOBAHHBIN MaMUITh-
TOHOB IYThb (T, T1,...,Tn_1).

2. B oprpade T cymecrByer pebpo (x1,z), u kpome toro, B T cymecrByer pebpo (x,x;) st
HekoToporo ¢ > 1 (cm.puc.46). Torga B T mMeercsi raMUIIBTOHOB Iy Th, 8 UMEHHO, IIYTh

(wla sy L1, Ty Ly - - 7xn71)'
3. Hakomer, B oprpade T' e cymecrByer pebpa (z, x;) Hu st kKakoro ¢ = 1,...,n — 1. Ho Torma
B T cymectByer pebpo (x,_1,T), & 3HAYAT, U TAMUJIBTOHOB IYThb (Z1, ..., Ty 1,T).

10 TI'pad ne Bpeiina

10.1. Kak MbI y2Ke YyIIOMUHAJIH, SH/I€POBbI U TaMUJIBTOHOBBI I'Padbl BCTPEIAIOTCA B CAMBIX Pa3HOO0-
pPa3HbIX MPaAKTHIECKNX 3ajadax. B kKadecTBe 04eHb KPACUBOT'O W IIOJIE3HOT'O ITPUMEPa OCTAHOBUMCH
Ha OJIHOI M3 TaKMWX 3aJla9 — 3ajiade O IoCjeI0BaTeIbHOCTIX e Bpeiina.

10.1.1. ®opmasbHas IIOCTAHOBKA 33/l TAKOBa: HANTH HAUMEHDIIYIO IIUKJIMIECKYIO [0C/IeI0Ba-
TEJIBHOCTD (IUK/IMYECKOe CJI0BO) HaJl ajihaBUTOM U3 1 OYKB, COAEPIKAIILYIO BCE BO3MOKHBIE HIOJCTPO-
K1 JMHLL k (Tak HasblBaeMble k-Mephl).

Puc. 47: Hukinuaeckas mocsenoBarebHocTh B(2, 3)

ITpumep 10.1. PaccMoTpuM IMUKIUYECKHE TTOCIEIOBATE/ILHOCTH HAJT aadaBUTOM U3 JIBYX OYKB —
aucen 0 u 1, cofiepzkariye Bce BOSMOXKHBIE TIO/IIIOC/IEI0BATEIbHOCTH JITMHBL TpH (TpuMeph). TaKoBbIX,
KaK MbI 3Ha€eM, CyIIeCTBYyeT 23 = 8 IMTYK — BOCEMb II€PBbIX YHCEJI B ,ZLBOI/I‘{HOI;JI CUCTEME NCUHUCJICHUAD:

000, 001, o010, 011, 100, 101, 110, 111.

PaccraBisgsa ux 1o Kpyry, Mbl, KOHEYHO Ke, TOJIyIaeM IMUKJINIECKYIO ITOCIeI0BATE/THHOCTD, COCTOS-
myio u3 k -n* = 323 = 24 cuMBOJIOB 1 coJeprKaILyI0 BCe BO3MOXKHBIe TpuMephl. OIHAKO Takoe
CJIOBO MUHUMAJIBHBIM He OYyJIeT — HECJIOXKHO BHUJIETh, UTO M300parkeHHasd Ha puc.47 NUKITIecKas
HOC/Ie0BATEILHOCTD JJIMHBL 23 = 8 COepsKuUT Bee TPUMEpPDI, IPUYeM KayKIblii U3 HUX OHa COIePKUT
IO OZHOMY pa3y. HOHHTHO, YTO HUKJJINYICECKYIO IIOCJICJOBATCJIbHOCTL JIJIMHDBI MeHbIlIef/i7 qeM 23, 110-
CTPOUTH HEBO3MOYKHO — OHA HE CMOYKET Cojiep:KaTh Bee 8 TpuMepoB. [losTomy nokazannas na puc.47
IUKJITIECKasd MMOCIeI0BATEIbHOCT, MUHIMAJIHLHA.

[Iposenennnie B puMepe 10.1 paccyzKIeHusS MO3BOISIOT IPEIITOI0KATH, YTO U B OOIIEM CIydae Jijist

IIPOU3BOJILHBIX Tl 1 k MuHIMaJIbHAA IIUKJINYeCKasd II0CJIeA0BaTCJIbHOCTD Ha/l aﬂ(baBI/ITOM n3 n 6YKB,

cozieprKammas Bee nF BO3MOXKHBIX k-MepoB, Takzke mMeeT jymHy n¥. B 9Toil cBA31M BOBHUKAIOT cpasy



TPHU BOIIPOCa — KaK J0Ka3aTh 3TO IIPEAIOJIOKEHNE, KAK IIOHAThH, CKOJIbKO TAKNX MAHUMAJIbHBIX CTPOK
CYIIECTBYET, HY U HAKOHEIl, KaK UX BCEX HAUTH.

Ha Bce stu Bonpocer jasn orser Hukosac ne Bpeiin B coeit pabore [?] 1946 roga. Bo-niepsbix, on
JIOKa3aJl, YTO JeMCTBUTEHHO JIJIs1 IPOU3BOJIBHBIX N U k CYIECTBYIOT IUK/IMYECKNE TI0CIe0BATEIHHO-
et JyHE nF Hat andaBuTOM U3 1 6YKB, CoepIKaIIie Bee BO3MOMKHBIE k-MepBl — B €ro 4eCTh TaKIe
[UKJINIECKUE MOCJIeI0BATEIbHOCTH HA3BIBAIOT Terepb nocaedosamenvrocmamu de Bpetina B(n, k)
nopsiyika k. Bo-BTOpBIX, OH MOJICYMTAJ KOJIMYECTBO TaKUX IOcjenoBaTeabuocTeil. Hakoner, on yka-
3a/1 KOHCTPYKTUBHBII aJI'OPUTM IIOCTPOEHUS TUX T10C/Ie/IoBaTeibHocTel. U ciiestan on 9To, mocTpons

JUTS 38JIAHHBIX N U kK HEKOTOPBIH oprpad CIeruajbHOr0 BH/IA.

Puc. 48: HOCTpOGHI/Ie HHKJIHHGCKOfI I10CJIe J0BATE/JIbHOCTHU C IIOMOIIIBIO I'aMMWJIbTOHOBa IIHUKJIa B Fpacbe

10.1.2. Urak, ronbiTaemcs, BCJIE 3a Jie BpeitHoM, cOIoCTaBUTh MHOYKECTBY BCEBO3MOXKHBIX k-MEpOB
HaJ1 a/ipaBUTOM U3 1 OYKB HEKOTOPLINH oprpad [, 06X0/1 KOTOPOro JacT HaM KaKyIo-TO MUKJINIECKYIO
noceoBarenbiocts B(n, k) pmunel n. Kax mpasuiio, neppoe, 9To IPUXOAUT B FOJIOBY P aHAIN3e
9TOH 3a/1a1u, 9TO B3ATh B KadeCTBE BepIinH Oyayinero rpada Bce k-Mepbl, U COeIMHUTD JIIOObIE JIBe
BEPINNHbBI HAIIPABJIEHHBIM PeOpPOM B ToM cirydae, ecan (k — 1)-mep, orBevarormuii cyddukcy mepBoit
BepImHbI, coBnaaaer ¢ (k — 1)-Mepom, cOOTBETCTBYIONM MpedUKCy BTOPOIi.

Tax, na puc.48 mokazan oprpad, MOCTPOEHHBIN C MOMOIIBIO STOTO AJTOPUTMA JIJIs Pa300PaHHOTO
Boie mpuMepa 10.1. B stom oprpade, k npumepy, Bepimaa 011 coegunena ¢ BeprmHoit 110 pebpom
IOTOMY, 4ITO cyhdUKC 1mepBoit u3 Hux — 2-mep 11 — coBnajiaer ¢ npeduKCOM BTOPOIA.

BaMeTuM Terepb, 4To 06X0J] TOro oprpada 1o MPOCTOMY IHUKILY, COJAEPKAIIEMY BCE BEPIIUHBL (10
MeUeHHBIl KUPHBIMEI CTPEJKAMU Ha PUC.48 IHKII), MO3BOJISET HOCTPOUTH OJIHY W3 MCKOMBIX HAMI
[UKJIMIEeCKUX TI0cyeoBaTepHocTeil B(2,3), a nmenno, nocsenoareabrocts 11101000. Tor ke dakt
CIpaBeJINB U B 00IIeM cirydae. VIHBIMEU CJIOBAMU, IPH TAKOM IIOJIXOJIE 3a/1a49a, IIOUCKa, ITTKTTIeCKO
nocJiejioBaresibnocT B(n, k) ¢cBoAnUTCs K OCTPOCHUIO TaMUIBTOHOBA ITUKJIA B oprpade D.

10.1.3. Ha niepBbIii B3IVIsiT KAXKETCs, YTO MbI PEIIU/IN ITOCTABICHHYIO 3819y — JACHCTBUTE/ILHO, HAM
yJ1a10ch (popMaIn30BaTh 3a/lady MOUCKa IocjegoBaTebHOCTel Jie bpeifina Ha g3bIiKe Teopuw rpa-
doB. OJHAKO ¥ TAKOIO pEelIeHrs] UMeeTCsT MHOXKECTBO HEJ0CTATKOB. Bo-1IepBBIX, allpuopu cOBCEM He
OYEBHJIHO, UTO TaMHUJIBTOHOB IMKJI Y JIFOOOIO TakKoro rpada cyiecTByeT. Bo-BTOpPBIX, jlaxke ec/ii OH
n cymiecTByeT, TO HEIIOHATHO, KaK €0 TaM HMCKaTb — KaK MbI 3Ha€M, 3a/la4da IIOCTPOCHUA I'aMUJIb-
TOHOBa ITUKJIa BeCbMa HeTpuBHaJibHa. HakoHerl, ecjm Takue MUKJIbI U CYIIECTBYIOT, TO HE $ICHO, KaK
MOJICINTATH WX KOJUIECTBO.

OcnoBHoe mocTmzkenune jie BpeiiHa coCTOSIIO B TOM, 9TO OH NPEJJIOKMII JIPYTOi, JTaIeKO He CTOJIh
OYEBU/IHBIN, MOAX0/ K (hopMasm3aluy JanHoi 3aga4dn. Kak mokazas jie Bpeitn, aTy 3aady MOXK-
HO U3AIIHO 11epeOpMY/INpOBaTh, CBEJIA €€ K K CPABHUTEIHLHO JIEI'KO PeIlaeMoii 3ajiade MOCTPOEHUs



siiiepoBa IuKJIa B oprpade cruenuaabHoro Buja — rpade je bpeiina.

Puc. 49: I'pad ne Bpeitna qnsan =2, k=3

Anroputm moctpoenus rpada e Bpeiina ciemyromnuii: Bo3bMeM B KadeCcTBe BepITUH oprpada BMme-
cto k-Mepos Bce BosMozkHble (k — 1)-Mepn (ux, ouesmano, n* V) mTyk) u cesxkem mobble 1Be 13
HUX OPUEHTHPOBAHHBIM PEOPOM B Cilydae, eCli CylmecTByeT k-Mep, IpedUKCOM KOTOPOTo sIBJISETCS
nepBasi BepiiuHa, a cyddUKCoOM — BTOpasi.

Ha pwuc.49 nokazan rpad je Bpeiina, nocrpoenusiit s ganabix n3 npumepa 10.1. Tak Kak cyre-
crBytorT TpuMepbl 010 u 011, To Bepmuna 01 coequnena B 3ToM rpade ¢ Bepmunamu 10 u 11. ABym
BXOJIAIINM B 3Ty Bepiiuny pedpam oreudaiorT Tpumepbl 101 u 001. Tak kak K JitoboMy 2-Mepy MOK-
HO JIByMd CIIOCODAMM CJIEBa, NMPUITUCATDH €IUHUILY WM HOJIb, W CIpaBa MPUIIUCATH €IUHUILY U HOJIb,
TO AHAJIOTMYHBIN (DAKT CIpaBeJIUB U I JIIOOOH JIPYToil BEpIIUHBI — B JIIOOYIO BEPIIUHY BXOJAT
POBHO N = 2 pebpa M BBIXOJAT U3 STOH BEPIIMHBI Tak:Ke POBHO n = 2 pebpa. Kak ciejacrsue, B
TaKoM oprpade 00A3aTe/IbHO CYIIecTBYeT 3itepos 1ukJ. O6xo 1 rpada 1o sitsiepoy mukiay 000, 001,
010, 101, 011, 111, 110, 100 TO3BOJIsIET BOCCTAHOBUTH MUCKOMYIO TMUKJIMIECKYIO TIOCTIE/IOBATETHLHOCTD
B(2,3) = 00010111.

AnajlorngHbie paccyKIeHns TPoXoaaT u B obmeM ciaydae. CremnoBarenbHo, J1000it rpad je bpeiina
SIBJISIETCSI 9MJIEPOBBIM, & JII00O0H SMIePOB MUK/ B HEM OTBeYaeT HEKOTOPOM IOC/IeI0BATE/IbHOCTU JIe
Bpeitna B(n, k).

NTak, nocTpous J1a J1o0bx n 1 k rpad 1e Bpeiita, MbI 0Ka3a/1 CyIecTBOBAHNE COOTBETCTBYIOMIEH
nocJjeoBaTesIbHOCTH Je Bpeiina. [Jajee, NCIOIb3ys aJrOPUTMBL IOUCKA SHIEPOBBIX IIUKJIOB B Oprpa-
Cbe, MbI MOZKEM HaXOIUTHL TaKHE IIOCJIeJ0BATCJIbHOCTH. OCTaJ[OCI) IIOHATDH, CKOJIBKO BCEI'0 TaKOBbLIX
nocJieiopaTesIbHOCTel cymectsyer. e Bpeiin oTBeTma m Ha 3TOT BOIPOC, TOKA3aB, YTO MX KOJIH-
YeCTBO PaBHO (n!)"k*1 /n*. Jlpa pasmmdHBIX J10Ka3aTeqbCTBa 3TOTO Pesy/IbTaTa — KOMOMHATOPHOE W
asrebpanveckoe — MOXKHO HafiTu, Hanpumep, B yueOHuke |?|.

10.1.4. Kak 310 yacTo ObIBaeT B IPHUKJIAHON MaTeMaTHKe, 33/1a4a, O4eHb 1I0X0XKas Ha PaCcCMOTDEH-
HYIO BBIIIE, BO3HUKJIA OTHOCUTEILHO HEJIABHO €Ille B OJHOII, JOCTATOYHO MOJIOION 00JIaCTH IPUKJIAI-
HOIt Maremarukn — B Omonndopmaruke |?]. OgHoil u3 Hanbosiee aKTyaIbHBIX 3a/ad B 9TOH HayKe
SABJIIETCH 33/1a9a acceMOmpoBaius (CO0OPKM) T€HOMOB U3 TaK Ha3bIBAeMBIX pHIoB (reads) — OTHO-
CHUTEJILHO KOPOTKUX (comepzRammux nopsaka 100 CHMBOJIOB — HYKJICOTH/IOB) CTPOK HaJT 4-6yKBEHHBIM
andasurom {A,C,G,T}, noaydaembix B pe3ysibraTe CeKBEHHPOBaHUs (pasjiesieHnsi) reHoMa (a Tod-
Hee, OUeHb OOJIBIIIOTO KOJIMIeCTBa OJMHAKOBBIX T€HOMOB). [lepBble MeTO/IbI COOPKM MeHOMA, U3 TAKIX
PHJIOB KaK pa3 u 6a3MpoBa/INCh Ha OCTPOEHUH Ipada, BepIInHAM KOTOPOIO CONOCTABIIAIICH PUIB,
a pedpaM — IepPeKPBbITUA MEKTy STHUMI PUIaMH (PUKCHPOBAHHON JIUHBL. [Ipr 5TOM MCXOIHBIN reHOM
BOCCTAHABJINBAJICA C IIOMOIIBIO IIOCTPOCHUS FaMUJIBTOHOBA IUKJ/IA B I10J00HOM Ipade.

Paccmorpum B KadecTBe IpocTeifIero mpuMepa oueHb KOPOTKHUM ITNKINIECKUl TeHOM, TOKa3aHHbIM
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Puc. 50: Coopka mpocTeiitero renoma

na puc.50,a. [Ipemmosoxkum, 910 B pe3y/braTe CEKBEHUPOBAHUS MbI IOJYUMJIN U3 HEro IATb PH-
noB CGTGCAA, ATGGCGT, CAATGGC, GGCGTGC u TGCAATG mnnr 7. CooTBeTcTBYIONIHiA
9TOM IOCJIeIOBATEILHOCTA PUIOB I'pad mokasaH Ha puc.50,b. Kaxkmgomy m3 msTé puioB IOCTaBIIEe-
Ha B COOTBETCTBUE OJIHA U3 BEPIIUH 3TOro rpada. /IBe BepIIuMHBI cOeUHAIOTCS peOPOM B CiIydae,
eCJIM NMIMPUHA TEPEKPBITUST COOTBETCTBYIONIMX PHUJIOB COCTABJISIET MsITh HYKJI€OTHI0B (cM. puc.50,b).
[Ipoxos 1o TaMUIbTOHOBY KTy

ATGGCGT — GGCGTGC — CGTGCAA — TGCAATG — CAATGGC — ATGGCGT

IIO3BOJIAET IIyTEeM O6'be,ZLI/IHeHI/IH IIEPBLIX JABYX HYKJIECOTHU/JIO0B B Ka2K/IOM PuJae BOCCTaHOBUTDH I/ICXOI[HBII'?'I

renoM ATGGCGTGCA.

Boutee coBpemennbie MeTo/IbI COOPKU N€HOMOB OOBITHO PAbOTAIOT CO CTPOKAMHE OIIPEIEICHHON JITHHBI
k (koropble Kak pa3 M Ha3bIBAIOTCA k-MepaMn), 3HAIUTEIbHO 00Jiee KOPOTKUMHU, HEXKETH MUCXOIHBIE
pusel. Hanpumep, turmmanbiit 100-HyKI€0THIHBIH prjT pa3dbuBaeTcd BHaYaJ e Ha HH-Mepbl, JIJIHHA T1e-
PEKPBIBAIONINXCA YIACTKOB KOTOPBIX paBHA COPOKa IecTu. B HarieM MoJeTbHOM IpUMepe KazK Iblii
T-HYKJIEOTU/IHBIN PUJT PA30MBAETCS HA MATH 3-MEPOB, IEePEKPBIBAIOIITNXCA MEXK LY COOO0I 110 ABYM HYK-
seoruyaMm (cMm. puc.50,c,d). Jaxke jijist 9T0ro npuMepa HaflTH COOTBETCTBYIOMIUI UCXOIHOMY T€HOMY
raMuJIbTOHOB IMKJI HEJErKO. B peasibHON Ke CHUTyaIluu W3 OJIHOTO T€HOMa B IIPOIECCe CeKBEHUPO-
Banus 1ojtydaiorT Musmonsl (10%) punos, tpusmonsr (10'%) k-mepos, To ecTh rpadbl ¢ OrpOMHBIM
KOJIMIECTBOM BEPINUH. 3a/1a4a MOUCKA TaMUJILTOHOBA IUKJIA B TAKOM rpade MpaKTUIeCKN Heperae-
Ma.

[Tases IleB3nep B 1989 romy npeioKu Jijisi TAKUX CJIYIaeB UCIIOJIb30BaTh 1101x0/1 Jie Bpeitna. [le-
PExXo/ OT 3aJIa9d MOKCKa MaMUIBTOHOBA IMKJIa B rpade (puc.50,c) K 3ajade MoncKa sitiepoBa nuKJia



(puc.50,d) cymecTBeHHBIM 00PAa30M YCKOPHI IIPOIIECC acCeMOJINPOBAHSI TEHOMOB 1 CTaJI ODIEITPUHSI-
TBIM B OOJIBIITUHCTBE COBPEMEHHBIX acCeMOJIEPOB, TIPeIHA3HAYEHHbBIX JIJIsi COOPKU FeHOMa U3 KOPOTKUX

PUJIOB.



