Teopust rpacdos

I'padom G Ha3BIBAETCS COBOKYIHOCTH U3 HEKOTOPOTO (0OBITHO KOHETHOTO) MHOXKECTBA V', 9JIeMEHTHI
KOTOPOTO HA3BIBAIOTCS BEPIIMHAMM, H HEKOTOPOTO BhIETEHHOTO MOAMHOKECTBA £ MEOKecTBa V2 Map
9JIEMEHTOB MHOXKecTBa V' (HasbiBaeMbix pebpamu). OOBITHO MTOIPa3yMeBAETCsl, YTO TAPhl BEPIINH HEYIO-
panodennl (rpad> HEOPUEHTUPOBAHHBIN) U 3JEMEHTHI B KaxK/10il nmape pasandubl (HeT meresib). Ecin
pPacCMaTPUBAIOTCS YIOPSIIOUEHHbIE TAphl, Tpad HA3BIBAECTCSI OPUEHTUPOBAHHBIM (1 oprpadom).

Ecnn me orosopeno mporusHoe, 1moj rpadoM MOHMMAETCS KOHEYHBIN HEOPUEHTUPOBAHHBIN rpad 6e3
[eTesib U KPATHBIX pebep.

TosopsiT, uT0 (BOOGIIE TOBOPSI, OPHEHTUPOBAHHOE) PeGPO € = (v1,v2) COEMUHSIET BEPIIUHBI U] U V2,
BBIXOAUT W3 BEPIHHBI U] U BXOAUT B BEPIIUHY V2. BymeM TakKe TOBOPUTH, uTO Pebpo € MHIUAEHTHO
BEpIITUHAM VU] U V2, & BEPIIUHBI U] U U2 CMEXKHbI.

Onpemenum omepalinio CTATUBAHUS HEKOTOPoro MHOXKecTBa V) C V Beprmua rpada G ciieayonumm
00paz0M: BEPINUHBI MHOXKECTBA, V] 3aMEHSIIOTCs OJHOU BEPIITUHON, KOTOpasi COeJUHEHA B HOBOM Tpade co
BCEMU BEpPIIUHAMU, coequHeHHbIMU B G X0Ts ObI ¢ OfHOIN BepmurHOi MHOXKecTBa V7. OcTaibHble BepIIUHbI
u pebpa MexKIy HUMHU ocTarorcd. Ilomyaennntit rpad oboznagaem G/Vi. EcrecTBeHHbIM 06pa3oM ompee-
JIAIOTCS ONepanuu y/IajdeHust sepmmH unn pebep u3 rpada (BepHIMHBI yIAASIOTCS, KOHETHO, CO BCEMU
BBIXOJISIIUME W3 HUX pebpamu, a Tpu yIadeHnn pebep MHOYKECTBO BEPIIUH HE MEHSIETCS).

CrereHbro BEPITUHBI ¥ HA3BIBAETCST KOJTMUYECTBO WHIMIEHTHBIX eif pebep. B opuenTupoBantnoM ciydae
OIIPEJIE/ISIOTC BXOASMAIAS U UCXOASIAS CTEIIEHN BEPIINHBI, COOTBETCTBEHHO KaK KOJUYECTBO BXOJSIINX
B BepiinHy pebep v KOJIMUECTBO UCXO/SIMX U3 Hee pebep.

Teopema 1. Cymma cmeneneti ecex sepuun 2paa pasra yosoeHnomy Kosuvecmey pebep. B opuenmu-
POBAHHOM 2padhe CYMMaE 8TOOAUWUTL cmenered PasHa cymme UCToOAWUL cmenered.

Hoxazameavcmeo. Kaxnoe pebpo HHIUJIEHTHO JBYM BEPIIUHAM, ITO3TOMY €10 yIaJeHHe YMEHBIITAET CyM-
My CTerneHeil Bcex BepImH Ha 2. Yaaasas no ogepenn Bee pebpa (nycts ux k), mpugem K nycmomy rpady, B
KOTOPOM CyMMa cTereHell oueBnina pasua (. 3HauuT, BHadaj e oHa Oblia paBHa 2k. B opuentuposantoM
caydae Npu yaajaeHuu pedpa yMeHbinaeTcd Ha 1 Kak CyMMa BXOOAIINX, TAK U CyMMa UCXOIAAIINX CTEIeHel,
OTKY/la aHAJIOTUYHO CJeJyeT BTOPOe YTBEPKAEHUE TEOPEMBI. O

CJ'Ie,ZLCTBI/Ie. B epc@e UETMHOE KOAUYMECTNEO 8EPUIUH HEYEeMHOU Cmeneny.

[IpearmonoKuM, 9TO BEPIIUHBI U1, V2, . . ., Up TAKOBHI, 9TO (v, viy1) € F muascexi=1,2,...,n—1. B
9TOM CJIy9ae TOBOPST O ITYTH U102 . . . Uy U3 U] B Uy, COETUHSAIONIEM BEPIIUHBL U] U Uy. ECAW BCe BEPITUHDBI
IOyTH PA3JUIHLI, IIyTh HA3BIBAETCS MPOCTHIM; €CJIH PAa3IndHbl Bce pebpa — pebepHo-mpocTbiM. Ecan
V] = Up, NYTh HA3BIBAETCS IUK/IOM. MK/ HA3BIBAETCH MPOCTHIM (COOTBETCTBEHHO DEGEPHO-TIPOCTHIM),
eCJTM PA3JINIHBI BEPIIUHBI U1, V2, .. .,Un, (COOTBETCTBEHHO, DA3JIUIHBI BCe pebpa). 3ameruM, d4ro Jtoboit
IIUKJT, B KOTOPOM OJTHO U TO K€ pebpPO HE BCTPEUAeT s ABAXK IbI TOAPs (Ty1a-00paTHO), COAEPKUT MPOCTOl
TTOITIKIT.

Ecnu m1Be BepmumHbl HEOPUEHTUPOBAHHOTO Ipada COBIAIAIOT WX COSAMHEHBI HEKOTOPBIM IIyTEM, OHU
Ha3BIBAIOTCA CBA3AaHHBIMU. B OpHeHTHPOBAaHHOM CJIydae CBI3aHHBIMHU HA3LIBAIOTCS TAKKUE BEPIIUHLI @ 1
b, uTo CymecTBYIOT nyTu Kak u3 a B b, Tak u u3 b B a (qinbo a = b).

Jlst nabHeRTero HaM MOHA00UTCST TTOHATHE OTHOTNEHUS 3KBUBAJIEHTHOCTU.

Omnpenenenne. OmHoweHUE IKGUBAAEHTMHOCTUY ~ HG MHodcecmee X — 2mo OGuHAPHOE OMHOUEHUE
(mo ecmwb omobpasicenue u3 dexapmosa xeadpama X2 6 mHooicecmso {ucmuna, 10cn}), 0ad K0OMopozo
BUNOAHEHDL CALOYIOUUE YCAOBUA:

(i) Pepaerxcusnocmo: a ~ a das a106020 a 6 X,

(ii) Cummempuunocms: ecau a ~ b, mo b ~ a,

(14i) Tpansumusnocms: ecau a ~b u b~ c moa~ c.

3anucev euda a ~ b wumaemca xax “a sxsusasenmmo b”.

TunuIHelil TpuMep OTHOIIEHNS SKBUBAJEHTHOCTH: ABa IEJLIX YHC/I HA3LIBAIOTCI SKBHBAJIECHTHLIMU,
€CJIM UX PA3HOCTH JEJINTCS Ha .

Ecmm (X, ~) — MHOXKECTBO C BBEJIEHHBIM HA HEM OTHOIIEHWEM SKBUBAJEHTHOCTH, TO X pa3bmpaercs
Ha (HEMEePeCEeKAIOININecs) KJIACChl IKBUBAJEHTHOCTHU. VIMEHHO, /it KaxKI0r0 © € X OmpemeinM KIace
Cy:={y € X :y ~ z}. U3 onpenenenns jserko Bugers, aro & € Cy, ecm x € Cyy, To y € Cy u Gosiee T0r0
ectn y € Cy, To Cy C Oy (meficTBuTebHO, 11 BCIKOro 2 € Cy UMeeM & ~ Y ~ 2, CJIeJO0BATENbHO T ~ 2,
To ectb 2 € Cy). Mensas x u y mecramu nosnygdaem Cp C Cy, 1o ects Cy = Cy. Hakoneu, eciu Cp u Cy



nepecekatorcs, z € Cp N Cy, 10 Mo nokazansHomy Beime O = C, = Cy. UTak, mobele aBa Kaacca aubo He
mepecekaroTCs, b0 coBmasaoT. Takum 06pa3omM, OHU JEHCTBATEILHO 00pa3yioT pas3buenre MHOXKECTBA
X.

K&K B OPUEHTUPOBAHHOM, TaK M B HEOPUEHTUPOBAHHOM CJ/Iy49a€ CBA3aHHOCTL — OTHOIICHUE IKBUBA-
JIEHTHOCTH Ha, MHOKECTBE BepINUH (IPOBEpKa BBITIOJIHIETC S HEMOCPeICTBEeHHO). Ktacehl SKBUBAIEHTHOCTH
HA3BIBAIOTC KOMIIOHEHTaAMU CBA3HOCTU (B OPMEHTUPOBAHHOM CJIyYae WHOTJA TOBOPAT KOMITOHEHTHI
CHUJIBHOIT CBSI3HOCTH).

I'pad HazbiBaeTCs CBA3HBIM, €C/IU B HEM POBHO O/IHA KOMIIOHEHTA, CBSI3HOCTH (MHBIMU CJIOBAMHE, JTHOObIE
JIBE BEPIINHBI CBst3aHbl ). Oprpad, B KOTOPOM 0/IHA KOMIIOHEHTA CBA3HOCTH, HA3BIBAIOT CUJIBHO CBA3HBIM.

Kaxk mast KoMIIOHEHTa, CBSIBHOCTH SIBJISIETCST CBASHBIM T'padom. Kark1ast KOMIIOHEHTa CBA3HOCTH Oprpa-
da ABIAETCS CUIBHO CBA3HBIM OPTPadOM. DTH YTBEPK IEHUST HY XK TAI0TCs, BOODOIIE TOBOPS, B JOKA3ATEIb-
CTBe: [Tl BEPIIUH U, U OJTHON KOMIIOHEHTHI CBSI3HOCTH (MM CUJIBHON CBSI3HOCTH Jjist oprpada) ecTh My Th
P u3 u B v B ucxomuoMm rpade — a J0Kas3aTh HAJMO, YTO €CTh MyTh B KOMIIOHEHTE. JTO BEPHO U JIETKO
YCTaHABIUBAETCS: JII0bas IPpOMEXKYTOUHAasI BeplInHa OyTH P B HCXoaHoM rpade cBsi3aHa Kak € U, TaK U C
V, TaK 9TO BCE€ OHHN ,Z[efICTBI/ITeJ'[bHO JIeZKAT B KOMIIOHEHTE CBA3HOCTH.

B neopuenTupoBaHHOM CIydae MeXKIy BepIIMHAMH N3 PA3HLIX KOMIIOHEHT CBS3HOCTH pebep meT. B
OPHEHTHUPOBAHHOM CJIy4ae Bce pebpa Mexk/y BepimmHaMu JABYX KoMmoHeHT A m B manpapsjeHbl B OJHY
cropony (To ecthb b0 Bce — u3 A B B, smbo Bce — u3 B B A).

I'pad 6e3 uukI0B Ha3bIBAETCs JIECOM, €CIu B HeM Her HUKJ/10B. CBA3HBINA JIeC HA3BIBAETCA TE€PEBOM.

Teopema 2. CeasHuill 2pad ABAAEMCA JEPEBOM ECAU U TNOALKO €CAU KOAUUECTGo pebep Ha 1 menbuie
KOAUHECTNEA SCPULUH.

Hoxaszamesvcmeo. OrmeruM BepiimHy a rpada u npucBouM et Homep 1. Byrem nenars cremyroriue
olepanuu: eCJIu KaKad-TO BEpPpIIUHa T CoeduHeHa C O,ZI;HOI;’I "3 y2K€ OTMEYCHHbIX BEPIIUH Y, TO OTME4YaeM
BEPIIUHY T, TIDUCBANBAEM el MUHUMAJILHBIN 13 CIIe He TTPUCBOEHHBIX HOMEPOB, a TaKXKe TTPpHUCBaNBAEM
(TakKe MUHUMAJBHBIA U3 HE TIPUCBOEHHBIX) HOMEp pebpy zy (pebpa ToxKe HYyMepyroTCs, HauuHas ¢ 1).
IMockombky Tpad CBA3HBIN, TAK MOXKHO TPOHYMEPOBATH BCE N €r0 BEPIWUH, pu 3ToM obpasyerca n — 1
pebpo, obpasyromue camu 1o cebde cBsa3ublit rpad. To, aTo pebep posHO N — 1, 03HAYaET, 9TO APYTrUX pedep
HET — TO €CTh U3 KayK 0 BEPITUHBI BeJIeT €INHCTBEHHOE PeOPO B BEPIINHY C MEHBIITUM HOMEPOM. 3aMETHM,
YTO 3TO yCJIOBUE HEOOXOJMMO U JIOCTATOYUHO [IJIsi OTCYTCTBUS ITUKJIOB, OTKY/Ia U BBITEKAET 3aKJIHOUCHUE
Teopembl. JeicTBUTEIBHO, €C/TH eCTh eI1e X0Ts Obl 0MHO Pedpo Pg, TO B rpadye eCcTh MUK, TPOXOIATINIA 0
pebpy pq U nyTH U3 p B ¢ 10 OTMedeHHBIM pebpam. Kcnu ke 6osbiie pebep, TO HET U MUKJ/IOB, IOCKOJIBKY
13 BEPIIWHBI TUIIOTETUYICCKOTO IUKJIa C CaMbIM 60.HBH_H/IM HOMEPOM JOJIZKHO BECTH JIBa pe6pa B BEPIIMHBI
C MEHBIIIMM HOMEPOM, YTO 110 IOCTPOEHUIO HEBO3MOXKHO. O

Teopema 3. B ceashom 2pagie moocho yoasums HECKOALKO pebep mak, 4mobve ocmasoct depeso (ono
HA3BIBAECMCA OCTOBHBIM JEPEBOM).

Hoxazameavcmeo. Bynem ynanars pebpa 110 0JHOMY, IOKa CBA3HOCTH COXpaHsieTcsi. B ToT MoMeHT, Korja
9TOTO CIEeJaTh HEJb3s, Tpad yKe AepeBo: eciu Obl B HEM ObLIT IUKJI, MOXKHO OBLIO Obl yAAJIUTH J1I000€
pebpo U3 ITOTO IMUKJIA. O

CrnencrBue. B ceasnom zpage ¢ n sepwunamy roms buv, n — 1 pebpo.

Crencteue. B ceasnom epage moscno yoarums sepuiuny b6es nomepu céasnocmu. Taxur sepuumn roms
Ov 2, ecau 8 ucrodnom 2pade xomsa 6ol I8e SEPULUHDL.

Hoxazameavcmeo. Paccemorpum octoBHOe fepeBo rpada. llockosibky B Hem n— 1 pebep, rie n — KoJinde-
CTBO BEPIIWH, TO CyMMa CTemeHell pepiua pasHa 2n — 2. CremoBarebHo, pyu n > 1 HalifgeTcs He MeHee
JIBYX BEPIIMH cTermenu 1 — mHaue Obl cymma creneneil Oplia e Menbme, dem 1 + 2(n — 1) = 2n — 1.
Vianenue KaxKj10il U3 9TUX BEPIIMH COXPAHHAET CBA3HOCTH JIEPEBA, & CJIEJI0BATE/IbHO U BCero rpada.
Lpyroit BO3MO2KHBII C1I0CO0 JJOKA3ATEIBCTBA: PACCMOTPETD JIBA KOHIIA CAMOI'0 JJIUHHOTO ITyTH B rpade.

O
Marpuanas Teopema 0 mepeBbAX.

[Iycrs G — rpad ¢ muoxkecrBoM Bepiun V = {v1,v2,...,v,} u pebep E = {ey1,...,en}t. Marpuna
CMEXKHOCTH Ag pasMepa n X M, Olpelesercs IPaBUIoM

1 ecm (i,7) € E(G),

Ac(i, j) = 0 ecmu (i,5) ¢ E(G).

~—



DTO CUMMETPUYHAS MATPUIIA, MOJHOCTHIO OMpEIessIonias rpad — B CBSI3W C 4eM rpad dacTo 3a-
JaroT Marpureit cmexuoctr. CyMMa 3JIEMEHTOB B KaXK 0 ee CTPOKe pPaBHA CTENeHW COOTBETCTBYIOIEH
BEPIIUHBI.

Matpwuiia nHIneHTHOCTU rpada G UMeeT pa3Mepsl N X M U OTPEIEITeTCd TPABIIOM

Ia(i, ) 1 ecim v; € ¢y,
G\? =
" 0 ecmmv; ¢ ej.

st mac GoJtee BaXKHOI OyIer MaTpUIla UHIUIEHTHOCTH OpreHTHpoBaHHOro rpada. OHa onpemensercs
TPABHUIOM
1 ecJi BepIInHa v; — Hadaso pebpa e;,

Ig(i,j) = § —1 ecuu Bepiuna v; — Kouel, pebpa €;

0 ecimv; ¢ej.

IIpu nepenymepaiuu Bepiud u pebep rpada B MaTpUIlax CMEXKHOCTH U WHITUJEHTHOCTHU [1ePeCTaBJIs-
FOTCsl CTPOKM U CTOJIOIBI, TAK 9TO CTPOrO NOBOPsl 3TH MATPUIILI ONPEAE/ISIOT jlaxe He rpad, a rpad c
HyMepanueil Bepmua (a B C/lydae MaTPUIIG HHIUJAEHTHOCTH — U pebep.)

Matrpurna Jlammaca rpada onpeaesieTcs TpaBuioM

1 ecin (4,7) € E(G),
AG(iaj): 0 eCHHZ#]H(273>¢E(G)7
—deg(i) ecmmi=j.

HaSBaIggIe CBsggaHo C TeM, 4TO peIeTovHAas anmpokcuManus auddepeHnuaipHoro oneparopa Jlammaca
A = 52 T §y7 B TOUKAX DEIIETKU NPUBOJUT MMEHHO K Takoit marpuie. Kak m B Caydae ypaBHEHW
B YaCTHBIX IPOU3BOJHBIX, JIAILIACUAH €CTh CAMMETPHUYHBIN HENOJOXKUTEJIBHO OIPEJEJEHHBIN OnepaTop
(37€CH MBI JIOTyCKaeM HEKYI) BOJBHOCTH PEUH, OTOXKIECTBJIAS OMEePaTOp W MATPHUILY), TAK 9TO 9aCTO
yrobHee UMEThb JIe/10 ¢ MUHYC JariacuadoM. CyMMa 3j1eMeHTOB Jitoboit cTpoKu MaTpulibl Jlamiraca paBHa
0 (m smoboro cronbua, kKoHeuHo, Toxe). [losromy marpuna Jlanmaca BRIPOXK/IEHA: CyMMa CTOIOIOB PABHA
0, a 3HAYUT, OHN JIUHENHO 3aBUCUMBI.

IIpocTbim, HO BaxKHBIM CBOfiCTBOM MaTpuIl rpada AB/gercs CBaA3b MKy Marpureil Jlamiaca u mar-
pulieit HHIUJAEHTHOCTH rpacha 1ocje BBejeHus Ha HeM opueHTaru. OpPUEHTUPYEM KaxKJjioe pebpo npous-

BOJIbHBIM 00Pa30M, 1OJIyYeHHbIH opreHTHpoBaHHbIli rpad nazosem G. Toraa

—A(G) =1 (Ig)". (1)

Baecs X! oboznauaer Tpancnonuposannyio K X Marpuiy. [IpoBepKa TOXKIeCTBa, IPOU3BOAUTCS HEIIOCPe/-
ctBeHHO. OTMETUM, YTO OT OPUEHTAIMH [IPAaBas YaCTh HE 3aBUCUT JIUIIb AIIOCTEPUOPH.

OxaswIBaeTCst, 9TO MHOTHE KOMOMHATOPHBIE CBOHCTBA rpadbl CBI3aHbI ¢ anredpandecKumMu (TOUHEE TO-
BOpsSI — CIIEKTPAJIBHBIME) CBOMCTBAME ero Marpuiibl Jlamiaca. CaMble H3BeCTHBIE CIIEKTPATBHBIE (TO €CTh
BBIDAXKAIONIMECs Yepe3 HaOOP COOCTBEHHBIX 3HAYEHMH) XapPaKTEPUCTUKU KBAIPATHON MATPHUIILI — CJIeJ U
otpesesuresib. CJieJl MUHYC JIAIUIACHAHA PAaBEH YABOEHHOMY KOJIM4ecTBY pebep B rpade - a onpeiesu-
Teslb, KaK Mbl BeigcHWIH, Beeraa 0. Crenyioias JuHelHO-aaredbpanieckas JIeMMa TTOICKA3BIBALT, KaKas
BEJIMYUNHA, MOXKET ChITPATH POJIb “HETPUBUAILHOTO OMPEIeUTE IS,

Jdemma 1. [Tycmv 6 xeadpamnoti mampuuyb, A cymma ssemenmos 4100600 cmpory u 4100020 cmosbua
pasua 0. Tozda arzebpauseckue snemenmot A0OWT IGYT IAEMEHMOE A pagHi.

Joxasamesvcmeso. JlokaxkeMm, 9T0 ecim OOHYISIIOTCS XOTs OBI TOJBKO BCE CYMMBI TI0 CTPOYKAM, TO aared-
pamdeckue momnosuenus U, V 100X IBYX 97IEMEHTOB U, ¥, CTOSIINX B OTHOM cTpouke, paBHbl (. 3aMeHnM
9Ty CTPOYKY Ha HOBYIO: Ha MECTaX 3JIEMEHTOB U, U TOCTAaBUM —|—1 n—1 COOTBETCTBEHHO, Ha MeCTaX OCTaJIb-
HBIX 9JIEMEHTOB [TOCTABUM HYyJM. B HOBOIl MaTpuiie MO-IPEeKHEMY CYMMa 3/IEMEHTOB JTF000# CTPOKHU paBHA
0, mosTOMy OHa BBIPOXKJEHA (Cymma CTOJAOIOB pasHA () — TO €CTh OHM JIMHEHHO 3aBUCUMBI). 3HAYUT, €€
ornpenenutesb pased (. Ho ¢ apyroit croponsr on paser U — V| 4To BUHO U3 PA3IOKEHUS ONPEIETUTE s
o u3MerHenHoit crpouke. Takum obpazom, U — V = 0, uro u TpeboBaIOCH. AHATOIUYHO, €C/IU CyMMa, B
KaxkjioM crosbie pasHa 0, To paBHBI ajarebpanveckue JIOTOJHEHUS 3JIEMEHTOB Jifoboro croJibia. Temnepn
sICHO, UTO €CJIM PABHBI CYMMBI U B CTPOKAX, ¥ B CTOI0IIAX, TO PABHBI BCe ajredpamdeckne JONo HeHusd. [

Hawm nonagoburcs ciaenyolnee yTBEPKIACHUE U3 JTHHEHHON anrebphl:



Teopema 4 (bopmyrna Bune-Kommn). ITyemo A, B — mampuywt pazmepos n X k u k x n, C = AB. /laa
nabopa 1 < iy <ig < -+ < iy, < k onpedeaum ds8e mMampuybs PasmMepa n X n, noayuaowuecs uz A, ecau
0CMABUMD MOALKO CTNOADUDL ¢ HOMEDAMU 11, . . ., in, G U3 B — mMoabko cmpouku ¢ maKxumMu HOMEPAMU.
Hzx onpedeaument, 06osnavwum a(iy, ..., in) u b(i1,...,i,). Tozda

detC'= Y alir,....in) - b(ir, ... in). (2)

1<ii<-<ig<n

Jlokasameavcmeo. Paccmorpum 06e actu pasercrsa (2) kak GpyHkmuo or ¢ctpok marpunsl A. Oru obe
JIMHEHHBI 10 KasKJOH CTPOKe, TaK 9TO COBIAIEHHE TOCTATOYHO BBHIOpATHL Ga3MC B IMPOCTPAHCTBE CTPOK
(mb1 BBIGEpEM 00BIuHbIH Oasuc n3 crpok Buga (0,...,0,1,0,...,0)) u npoBepaTh TEOPEMY B CJIydae, KOI/IA
KaxKJad U3 CTpoK — OasmcHad. Ecim cpeny ¢TpoK ecTh OIMHAKOBEIE, TO 00e 9acTu pasHb! (), ecn Bce OHE
pasabie, To Mmarpuna C' COCTOUT M3 N CTPOK MATPUILl B M eIMHCTBEHHOE HEHYJIEBOE CaraeMoe B IMpaBoi
qacTy (2) KaK pa3 PaBHO ee OIMPE/IeJTUTEO. O

Teopema 5 (Marpuunas Teopema o aepesbsax). [Tyems G — xoneunwid epag. Tozda xoauvwecmeo ocmos-
Houxr depesves 6 G pasHo as2ebpauieckomy JonosHENUIO 4106020 aremenma mampuyst —Ag.

Hoxazameavcmeo. Bynem 1mocTeneHHO yCTaHABIMBATD TEOPEMY JIJIsi PA3JIUYIHBIX KJIACCOB I'PadOB.

1) Teopema BepHa nns HecBsa3HbIX Tpados. JleficrBuTebHO, ec/m, HATPUMED, BEPIINHBL V1, . . . , U HE
CBs3aHBI PEOPAMU C BEPIIUHAMU Vi1, - - - , Up, TO AJT€OPANUECKOE TOTIOJIHEHNE TTPABOI0 HUZKHETO JIEMEHTA
marpuibl A(G) pasro 0: B COOTBETCTBYIOIIEM MUHODE CyMMa nepsbix k c¢roabios pasna 0. Kosnvecrso
OCTOBHBIX JE€PEBHEB TOXKE PaBHO 0

2) Teopema BepHa 7151 1epeBbeB. HIYKIHsT 10 KOJUIECTBY BepIiuH. [Ijist 1epeBbeB ¢ ABYMsI BEPITHHA-
mu Bee sacHO. [Tycts G — mepeBo ¢ n BepiinHaME, a JIJis1 JIePEBBER C N — 1 BEPIITUHON TeopeMa yCTAHOBJIEHA.
He ymanss o6IMHOCTH, BEPIIMHA Uy, 1 — BUCSYAsT, U COIUHEHA TOJLKO € Uy, Ilyers G’ = G — v, _1, Torma
G’ Toxe nepeso. Pacemorpum marpursl —Ag u —Agr. JIerko BUaeTh, 94TO aaredpantdecKoe J0MN0JIHeHNe
snementa —Ag(n,n) B IEpBOil MATPHUIIE PABHO alrebpandecKoMy JOIOJHeHnIo sneMenTa —Ag (n—1,n—1)
BO BTOPOIi. DT0 HABJIIOIEHNE 3aBEPIIALT TEPEXO WHITYKIUH.

3) Ilepexomum k rpady obrero Buga. Vcnons3yem paserctso (1) u teopemy Bune-Komm. [lycrs M
— (n — 1) X m-Marpuna MHIMAEHTHOCTH OPUEHTHPOBAHHOTO Tpada G (1o rpad G mocne opueHTanyun
KazKJI0ro pebpa), y KOTOPOil yIaiIn n-yio CTPOKY (OTMETHM: 9TO He TO K€, 9TO MATPHUIA HHIINIEHTHOCTH
rpada G —Up,, HOCKOJIBKY Pebpa Tuna vy, —vg marpuna M yunreiBaer). Toraa anrebpandeckoe 1onoHeHue,
KOTOpoe Hac maTepecyer, ecth det M - M. Bymem caurarh 3T0T ompegeanTess mo ¢popmysne Bune-Korm.
[TocMorpuM Ha mpaByo 9acTh paseHcTBa (2). CraraemMbie, CTOSIIME B HEM, COOTBETCTBYIOT BCEM CIIOCOGAM
BRIOpaTs N — 1 pebpo B rpade G. as xkaxmoro crnocoba m BeIOpaTh pebpa obo3HaumM 0O6pa3yeMblii
umu rpad (Ha Tex ¥Ke BepIIuHAX Vi,...,Un) depe3d Gr. Torma coorseTcTByfolIee caaraeMoe B TIPaBOM
gactu (2) Oymer paBHO anrebpamdeckoMy JOTOJHEHUIO (JII060r0 9/1eMeHTa, HO Mbl CMOTPUM HA MPABbI
mzkuuit) marpunst —A(Gr ). Ho rpad G — smbo necsa3ubiii (Toraa, Kak Mbl BBISICHIIH, ajrefpandecKue
nononaerns pasabl (), mmbO OH eCcTh 0CTOBHOE JepeBo rpada — W TOrJa COOTBETCTBYIOIIEE CIATAEMOe
Oyner pasuo 1. Ho 910 n 03HagaeT, 9410 MOTHAS CyMMa B IpaBoii dacTu (2) B HaleM caydae OyaeT paBHa
YUCTy OCTOBHBIX jlepeBbes rpada G. 0

B xadecTBe mpocToro ciiecTBUS MATPUYHONW TEOPEMBI O JEPEBbsIX MOCYUTAEM YUUCI0 OCTOBHBIX JIE€pE-
BheB mosiHoro rpada K, ma n peprmmumuax. [louarHo, 9To oCcTOBHBIE AepeBbd 3TOro rpada CyTh TPOCTO
JepeBbst ¢ N (MTOMEeYeHHBIMNU!) BEPITHHAMHE.

Teopema 6 (Popumyna Kami). Koauuecmso ocmoshoir depesves noanozo epaga K, pasro n™ 2,
Jloxasameavcmeo. Tlpeobpazyem marpuity —Af, , BeIUATas TEPBYIO CTPOKY M3 BCex. Ajrebpandeckoe
JIOTIOJTHEHHE JIGBOT'O HUYKHETO 37IeMEHTa, IIPH 9TOM He H3MEHNTCH, U 6Y/IeT BIIHO, 9TO OHO pasHo n” 2. [

CeszrocTh TpadoB. Biiounas cTpykTypa

Iycrs Vi, Vo — nBa nogmuoxkecTBa MHOXKecTBa Bepimnn V (G) rpada G. Muoxkecrso X C V(G)UE(G)
naspizaercs (V1, Va)-pasgensirommm, ecaun B rpade G — X wmer nyreit uz Vi 8 Va. Ilpo muO)KecTBO X
OyzaeM TOBOPUTDL, 9TO OHO pazzesnser X u Y.

OmnpegennM Takzxke paspe3 u pebepubliii paspes rpada: muoxkecrso Vi C V(G), (coorBercrBento
E, C E(G)) BepuuH (cOOTBETCTBEHHO, pebep) Ha3bIBAETCs PA3PE30M (COOTBETCTBEHHO peGEePHBIM pas-
pe3om) rpada G, ecan nipu yraserun Vi (coorBercTBeHHO E)) KOMMYIECTBO KOMIIOHEHT CBSI3HOCTH rpada



YBEJINYUNBAETCs. BepimmHa, aBJSIONasicsd pa3pe3oM, HA3BIBAETCS TOYKOM cOo4YJIeHeHUst; Pebpo, siBJISIO-
Ieecst Paspe3oM, HA3BIBAETCA MOCTOM.

Ces3ubiii Tpad G Ha3bIBaETCsl k-CBA3HBIM (COOTBETCTBEHHO, PEOEPHO-k-CBA3HBIM), €CJIH JIFO0O0IT
paspes (cooTBeTCTBEHHO, pebepHBIi paspes) cojgepKuT He MeHee k BepmmH (COOTBETCTBEHHO, pebep).

Lnst uzyuenust IBYCBA3HBIX rpadoB HAM MOHAIODATCS CIEIYIONIEE OpeIe/IeHUE.

JlBa pebpa rpada Oymem HA3LIBATH MOXOXKUMU, €CJIM OHU COBIAJAIOT MM BXOAAT B OBIIMT TPOCTOMH
ITAKJL.

KJIIOquOﬁ MOMEHT COCTOMT B TOM, 9TO BBCACHHOC HAMMN OTHOIICHUA €CTh OTHOIICHNA IKBUBAJICHTHO-
CTH.

Hoxaszameavemeo. JlocTtarouno mokazaTh TPaH3WTUBHOCTH llycTh pebpa a, b BXOAAT B MPOCTOM ITUKJI
Bacsi, pebpa b, ¢ Bxoumsit B npoctoit nuks Bceeposion. [loitnem no Beepostony ot konios pebpa ¢ B jgBe
CTOPOHBI, TTOKA He HATKHEeMCsT Ha Bacio. 910 mpousofijer He mo3Ke, YeM MbI o0 1eM K pebpy b, Tak uTo
Ha Bacio Mbl HATKHEMCsI B pPa3HBIX BEPIIUHAX T1,T2. 1TOOBI OJIYyIUTH TPOCTOM IUKJI, COAEpKaIiii pebpa
a ¥ ¢, JOCTATOYHO B3aTh Te pebpa BceoBosoza, 10 KOTOPBIM MbI TIPOILIH (B TOM YHCJE €), U J0OABUTE TY
vacTb Bacu ot 1 10 x2, B KOTOpOil JiexkuT pebpo a. O

3aMeTnuM, Y4TO BEPIINHA U HE SABJSeTCS TOYKONW COUYJIEHEHWS €C/IM M TOJILKO eC/Iu JIobbie JBa pebpa,
BBIXOJISINUX U3 Hee, MOXO0XKH.
Orcroma BBITEKAET CIEAYIOIAS

Teopema 7. Caedyrowue ymeepocdenun dan ceasnozo epaga G ¢ He MeHee “eM MPEMA GEPULUHAMU
PABHOCUNDHDL:

1) epagh dsyceasen

2) arobwie dee sepuwunbe 6L00AM 6 06WUT NPOCMOT YUKA

3)a0bas eepwuna u a060e pebpo 6x00am 6 0bwul NPOcmMot YUKAL

4) mobuvie dsa pebpa 6Lo0dam 6 npocmoti YUK

Joxaszameavcmeo. Ecim B rpade ecTh BuCAYad BEPIINHA, TO MTOHATHO, YTO OH HE YIOBJETBOPIET HU
oHOM W3 cBolcTB 1-4. Tak 9TO NyCcTh CTENEHBb KAaK/J0W BEPIINHBI HEe MeHee 2, TOTJa WMILTHKAIIAA
(4) = (3) = (2) = (1) nonsrasl. Ocranock jgokazars (1) = (4). M3 upeaiecrBytoiero reopeme Ha-
OJIIOeHusT CAeAyeT, YTO J00ble IBa coceqHnX pebpa ABYCBSI3HOTO I'pada MOX0XKH. Tak KakK IIOX0XKECTb
€CTh OTHOIIEHWE YKBUBAJECHTHOCTH, & rpad CBSI3EH, 3TO 03HAYAELT, 9TO JIIOOBIE jiBa pebpa MOX0XKM, 9T0 U
TpPebOoBaJIOCH. O

Bepremcsa k mpoussosibHOMY cBsisHOMY Tpady G. Ero pebpa pasbuBaroTCs Ha KJACCHI SKBUBAJEHTH-
COTH TI0 OTHOIIECHWIO TIOXOXKECTH. JIerko BUAeTh, 9T0 pefpa KazKJIoro Kiaacca (BMeCTe ¢ UX BEPIITHHAMH)
06pasyroT AByCBA3HBIN rpad, 1 OH MAKCUMAJIEH TT0 BKJIFOYEHUIO (TO €CTh HE COMEPIKUTCA HU B KAKOM 00JTh-
IIeM JBYCBSI3HOM Tofirpade) — MOToMYy KaK ecsii JBa pebpa comep:KaTcs B OJHOM JBYCBA3HOM moarpade,
oHM MOX0XKu. Takme MaKCUMAJIbHBIE ABYCBA3HBIE TTOATPAdbl HA3LIBAIOT OJIOKAMU.

JItobbie mBa 6J10Ka mepecekaroTes He Gosiee 4eM 1Mo OHOM BepIinHe (€CIH €CTh /IBe 00IINe BEPIUHBL, TO
Iy TH MEXKJly HUMH B JBYX 0/10KaxX 06pasytoT UK/I, HO TOrAa pebpa 9TuX myTeil 0X0KN — IIPOTUBOPEYHE).
Bepimuna, npunajiexkaias XoTsd 66l AByM OJI0KaM, SIBJISIETCST TOYKON codsieHenus (M HA0O00POT, JTiobast
TOUYKA COUJICHEHMsI IPUHAIEZKUT X0Tst Obl 1ByM BJ10KaM). DT0 Cpasdy CJaepyer u3 Toro HabJIOJeHus!, YTO
BEPINNHA, SIBJISETCS TOYKON COUJIEHEHUST €CJIM U TOJBKO €CJIM BBIXOISIINE U3 Hee pebpa MOTapHO MOXOMK.

ITocTponm o rpady G HOBBIM Tpad, comepxanuii nHGOPMAIIHIO 0 ero 6I049H0N cTpyKType. UMenHo,
BeprmmHaMu HOBOTO rpada be(G) Gyayr 610ku u Toukn counenenns rpada G. Bygem coequnars B rpade
bc(G) 610k B 1 TOUKY codsieHeHns v, ecan v € B.

Hecnoxuo sugers, uto rpad be(G) asagercs nepesom (ecu 661 B HeM ObLT MUK, pebpa pasHbIX 610-
KOB ObLIM OBl TIOXOKUMH ). Brcsiiaie BepIIUHBI 9TOTO I€peBa COOTBETCTBYIOT BJI0KaM, KOTOPbIE Ha3bIBAIOTCS
Kpaituumu 6si0kamu rpada G.

Bepremcsi kK pa3gensdommuM MHOXKECTBAM B OOIEM CJIydae.

I/IMeeTCH TTOHATHOEC NPENATCTBHEC K CYHICCTBOBAHWIO MAJIBIX DAa3ACJIAIONNX MHOXKECTB MEXKJYy ABYMA
MHOxKecTBaMu BepiiH Vp, Vo: Bosibilioe KOJIMYUeCTBO HenepeceKarommxces mnyreit. OKa3biBaeTcs, HaJUdne
TaKOI'O IIPpendTCTBHUEC HE TOJIBKO JOCTATOYHO, HO U HeO6XO,HI/IMO AJIsgl TOTO, qTO6bI MaJIbIX Pa3Ae/IA0ImnX
MHOXKecTB He ObLio. VIMeHHO, BEpHA Cjieayolas



Teopema 8 (Teopema I'epunra, 2000). ITyems Vi, Vo — dsa nodmmooicecmsa V(G), k — namypasvroe
wucao. Toeda 6epro poeno us d6Yx Ycaosul:

1) B V(G) natidemes noommoscecmso U, |U| < k, pasdeasrowee Vi u Va;

2) B G natidemca ne menee k npocmoz nymet us Vi 6 Vo, nonapro me uMenwur obuur eepuiut.

Jlokasameavcmeo. TloustHO, uro 1) 1 2) OMHOBPEMEHHO BBINOJHATHCA HE MOTYT: PA3Je/IAiONee MHOXKE-
CcTBO 00SI3aHO COIEPZKATEH XOTs OBl II0 OHOM BepIimue u3 Kaxkaoro u3 myreit u3 Vi B Vo, Takum obpaszom,
Tpebyercs J10Ka3aTh, 4TO €CJu He BEepHO 1), TO BepHO 2) — 1O ecth, ecyu Joboe (Vi, Va)-paspesiomee
MHOYKECTBO COIEPXKUT He MeHee deM k BepruH, To Haiiayres k nyreit uz Vi B Vo. Unaykius o auciay
BepiuH B rpade. baza mug 1 BepmInHLI, Kak 0OLIMHO, OYeBHAHA. BygeMm yaaiars pebpa 10 TexX Iop, IoKa
moboe (V7, Va)-pasaensiromee MHOXKECTBO COIEPKUT HE MeHee yeM k Bepmua. Korjga-To 3To 3aKOHIUTCS
(ecrm Tosbko |Vi N Va| < k — wo ecou |V N Va| > k, To umeerca k opmoseprinHubIX myTeit uz Vi B
Va). Nrak, npu ynaneauu pebpa uv obpasyercs (V1, Va)-pasmensiomee Mmaox)ecTBo Z, |Z| < k. 3amernm,
9TO MHOXKECTBO Z U 2 GBbLIO pasieJisioluM U 10 yaasiedus pebpa zy, a torna |Z| =k — 1, |Z U x| = k.
Ananoruuno, pasgessaonum 0b110 MEOKeCTBO Z UYy. [lepBhiil ciryuaiil, KOTOPHIH MBI pACCMOTPUM, COCTOUT
B TOM, 9TO OHO M3 MHOXKecTB Z Uz, Z Uy coBuagaer ¢ X, a Bropoe ¢ Y. DTOT Caydaii MpoCT U sSICEH: B
kauectse k myreit u3 V1 B Vo MOXKHO B3Th Beprinabl Z u pebpo xy. [lepeiigem Ko BTopoMy caydaro, KOria

onHo0 n3 MHOKeCTB Z Ux, Z Uy ormmano n ot X, u ot Y. O603naunm 310 MuOKecTBO W, Torma |W| = k,
W#X, W#Y uW — (V1, Va)-pasuensitoniee MHOXKECTBO B HameM rpade. 3amerum, 9o 060l myTh
u3 V) B W ne npoxoaut yepes Beprmnbl (HermycToro!) muoxectsa Vo \ W — nnaue 661 W ne paznensiio Vi
u V. Boikunem u3 nartero rpada muoxkectso sepumn Y\ W. Bamerum, uro mioboe (Vi, W)-pazpensiomee
MHOKeCTBO B HOBOM Tpade G ssasiercst (Vy, W)-pasaesstiomus 1 B CTapoM, MOCKOJIBKY TO, 9TO Mbl BBIKH-
HyJIH, HUKAK He ToMoraer nobparses uz Vi 8 W. Cienosarensuo, ono ssagercs u (Vy, Va)-pazgessionum,
ubo Jroboit myts w3 Vi B Vo zaxogur B W. Tlostomy B Hem He menee k Bepumma. Ho B rpade G crporo
MEHBIIIEe BEPIUH, YeM B MCXOHOM, TaK 9TO K HEMY MPUMEHHMO WHIYKIIHOHHOE Mpeamnoaoxenne! Taxmm
obpazom, mmeercs k Hemepecekaroruxes nyreit u3 Vi B W. Arajornvno, uMeercs: kK HEMepPeCceKarmImXCst
nyreit w3 W B Va. Ocrasocs 3ameruts, uro nyth u3 V43 B W u uz W B Vo He MoOryT nepecekarhbest, KpoMe
Kak 1o obrremy Kouiy B W — 910 661 03uauaio, aro W ne pasgensger Vi u Vo, Takum obpazom, ocraiocs
CKJIEUTD JIBa HAIUX Habopa 1o k myreii, 4robbl mosyunTh k Henepecekaromuxcs nyreit uz Vp B Va. O

Ora reopema bbLia gokazana B 2000 r. u npenogHOCHIACHL ABTOPOM Kak HoJiee IpocToii criocob 1oKa3arh
CJICIYIOMNA KITaCCUYeCKUd pe3yabTar:

Teopema 9 (Teopema Menrepa, 1927). Iycms sepwunse a u b ceasnozo epaga G ne coedunenwv. Tozda
HAUMEHLWEE KOAUNECTNEO Gepwut (a,b)-pasdeantouse2o MHONMCECTNEA PABHO HAUOOALWEMY KOAUMECTNEY
HENEePeCeraIOUULCA NO EPULUHAM NYMET, COCOUHAOUUT O U b.

Hoxaszameavemeo. locrarouno paccmorpers rpad G — a — b w npumenuTs Teopemy l'epwHra K MHOMXKe-
cream Vi, Vo, rme Vi — MHOKecTBO coceneii a, Vo — MHOXKecTBO cocefeii b (a k — HauMeHbITast MOIIIHOCTh
(V1, Va)-pasmensiomero MHOKECTBA ). O

Jpyroe BazkHOe ciescrBue Teopembl Lepuara — Teopema Xosuta (TakKe n3BeCTHas KaK JIEMMa O Jle-
BYIIIKAX, 3aja49a O CBap0ax, 3a/a49a 0 Ha3HadeHuAX ). OHa OTHOCHTCS K MAPOCOYETAHUSIM B JIBY/I0TBHBIX
rpadpax. ABynosbHBIN rpad — 910 rpad, B KOTOPOM BEPIIMHBI PA30UTHI HA /Ba HEIIEPECEKAIONINXCS
MTOJMHOXKECTBa U pebpa, COEINHSIOT TOILKO BEPITUHBI Pas3HbIX moaMHOXKecTB. Cieayst Tpagaumnuu, Oymgem
BEPIIUHBI OJHOW M3 J0Jiell HA3BIBATH FOHOIIAMY, NPYTOi J0JM — JEBYIIKaMu, a pebpa — 3HAKOMCTBa-
mu. OBO3HAYTMM KOJTHIECTBO TOHOMTEH B MCCaeayeMoM rpade depe3 m, a KOIHIeCTBO JTEBYIIEK depes d.
ITapocoyeranue B rpade (ABYI0JBHOM I HET) — 3TO HAOOp pebep 6Ge3 obmux KOHIOB. B ciydae
IBYIOJBHOTO Tpadpa 3HAKOMCTB IOHOIIEH U JEBYINEK MapOCOYCTAHNE MOXKHO MOHUMATH KAK BO3MOXKHOCTD
OJTHOBPEMEHHO YKEHUTh HECKOJbKUX FOHOIIEN Ha 3HAKOMBIX UM JIEBYIIIKAX.

Teopema 10 (Jlemma o meBymikax). Ecau daa aobozo k = 1,2,...,m aobvie k Maivuuxos 31axomov
8 COBOKYNHOCMYU Tomsa Obr ¢ k decouKamu, Mo MOACHO 00HOBPEMEHHO MOACEHUMD KANHCAO20 HOHOULY HA
BHAKOMOU desywke (UHBLMU CAOBAMU, CYUECTNEYEM NAPOCOYETNANHUE, NOKDPHIBAIULEE BCEL MAAVYUKOS ).

Sameuanue. OuesudHo 00PAMHOE YMEEPHCIEHUE: ECAU BCEL OHOWEL MONHCHO NOHCERUMD, MO Atbve k
U3 HUT 3HAIOM 68 COBOKYNHOCTMU He menee wem k desyuier.

Zoxasamenvcmeso. Ilpumennm k rpady 3uakoMcTB Teopemy L'epumira. B kadecrse V] Bo3bMeM MHOKECTBO
10HOMIeH, B KauectBe Vo — nesymiek. Jlokaxem, aro jroboe (Vi, Va)-pasgesnsiomee MHOKECTBO COEPKUT



ue Menee gyem m = |Vi| seprmn. B camom nerne, ecou |[U| < m — 1, U pazgenser Vi u Vo, To mo6oe pebpo
u3z V1 \ U Beger 8 U N V3 (310 pasrocnabras nepedopmynmuposka). OmHako

VINU[=[UNVe| = i = [UNWi[ = [UNVo| = Vi = [U[ =m — (m —1) = 1.

Takum obpazom, muOKecTBO 1oHomeit Vi \ U 3nakomo B coBokynnoctu Menee uem |Vi \ U| neBymkamu,
YTO 1O yCJIOBUIO HEBO3MOXKHO. Takum obpaszom, J060e (V1, Va)-pasmessiioniee MHOKECTBO COAEPIKUT HE
menee ueM m = |V | Bepmmn. U3 3Toro nmo teopeme Lepunra cieyer, 9T0 UMEETCS 1M HEMEPECEKAIOIIUXCS
nyreit u3 V7 8 Vo. Ho myTu B aBymobHOM rpade depeayionuecs, TaK 9T0 9T0 JOKHBI OBITH TTPOCTO M
pebep w3 Vi B Vo — uT0 HaM u HYKHO. O

W3 siemmbl 0 J€BYIIKaX JIEIKO BHITEKAET ee 11oje3Hoe 0bobieHe:

Teopema 11 (0606imennas gsemma o gesymkax). Iyemo 0 < s < m — yeaoe HeOMPUyaMesLHoe 4UCAO.
Ecau mobwe k (kK = s, s+ 1,...,m) 1onowetd 3narom ne menvwe, wem k — S desywer, mo MoHCHO
OOHOBPEMENHO NONCEHUMD TOMA bbt M — S 10HoULeT.

Hoxaszameavcmeo. 1lozoBeM s cneyuaavmbix JEBYIIEK, TO3HAKOMUM UX CO BCEMU OHOIMamMu. Torma s
HOBOTO TPada OyeT BHIMOTHATHCI YCJAOBHE OOBIYHOMN JIEMMBI O IeBYITKaxX. [10KeHnM IOHOIIEH, TOIb3YICh
vroit jemmoit. XoTs 661 T — S 1oHOIIEN 6yAYyT XKEHATHI HE HA CIEIUAIbHBIX JEBYIIKaX, YT0 U TPeHOBAIOCH.

O
Hpyroit hopmoit 0600IIEHHOI JTIEMMBI O JEBYIITKAX SIBJISETCS CJIETYIONIAsT

Teopema 12 (Kenura). Hauboavwee xoauuecmeo pebep 6 napocouvemanuu dsydoavrozo epaga G paeno
HOUMEHBWEMY KOAUNECTNEY GEPUUH 6 SePUUHHOM Nokptimuy 2pada G (sepwunnoe nokpemue — 3mo
MAK0E MHONCECTNGO GEPWLUH, 4MO Kadtcdoe pebpo codeporcum xoma 6ve 00HY U3 HUL).

Jloxasamesvcmeo. Obo3HaunM HauOOJIBIIEE KOJUIECTBO pedbep B apocodeTannn depe3 A, a HaumMeHbIee
KOJINYECTBO BEPIIUH B BEPIIMHHOM TOKPBITHH — uepe3 B. fcuo, uro A < B (kaxmoe pebpo mapocodera-
HUS JIOJIKHO COJIEPKATH OJIHY W3 BEPINUH BEPIMMHHOTO TTOKPBITHs ). Jlokaxkem, uro A > B, T0 ecTh B rpa-
de cymecTByeT mapocoueranue u3 B pebep. st 3T70r0 J0CTATOUHO MTOKA3ATh, UTO BHITOJIHIETCS YCJIOBUE
060061eHHOT IeMMBI 0 feBymKax ¢ § = m— B. TIpeanoioxknm npoTuBHOE: HEKOTOPBIE k 10HOER (HA30BEM
ux GJIOHJMHAMHE, 8 OCTAJIBHBIX IOHOIIEH — OproHeTaMn) 3HaOT He OoJbine, veM k—s—1=k—m+ B —1
JeByIeK (HA30BEM WX ITATEHKAMH, & OCTABHBIX JAEBYIIEK — PhiKUME). [locMOTpUM HA GPIOHETOB U IIaTe-
HOK. 1o Beero (m—k)+(k—m+B—1) = B—1 genosek. Tak Kak GJIOHIUHBI HE 3HAIOT PHIKUX JIEBYIIIEK,
st B —1 "esioBek 06pa3yror BepiinHHOe MOKphITHE Tpada G — mporuBopeune ¢ MUHUMATBLHOCTRIO B. [

Unorma Teopemy Kenura GhopMymupyor B cieaymomeit hopme:

B nexomopwuxr auetivar npamoyzoivnoti mabauus, paccmasaenvs 3eeddouru. Tozda naubosvuiee Ko-
AUYECTNBO 36€300%€K, HE CMOAWUT NONGPHO 6 00HOT CMPOKe UAU OTHOM CTOABUE, PABHO HAUMEHDULEMY
KOAUNECTNEY AURUT (AUHUY — MO CINPOKY UAU CTROABUDBL), COO0EPAHCAULUT 6Ce 36€300UKU.

Jnst mokazaTenbeTBa TOCTATOYHO PUMEHNTD Teopemy Kennra kK rpady CTpPOK U ¢TOJOIOB, B KOTOPOM
CTPOKa W CTOJIOEIT COeTMHEHBI PeOPOM, KOT/Ia HA X MEPEeCeIeHnn TOCTABIEHA 3Be3T0UKA.

Ceifgac MBI TIOKayKeM, KaK ¢ TOMOIILI0 TeopeMbl Kennra moKa3nBaeTcsd BakHag TeopeMa Jlmryopca.

Brenem mexoTOpbIe ompeenenus.

IIycte M — HEKOTOpOE MHOYKECTBO, Ha KOTOPOM BBEJIEHO OTHOINEHHE < (TO €CTh JJisi HEKOTOPBIX
nap semenToB a,b € M rosopsr, uro a < b). IIpeanosokumM, 4T0 9T0 OTHOIIEHUE YI0BIETBOPIET JBYM
CTEYIOTINM TPEM CBOMCTBAM:

1°. (pednexcuBrocTh) a < a

2°. (rpamzutuBHOCTE) ecm a < bu b < ¢, To a < c.

3°. (arTHCHMMeTpHYHOCTD) ecan @ < bu b < a, 10 a = b.

Takoe oTHOIIEHNE HABBLIBAETCA YACTUIHBIM TTOPSIKOM, & MHOXKeCTBO M, Ha KOTOPOM OHO 3aJIaHO
— YACTUYHO yHOPSA0YECHHDBIM.

ITpumepnt. 1. M = R, nopsamok 0ObIYHBIIH.

2. M — muoxecTBO (DUTYP ILIOCKOCTH ¢ TakuM mopaakoMm: Fy < Fy, ecim urypa Fi gexur B Fh.

3. M — MHOXKeCTBO BEPINMH HEKOTOPOTO OPUEHTHPOBAHHOTO Tpada 6e3 TUKIIOB. v < U, eCu CyTIe-
CTByeT MyTh W3 BEPINUHBI U3 B BEPIIUHY V1.

Ecim a < b unn b < a, sjemenTsl ¢ 1 b HAa3bIBAIOTCI CPABHUMBIMU, B [IPOTHUBHOM CJiydae a u b
HA3BIBAIOTCS HECPABHUMbBIMMU.



ITogmuoxkectBo M1 C M muoxkectBa M Ha3LIBAETCS LEMBIO, €CIN JIO0BIE IBA €ro SIeMEHTa CPABHU-
MBI. 3aMETHM, UTO IJEMEHTHI 41, G2, ..., G} KOHEIHON IIeMH MOXKHO MPOHYMEpPOBATh TaK, U9TO a1 < ag <

< aj. DTO HECMTOKHO JOKA3ATH 10 UHAYKIWH: YIOPAJOYNM BCE DJIEMEHTHI I, KPOMe OIHOIO, a
TOTOM HaWJIEM, B KAKOE MECTO BCTABHUTH 3TOT OCTABIIWCS.

Ecan muoxecrso M caMo sIBJISIETCS IIEIBIO, OHO HA3LIBAETCS JIMHEHO YyHOPAI0OUCHHDBIM.

Tlommuo)ecTBO My C M HazpIBaeTCsT AHTUIIETIBIO, €CJIM HUKAKNE JIBA €r0 PA3JMYHBIX dJEeMeHTa He
cpaBHIMBI. Hampumep, MuOKecTBO duryp miomaan 1 obpasyer aHTHIENL B IIpUMepe 2.

O/iHUM 13 OCHOBHBIX (PAKTOB TEOPUM YACTUIHO-YIOPSIOUEHHBIX MHOXKECTB ABJISIETCS CJIEITYFOTIAS

Teopema 13 (dunyopca). [lyemov M — xoneunoe wacmuuno ynopadouennoe muostcecmeo. Tozda muru-
MANBHOE KOAUHMECTNEO Ueneli, NOKPueaowus 6ce asemenmu, M (munumasvroe yennoe nokpumue) pasho
MAKCUMAADHOMY KOAUHECTNGY INEMERTOE 8 GHIMULENU.

Zoxasamesvcmaso. ObozHaunM depe3 A MUHHMATBHOE KOJUIECTBO Tenell, mokpeiBaomux M, a gepes B
— MaKCHMAJIbLHO KOJMYECTBO 371eMeHTOB antuienu. JcHo, yro A > B (mobas anTUIENnh CONEPKUT He
foJiee OMHONO JEMEHTa U3 KaxK/0il menu, BXojsme B remnHoe mokpeitue). Hago mokasars, aro A < B.
[Mocrpoum caenytomuii aBynosibHbIN rpad. Beprmmnam onpoit mosim OyayT COOTBETCTBOBATH 3JIEMEHTDHI
muokecTBa, M, a apyroit — nasosem ee M’ — wx kormm (komuio sjgementa a Oymem obozHagaTh a).
VCI0BUMCSI 0 eCTeCTBEHHBIX 0003HAYEHUAX: OyIeM TOBOPHUTL, 4To a¢ < b, ecm a < b w a # b. Bynem
coeuHAThL 3y1eMenThl @ € M u b € M’ pebpom, ecn a < b. PaccMoTpuM B MOJIyHeHHOM JBYA0JILHOM
rpacde MakcuMaJbHO mapocoderanue. [lycts oHO cocTouT u3 k pebep; KOJUUECTBO 3JIEMEHTOB MHOXKECTBA
M ob6osnaanm uepes n. drum k pebpam coorBercTByeT k HepaseHCTB Buma a; < b; (i = 1,2,....k) B
muozkecTBe M. llpu sTOM BCe a; pasiauvHbI, U BCe b; Pa3iIndHbI, OJHAKO MOXKET OKa3aThCs, UTO a; = bj.
PaccmoTpum nenHoe nokpeitue MEHOKECTBA M, B KOTOPOM BCE Tenu COCTOAT U3 OJHOTO 3/IeMeHTa (1 TOro,
UX N MTYK). BygeM yMeHbIIATh 9TO MOKPBITHE, 00bEINHSIA [ETH, CICAYIONIM 00pa3oM: Ha, i-OM IIare,
MOJIB3YSICh HEPABEHCTBOM a; < b;, 0bbenmasiem 1enun, cojgepxkaiiue a; u b;. Tax Kak Bce a; pasjivdHbl U BCE
b; pa3IMIHBL, 9TO BO3MOKHO (JI0 4-I0 IIara 3JIeMEHT a; OBLT CaMbIM OOJIBIINM B CBOEiT T1em, a b; — caMbiM
masenbkuM ). Takum obpasom, nocse k maros noryuunrcsa n — k neneit. Ecou n—k < B, 10 BCce Jj0Ka3aHO.
[Ipenmosnoxkum nporusHoe: n— k > B+ 1. BecnomunM, 9T0 k& — 9T0 pasMep HanOOJBIIEro IapOCOYETAHMS
B Harem rpade. Cornacuo Teopeme Kenura, B 3ToM rpade Hail1eTcs BEPITUHHOE MOKPBITHE U3 K BEPIIUH.

HexoTopele BepITUHBI 3TOTO TTOKPHITHSA, CKaxkKeM, a1, a2, ... ,d;, OyayT jexaTs B fgoje M, a ocTambHEIe,
ckaxewm, by, b, ..., ;C_j — B gosie M'. Beikunem u3 MHOKecTBa M BCE JIEMEHTHI A1, A2, . . ., (;, & TAKKe
bi, ba,...,b,—j. Ocranerca xora O6b1 7 — k 57€eMeHTOB (HEKOTOpBIe N3 Ak BBIKHHYTBIX SJIEMEHTOB MOTYT

COBIIQJIATD ), HA30BEM UX WHTEPECHBIMU. 3aMETUM, UTO €CJIN JIJIs HHTEPECHBIX 3JIEMEHTOB ¢, b BBITOJTHEHO
HepaBeHCTBO a > b, To B rpade G ectsb pebpo (a,d'), He mepecekaroneecs ¢ HAIMM BePITHHHBIM TOKPBITHEM
— MPOTUBOpEYHNE. 3HAYUT, BHIKUHYTHIE 3JIEMEHTHI 00Pa3yIOT aHTHUIIENb, B KOTOPO x0T 661 n — k > B+ 1
3JIEMEHT — IPOTUBOpeYne ¢ Boibopom B. 0

IlepeiiieM K U3yUeHNIO TAapOCOUeTaHNil B HeJBYI0JBHEIX I'padax.

Muoxecrso A C V(G), cocrosimee u3 s sepmmn rpada G (s =0, 1, 2,...) HazpiBaeTcs 3ampernaro-
M, ecn B rpade G — A maiigercs xots 661 s+ 1 HeUeTHAS KOMIIOHEHTA CBA3HOCTH (TO €CThH KOMIIOHEHTA
CBA3HOCTU C HEYETHBIM YUCJIOM Bep]_HI/IH).

Teopema 14 (Tarra). B epage G cyuecmeyem cosepuernoe napocotemaHue ecat U MOAbKO eCAU 6 HeM
OMCYMCMBYIOM 3ANPEWAIOULUE MHONCECTNEA.

Hoxasameavemeo. Ipenmonozkum, uTo B rpadye ecTh 3anpimaromee MHOKeCTBO A m3 s Bepmun. Q603Ha-
anim C, Cy,...,Csy1 HeureHble KoMmoHeHTH rpada G — A (BO3MOMKHO, €CTh U €Ile HEeYeTHBIE KOMIIO-
HeHThl). fcro, uTo B mobom mapocouerannu F rpada G seprmmabl KoMmoneHTh C; He Pa3buBalTCA HA
Mapbl, MO3TOMY JIHOO O/THa W3 HUX He TOKPHITa mapocoderanneM F | mnbo ommno u3 pebep F Bemer u3 C; B
A. Tlockomsky B A BCcero s BepmmH, mapocoderanue F' cogepxkut me Homee s pebep, sepymux B A, cramo
6LITE A1 HekoToporo ¢ = 1, 2,..., s+ 1 mMeeT MecTo mepBLIi caydail: oJHa U3 BepIInH KoMIOHeHTE C;
He MOKpbITa pebpamu F'. 3uaunt, mapocoueranne F' He aBJIsIeTCsI COBEPIEHHBIM. TakuM 0bpazom, B Tpade
C COBEPIIIEHHBIM TAPOCOYETAaHUEM HE MOXKET OBIThH 3aIPEIAOIIEr0 MHOKECTBA.

Joxarkem obpaTHOe yTBEpkK/IeHue: B rpade 03 3arperaonnx MHOKECTB €CTh COBEPIIEHHOE T1apPOCo-
YeTaHHue.

[Ipeanonoyxkum nporusHoe. Pacemorpum rpad Gy 6e3 HanboIbITero mapocodeTanns U 6e3 3ampereH-
HBIX MHOXKECTB. fICHO, uT0 KomaecTBo Bepmma rpada G 9eTHo (MHavYe 3aNpPEeeHHbIM SIBISETCH MHOKE-
cro u3 0 BepmmmH).



[Ipeamonoxkum, uro K rpacdy Gy MOKHO T06aBUTH pebpo e (COeJMHUB JIBE elle He COeJIUHEHHBIE Bep-
mmHbl) Tak, 91066l B Tpade Go + € mo-npexkaemy He OBbLIO COBEPIEHHBIX MapocoueTannii. Jlokaxkem, 4To
1 3alpernieHHbIx MHOXKeCTB B rpade Gg + e Takxke meT. [Ipegamonoxum nmporushoe: B rpade Gg + € ecThb
zanpermennoe MaOkeCTBO A u3 s Bepmmn u C1, Co, ..., Csy1 — nedgernnre kommnonenTs rpada Go+e — A.
Ipad Gp — A mubo copmamaer ¢ rpadom G+ e — A (ecsin xorst OB OJTMH U3 KOHIOB pebpa e jexkuT B A),
60 mosryaaercs u3z G + e — A ynanenunem pebpa e (B mporuBHOM ciydae). B mepsom cirydae MHOXKECTBO
A 0YeBUIHO ABJIAETCS 3alpermaomuM U B rpade Gy — mpotuBopeune. Bo BropoM caydae MHOXKecTBO A
TaKXKe sIBJIAETCs 3amnperiatonuM B rpade G, Tak Kak Ipu yaajseHnn pedpa KOJUIECTBO HEIETHBIX KOM-
MOHEHT HE YMEHBIAeTCs (ecan pebpo yIaasyioch W3 HEYeTHOH KOMIOHEHTHI U OBLIO B Hell MOCTOM, OZHA
U3 JIBYX HOBBIX KOMIIOHEHT BCE PABHO Oyger HeueTHoi). Onarh npoTuBopedue.

Nrak, rpad Gy + e Takke He UMeeT HU COBEPIIEHHOr0 MapoCoYeTannsl, HU 3alPelaionux MHOXKECTR.
Byznem nobapisith K uMeroremycst rpady pebpa, moka 370 BO3MOXKHO (TO €CTh He TIOSIBJISETCsT COBEPITIEHHOEe
napocoueranue). Ecim vu ogroro pebpa qobasuth mesb3st, To rpad G 061a1aeT CIeayIonmMM CBOHCTBOM
nacoiennocmu: B rpadpe G HET COBEPITEHHOTO TMAPOCOYETAHUSI, HO OHO TOSABJISAETCS TIpU JTOOABIEHUN
JIr0boro pebdpa.

CTpyKTypa HACBIIEHHBIX I'PahOB OMUCHIBAETCS TTOJTHOCTHIO.

Pacemorpum vacwimennsiit rpad G. Obosraunm yepes V] MHOXKeCTBO BepiuH rpada G moJiHo# cTe-
meHu (TO eCTh COeJIMHEHHBIX CO BCEMH).

Hokaxewm cremaytomiee yrBepkaenne: 6 epage G — Vi 410004 KOMNOHEHMA CBAZHOCTU ACAAEMCA NOA-
HOoM 2papom.

Hocraroano nmokasars, uro ecnn B rpade G — Vi nposejenn pebpa v1 — Vg U ¥1 — U3, TO B HEM IIPO-
BEJIEHO U Pebpo V2 — v3 (TO €CTh OTHOIEHNE OBITH COEMHEHHBIMYU PEGPOM TPAH3UTUBHO). TIpeamomoxmm
IPOTUBHOE: V2 U VU3 HE coemunenbl. Tak Kak vy ¢ Vi, BepuHa v; He COEIUHEHA C HEKOTOPOH BEPITMHOL
vs € V(G).

[Top3ysich CBOWCTBOM HACHIIMEHHOCTH, HAXOINM COBEpIeHHbIe mapocoderanns F) m Fp B Tpadax
G+euG+eg, rae e] =vy —v3, €9 =v] — V4. Paccmorpum pebpa napocoderanuit £ u Fy. Onu obpa-
3YIOT HECKOJIBKO UEPEYIONIUXCs IUKJIOB U HECKOJIBKO pebep, MPUHAJIEKAINX 000UM TapOCOYETAHUSIM.
Pacemorpum mukiier C1 u Cy, comeprkarime pebpa €1 U €3 COOTBETCTBEHHO. BO3MOYKHBI 1B CIyYasl.

1) Ecoin C) # (s, m3amennm napocoderanne Fi, 3amenus B iukiie C1 pedpa mapocouerannst F] pebpavu
mapocoueranust Fo. Ilomyunm copepiiennoe napocoderanue rpada G — mporuBopeune.

2) Ecan € = Cq, noiinem mo mytu C1 — ez OT BEPIIUHBL ¥1 K BEPIIUHE U4, IOKA HE BCTPETUM BEPIIHHY
v9 uan v3. He ymauisiss obmrocTu, 310 Bepimaa vy. Uamenum Fi caegytonum obpazom: 3amennm pedpa F
pebpamu Fo wa myTu ot v3 10 v4 m gobasum pebpo v; —v3 (a pebpo ey yaanmm). [ogyanres cosepriiennoe
mapocoderanue rpada G — mporuBopeune. Y TBEPKICHUE TOKAZAHO.

Teneps cOBCEM HECTOXKHO 3aKOHUNUTE JOKA3ATEIHCTBO TeopeMbl TarTa.

Tax Kak MHOYKECTBO V] He SIBJISIeTCs 3ampermaonuM B rpade G, HeueTHBIX KOMIOHeHT B G — V) He
HoIBIITe, YeM KOJMYECTBO S BEpPITUH MHOXKECTBa, V1. A B 3TOM cjydae HECTOXKHO TOCTPOUTH COBEPIIIEHHOE
mapocoderanne B rpadpe G — OpoTHBOpPEUNe. O

Kak u semma o nmeBymikax, Teopema larra moxkeT OBITH IepeHECEHA HA CJIyuail HECOBEPIIEHHBIX I1a-
pocoderannii.

Hazosem medexTom rpada G MuUHIMAIBHOE U3 TAKUX HEOTPUITATETHHBIX THCET Ko, ITO TPH yIATCHUN
mobwIxX s BepiuH rpada G obpasyercs me 6oJsee, 9eM S + kg HEUETHLIX KOMIIOHEHT.

BamMernM, 9TO YETHOCTH JedeKkTa paBHA IeTHOCTH KOJUIECTBA BEPITHH rpada.

Bepra cienyromas

Teopema 15 (Qopmyna Bepxka). Jedexm epada pasen xoauvecmsy epusun, HENOKPHIMBLT HAUCONDULUM
NAPOCOYETMAHUEM.

Joxasameavcmeo. Ilyers d(G) — nedekr rpada G. AHATOIMYHO TO0KA3ATEILCTBY TPOCTONH YaCTH TEOpE-
mbl Tarra ybexgaeMcs, 9To B JI060M MapOCOUETAHNN OCTAIOTCA HEMOKPHIThIME X0Ts Ob1 d(G) BepImH.
C mpyroii croponbl, ecim n1o6asuTh K rpady G HOBbIE BepimHbl B Koaudectse d(G) U coeluanTh Ux
pebpamMu cO BCeMU OCTAIBHBIMU U JPYT C APYTOM, TO B HOBOM rpade He HyAeT 3amperraoninx MHOKECTB
(meficTBUTEbHO, eCaN TPU y/IAJCHUN HECKOJTBKHUX BEPIIUH OCTAETCsT XOTs ObI OJHA HOBAasl, TO OCTAETCS
CBA3HBIN Tpad; ec/u Ke yJanagioTcs BCe HOBBIE BEPIIHMHBI M S CTAPBIX, TO ocraercda He bonee s + d(G)
HEYETHBIX KOMIIOHEHT IO OTpeeeHuio gedekra). 3HAUNT, B HOBOM rpade ecTh COBEPIIEHHOE Mapocoye-
ranue. [Ipu 3TOM BCe ero pebpa, kpome ue Gosee vem d(G), npunagnexar u rpady G. Crano 6birs B G
eCThb IMapocoveTanne, He MOKphiBatomiee He 6ostee d(G) BepmH. O



DitIepOBLI TUKJIBI U TyTH

ITyrs (coorBercTBEHHO, MUKJ) B Tpade HA3BIBAETCH INJIEPOBBIM, €CJM OH 10 Pady COMEPKUT BCe
pebpa rpada.llpu sTomy yaobHO momyckarhk B rpade Hagmdne KpaTHBIX pebep.
Crenyromias TeopemMa COCTABJSIET TPOCTON KpuTepuil HaJnuus B rpade 3iaepoBa MyTH WK UK.

Teopema 16. B ceasnom (heopuenmuposarnom) epade cyuecmeyem Diiepos yuka (coomeememeenho,
9UAEPOS NYMD, HE ABAAOWUTICA YUKAOM) ECAU U MOALKO ecau 6 Hem 0 (coomeememeenno 2) eepuithb
HewemHol cmeneru.

ZHoxasameavcmeo. TonbKo-ecan-dacTb OUeBUIHA: SHTEPOB MY TH, MPOXOAT KaykKIYIO TPOMEeXKYTOTHYIO Bep-
IIUHY, UCIIOJB3YET JBA MHITAJIEHTHBIX €il pedpa, cTaa0 ObITh CTEIeHH BCEX BEPIIMHH, KPOME HAYaJa W KOH-
11a, 9€THBI. AHATOTUYHO JJTa 1THKIA. Jl0Ka3aTebCTBO eCu-YacTh MPOBOJAWTCS HHAYKIIHEH TI0 KOJTUIECTBY
pebep. Ilpeanonoxum st ONpeaeeHHOCTH, 9T0 pedb 0 nyTu. PaccMorpum B Harem rpade nyTh Mex-
Iy IBYMSI BEPIMUHAMN HEUETHON CTerneHwu. YaajauMm ero. I'pad, BO3MOKHO, pacCHageTcd Ha KOMITOHEHTBI
CBSI3HOCTH, B KaXK 0¥ M3 KOTOPBIX CTEIIEHU BCEX BEPIIUH OYAYT YeTHBIMU, & CTAJ0 OBITH B HUX TI0 HHIYK-
IMOHHOMY TTPEIIOI0KEHUI0 OYIyT CYIEeCTBOBATH YUIEPOBDLI IUKJ/IbI. ByaeM IBUTATHCS B UCXOIHOM rpade
10 yIaJeHHoM nyTu. KaxK it pas, BcTpedasl BepIIHHY U3 09epe Hoi He 000 aeHH0# KOMIOHEHTDI, OyIeM
00X0OIUTH ee MO MIEPOBY MUKIY ITOM KOMIOHEHTHI W MPOJAOIKATH IBUKEHUE 10 Ty TH. O

l'aMuIBTOHOBDI IUKJIbI 1 IIyTH

IIpocro#t myTh win UK/ B rpade HA3bIBAETCH rAMUJIBTOHOBBIM, €CJIM OH IPOXOJUT Yepe3 KaXKJIYIo
BepruHy (POBHO) OfMH Pas.

IIpocThix KpuUTepUeB CYNIECTBOBAHUS FAMUJIBTOHOBA IIyTH WK ITUKJIa B rpade HE W3BECTHO U, 110 BCeil
BUIUMOCTHY, HE CYIIECTBYET.

Orpanuaumcd cJeayromeil Kjiaccu4ueckoii Teopemoii Jlupaka, Jarorieil J10CTaToOYHOe YCJIOBHE CYIIe-
CTBOBAHUA T'aMUJIBTOHOBA IIYTHU WJIN IMUKJIQ B TEPMUHAX cTeneHen BCPIIIHH.

Teopema 17. Ecau 6 epage G ¢ n sepuiunamu cymma cmenenets A1066x 08YT sepuun He menvute n — 1
(coomeememeento, He MEHBWE N), 6 HEM CYWECTNEYEM 2aMUNLMON0E NYMb (COOMBEMCMEEHHO, UUKA).

Joxasamesvcmeo. Ham mouanodburcs ciaemgyromnas

Jlemma. Ecau 6 zpagpe ¢ k sepusunami, UMeEemcs 2aMUuADTNORO8 NYMb, U CYMME cmenenel KOHyos 9mozo
nYMu He Merbwe, 4em Kk, mo 6 Hem UMEEMCA U 20MUABMOHOE UUKA.

Hoxaszameavcmeo. llycre p = A1As ... Ay — raMHJIBTOHOB NYTh, U BepiinHa A mMeer crenens [ Pac-
cMOTpUM | 3eAeHbiT BEPITUH, TIPEAMECTBYIOMUX (B CMbICIe mopsaaka oT Ay 10 Ag) TuM BepmmaaM B Iy TH
p. [Ipeamonoxum, ato BepmuHa Ay He COeIMHEHA C 3eJCHBLIME BepIIMHAME. TorIa CTelmeHsb BepITHHbl Ag
ne Gospme k — 1 — I, To ecth cymma creneneii Beprme A; m Ay we Hompme k — 1 — mpormsopeune.
SuaunT, BepinHa Ay coelnHeHa ¢ Kakoii-To 3eseHoil seprmuoil A;. B aToMm ciiyuae B rpadpe cyiecTByer
raMusbTOHOB kg A1 Ag ... AjARAg_1... A1 A4 O

W3 jmemMBI cpasy cieayer, 9To ecjii yTBEPIKIeHUEe TeOPEMbl BEPHO JIJisi TIYTH, TO BEPHO U /Tl ITHKJIA.

Joxkaxkem maa myTu. PaccMOTpuM caMmblil IIWHHBIAN TPOCTON TyTh p. IIpeamomokmm, 94T0 OH HE ra-
MUJIBTOHOB U cofiep:kuT k < n BepiuH. I'pad, o6pazoBaHHbIil BepiinHaMu myTH p, Hazopem H. 3amerum,
Y9TO KOHITBI CaAMOT'0 JIJIMHHOTO IIYTHU COCJUHEHBI TOJBKO C JPYTMMU BEPIMUHAMM TOTO 2K€ IIYyTH, TaK YTO K
rpacdy H npumenuma JjiemMMma: CyMMa CTeleHell KOHIOB IyTH p, siBjsdolerocd B H raMuibTOHOBBIM, He
Mmenbirie geMm n — 1 > k. Takum obpazom, B rpade G HalgeTCst UK, TPOXOAIui 1o k BeprmmHam. Ecan
U3 HEro BeJieT X0Ts Obl 07HO pebpo BHE IUKJIA, TO 3TO CPa3y JaeT MyTb, Npoxojsiuil o k + 1 Bepiinne
— HIpOoTUBOpEYre C MaKCUMAJIBHOCTBIO AJIUHBI P. B OPOTUBHOM CJjiy4dae€ CTEIICHW BCEX BEPIIUH HMUKJId HE
mpeBOCXoaaT k — 1, a cTemeHn He BXOMSIIUX B ITUKJI BEPIIUH HE MPEBOCXOAAT N — k — 1, 9T0 B cymMMe aeT
He bosiee N — 2 — OUATH MTPOTUBOPEIHE. 0

[Mokpacku rpacos.
Packpackoii Bepiiut rpada Ha3biBaeTcd pa3bueHne MHOXKECTBA €0 BEPIIWH Ha HECKOJILKO Helepece-

KAMOIIUXC TIOJIMHOXKECTB (Ha3blBaeMbIX 1BeTamu). Pazbuenune MHOKeCTBA pebep HaszbiBaeTcst pebepHoit
PacKpackKoii.



Packpacka Ha3bIBAETCs IPABUJILHOM, €C/IM BEPIIUHDI, OKPAIIEHHbIe B OJUH IBET (TO €CTh MPUHAIIe-
JKAIIUE OJHOMY TOJAMHOYXKECTBY pasOuenns), He CoequHeHbl pebpamu. Amagornano, pebepHas pacKpacka
HA3BIBAETCS PABUJILHOM, ecsin pefpa OJHOrO MBeTa He UMeIOT OOIIUX BEPIINH.

HaI/IMeHbH_Iee KOJIM4YeCTBO IIBETOB, B KOTOPbIE€ MO2KHO IIPDABUJJIBHO IMTOKPACUTH BEPIITHUHBI (COOTBeTCTBeH—
HO, pebpa) rpada G, HAa3BIBAETCI XPOMATUYECKUM YKUCJIOM (COOTBETCTBEHHO, XPOMATUYECKUM WH-
nekcoMm) rpacda G u obosmauaerca X (G) (coorsercreenno, X' (G)).

I'pad G naspiBaercs aByn0abHbIM, ecyin X(G) < 2 (To ecTb ero BepIIuHbI MOXKHO NPABWILHO MOKPa-
CUTB B JIBA [1BETA).

Creayromas Teopema JaeT NpoCcToil KpUTepuii IBY10JbHOCTH rpada.

Teopema 18. I'pagh deydoaen ecau U MOABEO €CAU OH He COOEPHCUM HEUEMHBIL YUKAOS.

Jlokasamenavcmeo. ZcHo, 4TO B ABYZ0IBHOM rpade HET HEYETHBIX IUKJIOB (B KaXK/IOM IUKJIE [[BETA BED-
muH 4depenytorcd). JokakeMm, 9To ecid HEYETHBIX IUKJIOB HET, TO BEPIIMHBI MOXKHO TTOKPACHTH B /1B
nsera. C 310 mesbi0 moKpacuM poussoabHyIo Bepmmay Ag B nser 1. [Ipucsonm sepmune Ay panr 0.
Bepmmnnl, coenqnnennse ¢ Ay, HA30BEM BEpPIIMHAMY PAHTa 1 U MOKpAacuM B IBeT 2. BepmuHel, coennnen-
Hble ¢ Bepimmaamu panra 1, nmokpacum B nper 1 u npucsoum mm panr 2. Ilpogosmkum B TOM 2Ke jyxe.
BamMeTnM, 4TO BEPIIMHBI OJJHOTO PAHTA HE COEIUHEHBI (MHAYe HANJIETCs HEYeTHBINH MUK/, 00pa30BaHHBII
COETMHEHHBIMY BEPITHHAMHI OJHOTO PAHTa U MYTSIMH OT 3TUX BEPIIMWH JIO BEPIIUHBI A1 — TOUHEee, IO MO-
MeHTa, TIepBOii BeTpedn 9Tux myTeit). OTcrofa cegyer, 9To MOCTPOEHHAs PACKPACKA BEPITUH (BEePITUHBI
YeTHOIO PAHTa KPACITCsl B OJIMH I[BET, HEYETHOTO — B JIPYToif) 6yaer mpaBuIbHOIL. O

IIpu ¢ > 2 uposepka uepaserctBa X(G) < ¢ (TO €CcTb BO3MOMKHOCTH OKPACHTH BEPHIMHBI rpada
B C IIBETOB IIPABUJIBHBIM 0OPA30M) SIBJSETCS 3HAYMTETHHO 00J1ee CJI0XKHOMN 3asaqell (M MaTeMaTHuIecKu,
U B CMbICJIe Teopuu aiaropuTMoB). IlosHOTO IpocTOro ommcanus, KaK JJisi IBY/JOJIBHBIX Tpad OB, TYT HET.
[ToroBopunm 0 BEPXHUX OIEHKAX XPOMATUIECKOI'O YMCJIa YE€PE3 OLEHKM HA cTerenu Bepiua rpada. Haunem
CO CJIeTYIONIero HeCJA0KHOTO, HO MOJIE3HOTO yTBEPIKIEHNSI.

Jlemma 2. Iycmov vy, va, ..., vy, — 6ce sepwunst epaga G, u npu ecex k = 1,2,...,n sepuwuna v
umeem ne boaee uem d cocedeti cpedu 6ePULUH V1, . .., Vk_1. Toz2da x(G) < d+ 1.

Zloxasamesvcmeso. ByneMm KpacuTh BEPITUHBI B YKAa3aHHOM Topsaake B d + 1 1BeT, Hagnuast ¢ v1. Kaxbrit
pas y ouepenHOll HEMOKPAITEHHOM BEPITUHBI UMEeTCs He OoJiee deM d HEMOKPAIEHHBIX COCe e, mO3TOMY
ee MOYKHO TIOKPAaCUTh B I[BET, OTJNYIHBIN OT I[BETOB BCEX 3TUX MOKPAIEHHBIX coceleil. Tak mokpacuwm Bce
BEPIITUHEI. O

Caencrsue. Ecau cmenenu scex sepwuna epago G He npesocrodam d, mo
X(G) <d+ 1. (3)
Hoxazameavcmeo. Tlporymepyem BepITIUHBI B TPOU3BOJBHOM TTOPSIIKE U IPUMEHUM JIEMMY 2. O

BamernM, aro st osHoro rpada Kgiq ornerka (3) ve ynayumaema. Kpome toro, ona He yiydrraema
st d = 2 u rpadpa, sSBIAIONIEroCst HEUETHBIM IMKJIOM. [yybokasi TeopemMa Bpykca yTBepKaaer, 94To
BO BCEX OCTAJIbHBIX CJIydasix Jyisi cBs3HOro rpada sepuo mepasenctso X(G) < d (momsTHO, uTO 3aja4a
MPABUIBHOMN TTOKPACKY TPada CBOAUTCS K MOKPACKE KAXKJIONH KOMIOHEHTHI CBSI3HOCTH, TAK UTO IO CYTIECTBY
JOCTATOYHO OTPAHUYUTHCS CBA3HBIME TpadaMn).

Teopema 19 (Bpykc). Hycems G — epag, cmenenu 6cex sepusunv, Komopozo we npesocrodam d. Tozda
ecau d > 3 u wu oona komnonenma ceasnocmu G e asasemcs noanovim epapom Kgp1, mo x(G) < d.
ITIpu d = 2 nepasercmeo X (G) < 2 6bINOAHACINCA, €CAU HU 00HA KOMNOKEHMA CEAZHOCTNY HE ABAAEMCA
HEUEMHBM UUKAOM.

Zoxasameavcmaso. Kax yie ObLI0 CKa3aHO, TOCTATOUIHO PACCMOTPETh CIyvait cBsa3Horo rpada G. Cayuait
d - 2 ITIOHATEH: G ABJIAETCA IIyTEeM WJIN TUKJIOM, BCE IIYyTU W YCTHBIC IUKJIBI KPACATCA B 2 oBeTa, a
HeUYeTHBIE THKIbI He Kpacarcd. Ilycts d > 3. Beibepem HEKOTOpPYIO BEPIIMHY ¢ W paHKUpyeM rpad,
HaunHas ¢ = (¢ umeer paur 0, cocenn ¢ — panr 1, cocequ Bepmue panra 1, He nmerorue panra 0 u 1
uMeroT paHr 2 u Tak ganee). [IpornymepyeM Tenepb BCe BepmuHbLI rpada, HAYnHAsS C CAMOTO MOCJIEIHETO
paHra: CHavYaja HOMEepa TOJIydaT BCe BEPIINHBI TTOCIETHEr0 paHra, (B MPOU3BOIBLHOM TOPSIJIKE ), TTOTOM BCe
BEPIITUHBI TIPEJIIOCIETHETO U Tak gajee. Ilycts vy, v, ..., Uy = ¢ — MOCTPOEHHAS HyMeparusd. 3aMeTuM,
4TO mpu ¢ < M BEpIINHA V; UMeeT XOTsi OBl OIHOTO cocela vj ¢ j > i (IIOCKOJIBKY COeIUHeHa XOTs Obl



C ONHOI BepImHO¥ MeHbImero panra). OTCIOa CIeAyeT, YTO KOJUYIECTBO COCEEH BEPIIMHBI V; CPeIn
BEPIIMH V1, ...,v;_1 He npesocxomuT d — 1. Takum obpaszom, npumensia K rpady G = G — x gemmy 2,
nosydaeM, uTo G’ MOXKHO OpaBUJILHO MOKPacHTh B d neeTos 1,2, ..., d. HazoseM IpaBHIbHYIO HOKPACKy
G’ npeanokpackoil. 3aMeTuM, 4TO ecIi HaM yIacTcs HailTh IPeIoKPacKy, /s KOTOPO COCeI BePHUIITHbI
@ TIOKpAIIIeHbl HE BO BCE UCIOJIb3YEMBIE d IIBETOB, TO MbI JIEFKO JOKpacuM ¢. B yacTHOCTH, 3TO 3aBEIOMO
umeer mecto, ecau deg(q) < d. TIpeanosoxkum, 9T0 NPaBUIBHON MOKPACKH HAITETO rpada He CYIIecTBYer,
rorma deg(q) = d n s 060l TPeINOKPAaCKH COCETH U1, - . ., Ug BEPIIMHBLI ¢ UMEIOT Pa3JINYHLIE [BETA.
Haugrewm ¢ Kakoii-T0 IpeAnoKpacKu, He yMajiss OOIIHOCTH, DYAEM CIUTATh, 9TO U; UMEET MBET § JIJIJIsi BCeX
i =1,2,...,d. Paccmorpum Bepmmnnl nBeroB 1 u 2, mycrb Gio — noarpad G, oOpa3oBaHHBIA UMH, K
C1l2 — KOMIIOHEHTa CBA3HOCTH 9TOro rpada, cojepxkamada sepmmiy 4. OTMerum caegyonme CBofCcTBa
koMroHeHThl Co:

1) ug € Cig. eiicTBUTETHHO, €CTH 3TO HE TAK, MOXKHO B KoMmoHeHnTe C'y TIOMEHSTH MecTaMu TiBeTa 1
U 2, TIOCJIe YETO CPEJIU COCeeit ¢ He OKAXKETCS BEPIMMHBI 11BeTa | — mpoTusopeune (Mbl MOy 9HU/IU BHIIIE,
9TO JJIst JTI060H MPEMOKPACKH COCETH ¢ UMEIOT BCE MIBETA, [0 Pasy.)

2) Komnonenra Clo — mpocToit myTh u3 u B ug. Jlokaxkem 370. Fcaum crenens BepmmHbl 4] B KOMIIO-
uenre Cg He MeHbBIE 2, TO CPeJU COCelell BEPIIMHBI U] BeTpedaercs He Gosee gem 1+ (d —3) = d — 2
IIBETOB, 9TO TTO3BOJISET U3MEHUTD ITPEANOKPACKY, TTEPEKPACHB U] B IBET, OTJUYHBIN 0T 1 — mpoTuBOpeUne.
Amnamornano, cremnens Bepiuibl 2 B Chg paBHa 1. Pamxkupyem kommonenTy Cla W3 BEPIIAHBI U] U MPE-
HOJIOZKUM, 9TO CTEIeHb HEKOTOPOH BepmuHbl B Heil xors 661 3 (ecu Her, TO Bce nokazano — Cla MOXKeT
OBITH TOJIBKO MPOCTBIM MyTeM U3 U1 B Uz). PaccMOTpHM Takyio BepIIHHY w HanMeHbInero paura. Cpemn
cocejieil BEpIUHBL W BeTpedaeTcs He 6osee d — 3 MBETOB, OTJAMYHBIX OT 1 U 2, 94TO MO3BOJISIET TEPEKPA-
CUTh W B IBeT, OTInYHbIA oT 1 u 2. Ho Torma n3-3a MUHUMAaILHOCTH PaHTa BEPIUHBI W KOMToHeHTa, C'o
CTAHOBUTCST MIPOCTO MYTEeM U3 U], KOTOPBI 0OpBIBaeTCs, HE JA0iing 1m0 ug. Ho HE B Kakoil mpeamokpacke
9TO HE TaK 1o 1m.1) — MPOTHBOpEYHE.

Taxue KOMIIOHEHTBI, KOTOPBIE MBI Oy/IeM HA3BIBATH YePEIYIONUMUCS MENsIMUA, MO2KHO TTOCTPOUTD LIS
s11060it mape! nseros. OTMeTHUM ele CBOMCTBO

3) Hpe depeyromuecs Memn He MOTYT UMETh OOIIMX BEpIWH, KpoMe KOHIOB. leiicTBurensHo, ecin
HEKOTOPAd BEPIMUHA W MPUHAIICKUT, HAnpuMep, 12-menu u 13-1emu, 1O ee coceau nMeroT He Hojiee ueMm
d — 4 uBeroB, oTIMYHBLIX OT 1,2,3, 4TO MO3BOJISIET €€ MEPEKPACUTE U PAa3PYyIIUTh 00e 1emu.

Teneps Bocnosibayemcs Tem, uro rpad G — He nosablii. Torma cpepy BepIvH U1, . . . , Ug HARAYTCS JIBE
HECMeKHbIE, TyCTh 9T0 OyayT BepmuHbl uy 1 ug. llomensiem msera 1 u 3 B menu Cl3 (TYT MBI TTOJIB3YEMCS
rem, uyro d > 3). Teueps Jierko Bujerb, 4TO 1€nM MexK/Ay napamu nseros 1,2 u 2,3 nepecekarorca —
BaKJII0YUTEIHHOE TTPOTUBOPEUNE, 3aKAHINBAIOINIEE JOKA3ATEIHCTBO O

O6osraumv wepes X¢ (k) KOMM9IecTBO MpaBUIbHBIX packpacok rpada G B k (maHubIX) 11BETOB. JTa,
pyHKIHS TTepeMeHHol k HA3BIBAETCS XPOMATHYIECKUM MHOTOYJIEHOM Tpada G.
Jlerko BUIEeTH, YTO, HATIPUMED,

Xk, = k"
Xk, (k) =k(k—1)...(k—n+1)=(k),
XT, = k(k - 1)71—1’

rae K, K, T, — coorBeTcTBenno mycToii rpad, mosmHbii rpad 1 (Ipon3BoIbHOE) JePEBO C 1. BePITHHAM.

Y6enuTbcs B 3TUX COOTHOIIEHUSAX MOYKHO, KPacsd BEPIIUHBI 110 OJIHOM, B CyYae JIepeBa — MOJBECUB €ro

3a BEPINUHY U KPACH TI0 OUEPEeIN BEPITUHBI HYJIEBOTO PAHTA, TTOTOM MEPBOTO, IIOTOM BTOPOTO U TaK JAJjee.
XpOMaTUYECKH MHOTOUWIEH HE TOJBKO B 9TUX CJIyYasX, & BCErJA SBJSETCS MHOTOWIEHOM OT k:

Teopema 20. Ecau G — epag ¢ n sepwunamu, mo Xg(k) — yrnumaprod (co cmapwum xosdduyuermom
1) mmozounen om k cmenenu n ¢ yeammu Kospduyuenmamu.

Aoxasamesvcmeo. Kaxnoii packpacke rpada G cooTBeTcTByeT pasOueHne MHOXKECTBA €ro BEpIIHH Ha
AHTUKJINKN (HyCTbIe HO;[Fpa(be): JJId KazKIA0TO IIBETa MHOXKECTBO BEPIITWH 3TOTO IIBETa €CTh aHTHUKJINKa
(BOBMOKHO, TIyCTasi — TO €CThb (€3 BEPIIHH). 3aMeTHM, 4TO JJId Kazkjaoro pasbuenus: muoxecrsa V(G)
Ha M HEmyCThIX aHTHKInK nmeerca posuo k(k — 1)(k —2)...(k —m+ 1) = (k),, packpacok, marormmx
570 pasbuenue (mepBasi aHTHKJINKA KPACUTCS B OJMH U3 K IIBETOB, BTOpas B OJuH U3 k — 1 u Tak majee).
Takum obpasom, ecan oboznaunth S(G, m) koandecrso pasbuenuit V(G) Ha m aHTUKIMK, TO

xa(k) = S(G,m)(k)m. (4)
m=0



Ocranock 3amernth, uTo (k),, — MHOrOWIeH cremenu m ot nepemennoit k u S(G,n) = 1, otkyga xg —
YHUTAPHBIA MHOTOYJICH CTEIICHU 7. 0

Hanpuwmep, ang mycroro rpada Ha n BeprmmmHax u3 (4)mosydaemM n3BeCTHOE COOTHOIIEHWE

K= S(n,m)(k)m, (5)

rae S(n,m) — uucaa CtupauHra BToporo pofa (KOJHIECTBO pasbHueHuii MHOKECTBA MOITHOCTH 1 HA 1M
HEITYCTBIX TIOJIMHOYKECTR ).
OueHb MOJIE3HBIM OKA3BIBAETCA TaKKe PEKyppeHTHAd (OpMYJIa, Jijisd XPOMATHIECKOTO MHOTOUIEHA!

Teopema 21. Ilycmv e = uv — pebpo epaga G. Toada

XG = XG—e¢ — XG/e» (6)

(20e zpagdor G — e u G /e noayuaromea us G coomeememesenno yoaaenuem pebpa G u cmazusanuem e20 6
00y 8EPULUHY. )

Joxasameavcmeo. Packpacku rpada G—e, B KOTOPBIX U U U UMEIOT PA3HLIHA BET, HAXOAATCI B OYE€BUIHOM
B3aHMHO-0IHO3HAYHOM COOTBETCTBHUH ¢ packpackamu G packpacku rpada G — e, B KOTOPLIX U U U HMEIOT
OJIMHAKOBBII ITBET — BO B3AMMHO- OJJHO3HAYHOM COOTBETCTBUM C packpackamu G/e. Orciona u noryvaem

XG—e = XG + XG/e- [

TMokaxkem, Kak paboTaeT peKypperTHoe cooTHomerne (6), 70Ka3aB CIELIYIONLYyT0 TEOPEMY, CBI3BIBAIO-
MIYI0 XPOMATHYECKHI MHOTOUIEH U alUKJINYeCKue opueHTanuu rpada. (AlUKInIecKas OpUEHTAITST
ecThb CIocob OpMeHTHUPOBATHL Kaxkgoe pebpo rpada Tak, 9To0bI MOIYIeHHBINH OPUEHTHPOBAHHBIN Tpad He
MMeJT TINKJIOB).

Teopema 22 (Crauiu). Hyemo f(G) — xoaunecmso ayukauueckur opuenmayul epaga G ¢ n sepwu-
namu. Tozda

f(G) = (=1)"xa(=1). (7)

Jloxasamenavcmeo. Jlns nycreix rpados pasenctso (7) ouesuano. [Ipumem 310 3a 6a3y wHIyKIIUM, BELy-
mieficst mo aucay pebep. Ilyers e = uv — pebpo rpada G u as rpados ¢ MeHbIIM UncaoM pebep (7)
ycranosjaeHo. Jlokaxkem, 4T0

F(G) = F(G —e) + f(Ge). (8)

Torma (7) Gymer caen0BaTh U3 MHAYKIMOHHOTO TIPEANoaoxKenus u (6):

FIG =)+ f(G/e) = (-1)"Xa-e(=1) + (=1)"""xqye(~1) = (=1)"xa(-1),

uT0 u TpeHoBasoch. OCTamoch MPOBEPUTH PEKYPPEHTHOE COOTHOMEHWE 8. ANUKIMIeCKUEe OPUEHTAIUN
rpaca G — e pa3obbeM Ha JBa THUIA: MYCTh B A TAKUX OPUEHTAIIMSIX MEXKJy BEPIIMHAMU U U U €CTh
nyTh (TOMBKO B OJJHOM HAIPABJIECHWH, KOHEYHO), & B B OpmeHTAImsax myTw HeT. 3aMEeTHM, 4TO TOI/a
f(@) = A+ 2B: anukmuueckue opuenTanun G — €, B KOTOPBIX MEXKIY U U U €CTh IIyTh, €IMHCTBEHHBIM
obpasom momosaseTcs g0 opuentamu G (HAI0 OPUEHTHPOBATH PEOPO € TaK Ke, KAK ITOT IyTh), & Te,
B KOTODBIX IIyTH MEXKJY U W U HeT — JAByMs crocobamu (opueHTHpyeM pebpo e Kak yroguo). Ocranoch
nokazare, uro f(G/e) = B. Ho u 310 nousitHO: umenno opuentanuu rpada G — €, B KOTOPBIX HET IryTei
MEXKJIY % W ¥ OCTAHYTCS AIUKJIAIECKUMU MOC/Ie CTATHBAHUS pebpa e. O

O6parumcst K pebepHbiM packpackam. Clenyioimas TeopeMa JaeT YAUBUTENBHO TOUYHBIE OIEHKHU Ha
XpoMaTuIecKuil uHJAeKC rpada depe3 MaKCUMATbHYIO CTEIeHb BEPITHHBI.

Teopema 23 (Busunr). IIycmo d — maxumaavras cmenens sepwun epaga G. Tozda d < x'(G) < d+1.

Jloxasameavcmeo. Onenka d < x'(G) ouesnnna (pebpa, BHIXOAANINE U3 OJHON BEPITHHBI, JOJKHBI HMETh
pasmblii Ber). Jlokazkem, uTo rpad MoKHO OKpacuTh B d+1 nier. VHaykus mo koamaectBy pebep. Basza
(1 pebpo) ouesmmna. Mupykiumonnslii nepexoa. Paccmorpum rpad ¢ HAMMEHBITUM KOJUIECTBOM pebep,
LI KOTOPOTO yTBEPXKIACHNE He BEPHO. YIAJAM B HEM MIPOM3BOJILHO om0 pebpo. ITokpacum ocTtaBrmmiics
rpap B d+ 1 user 1,2,...,d+ 1. Bynem roBopuTh, 4TO I[BET ¢ OTCYTCTBYET B BEPIIHHE U, €CJU HU OHO
3 pebep, BEIXOAAIINX U3 v, He MOKPAIIEHO B IIBET . YICHO, 9T0 B KaxKJ0# BepIIHHE OTCYTCTBYET XOTdA ObI
onmH 1Ber (CTeneHsb 000N BEPIIMHBI MEHBIIE IUC/IA TIBETOB).



IIycts €1 = xy; — ynanennoe pebpo. IlycTs TakKe B BEPIUHE T OTCYTCTBYET I[BET S, & B BEPIIHHE Y —
user t1. VI3 BepIMHBI T BRIXOUT XOT OBbI 0IHO pebpo nBeTa t], nHAYe MOXKHO MOKPACATH €] B 1BeT t1 (1
MOJIY9UTh TPABIIBHYI0 PAcKpacKy pebep rpada G). Ilycts 910 pebpo Ty, U B BEPIIHHE Yz OTCYTCTBYET
user to. [Ipeamnomoknm, 9To y2Ke moCTpoeHs! (pasaudanbie) pebpa e; = xy; aag i = 2, 3, ..., 1 Takue, 910
pebpo e; = xy; NOoKpaIeHo B 1BeT t;_1, OTCYTCTBYIOIIUN B BEPIITUHE ;1.

Eciim MOXKHO TIPOJO/IKATE 9Ty TOCAEI0BATENLHOCTD (TO €CTh HAfiIeTCst BEPIIUHA Yj41, OTJUIHASL OT

Y1, Y2 - - -, Y1, I KOTOPOI pedpo Xy;+1 OKPAIIEHO B MBET t), mpomoyizKuM ee. Korga-to 3ToT mporecc
OCTaHOBUTCH. PaCCMOTpHM 3TOT MOMEHT.

U3 BepImuHBL T He BBIXOUT pebep IBeTa ¢ B BEPIIUHDL, OTJHIHBIE OT Y2, Y3, - - - , Yj—1. FC/IM 13 BEpIINHBI
x BOOOIIE HEe BLIXOAUT pebep nBera t), mepekpacum Kazaoe pebpo zy; B user t; (i = 1,2,...,1). Honyanm

MpaBUJIBHYIO TTOKpacKy pedep rpada G.

3HaunT, U3 BEpIINHBI & BBIXOANUT peOpo IBeTa i) B KaKyio-To BepimmHy y;. CHOBa mepekpacum pebpa
e; = Ty; B UBeTa t;, Ha 3TOT pa3 g i =1, 2,...,j — 1. Pebpo e; = xy; moKa oCTaBUM HETIOKPAICHHBIM.

ITocmorpuM na pebpa useros s u t;. I'pad, obpasyemuiii stumu pebpamu, naszoseM G1. fcmo, 9To B
rpacde G1 cremeHu BepiwH He GOJIBINTE 2, TPUYEM KayKJasd KOMIIOHEHTa CBI3HOCTH — JUOO MUK/, JTHOO
IIyThb. 3aMeTHM, YTO BEPUINHBI Z,%y; U Y; uMeioT B (1 cremenu ne Gosblre 1 (Tak Kak B BeplinHe T
OTCYTCTBYET LBET S, & B BepIIUHAX Y U Yj — LBET 1]).

3Ha4uUT, BEPIIUHEI T, Y5, ¥ He MOTYT JIe’KaTh B OHON KoMIoHeHTe rpada G1. PaccmorpuM gBa cirydad.

1. Bepmmnbl T n y; HaX0AdTCd B Pa3HBIX KOMIIOHEHTaX. B 9ToM ciaydae B KOMIOHEHTE, COeprKaieit
BEPIINHY Yj, nepecmasum 1BeTa s u tj. Torma MoxKHO HOKpacuTh pebpo xy; B IBeET S.

2. Beprumnbl ¢ u yj Haxousrcs B OLHONH KOMIOHEHTE, a Y — B Apyroii. Ilepekpacum pebpa e; (i =
Jj, 7+ 1,...,1—1) B coorBeTcTByOMME 1BETA t;, & pebPO €; = xl; ocTaBuM HenmokpamenabiM. [Tocte 3Toro
MIEPECTABUM I1IBETA S U {; B KOMIIOHEHTE, cofep:Kaleil sepmuny y;. Hakower, mokpacuMm pebpo Ty; B BET
s. O



