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Îáùàÿ èäåÿ ãðàäèåíòíîãî ñïóñêà

ìèíèìèçèðîâàòü f (x), x ∈ D ⊂ Rn. (1)

Óñëîâèÿ ñòàöèîíàðíîñòè: åñëè x∗ ∈ IntD � òî÷êà ìèíèìóìà f íà D, f
äèôôåðåíöèðóåìà â x∗, òî

∇f (x∗) = 0n.

Ïóñòü x0 ∈ IntD. Ìîæíî ëè ïîíÿòü, ãäå íàõîäèòñÿ òî÷êà ìèíèìóìà ïî
∇f (x0)?
Åñëè íåìíîãî ñäâèíóòüñÿ èç x0 â íàïðàâëåíèè h, òî ïîëó÷àåì

f (x0 + th) = f (x0) +∇f (x0)Th + o(t).

Òàêèì îáðàçîì, ëîêàëüíî âûãîäíåå âñåãî äâèãàòüñÿ â íàïðàâëåíèè
h = −∇f (x0).
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Îáùàÿ èäåÿ ãðàäèåíòíîãî ñïóñêà

Îêàçûâàåòñÿ, ïðè íåêîòîðûõ ïðåäïîëîæåíèÿõ íà f è 0 < αk ∈ R
ïîñëåäîâàòåëüíîñòü

xk+1 = xk − αk∇f (xk) (2)

ñõîäèòñÿ ê òî÷êå ìèíèìóìà f .

Ãåíåðèðîâàíèå ïîñëåäîâàòåëüíîñòè xk ïî ïðàâèëó (2) ïðèíÿòî íàçûâàòü
ãðàäèåíòíûì ñïóñêîì. Âåëè÷èíó αk ïðèíÿòî íàçûâàòü ðàçìåðîì øàãà íà
k-îé èòåðàöèè.

Â ìíîãèõ ñëó÷àÿõ ëåã÷å èçìåðèòü ∇f â íåñêîëüêèõ òî÷êàõ, ÷òîáû ïîëó÷èòü
ïðèáëèæåííîå çíà÷åíèå òî÷êè ìèíèìóìà íåæåëè ðåøàòü ñèñòåìó óðàâíåíèé
∇f (x) = 0n.
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Îñíîâíûå ñïîñîáû âûáîðà øàãà

Íàèáîëåå ðàñïðîñòðàíåííûìè ñïîñîáàìè âûáîðà ïîñëåäîâàòåëüíîñòè αk â
ãðàäèåíòíîì ñïóñêå ÿâëÿþòñÿ ñëåäóþùèå òðè:

Ïîñòîÿííûé øàã, α = α0 = α1 = . . . = αk = . . .. Ïðè àêêóðàòíîì âûáîðå
äàåò ýêñïîíåíöèàëüíóþ ñêîðîñòü ñõîäèìîñòè äëÿ ñèëüíî âûïóêëûõ
ôóíêöèé.

Ïîñëåäîâàòåëüíîñòü, óäîâëåòâîðÿþùàÿ
∑

i=1

αk =∞ (3a)

∑

i=1

α2
k <∞. (3b)

Òàêàÿ ïîñëåäîâàòåëüíîñòü âñåãäà ãàðàíòèðóåò ñõîäèìîñòü ê òî÷êå
ìèíèìóìà äëÿ âûïóêëûõ ôóíêöèé. Ïðîùå âñåãî áðàòü αk = c

k .

Ìèíèìóì ïî íàïðàâëåíèþ: αk âûáèðàåòñÿ êàê

αk = argminα f (xk − α∇f (xk)).

Îáû÷íî èñïîëüçóåòñÿ, åñëè ñîîòâåòñòâóþùèé ìèíèìóì ìîæíî íàéòè
àíàëèòè÷åñêè.
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Ïðèìåð: ãðàäèåíòíûé ñïóñê äëÿ êâàäðàòè÷íîé ôóíêöèè

f(x, y) = x2

9
+ y2

4

x0 = 4.000000
y0 = 1.000000

∇f(·) = (0.888889,
0.500000)

α0 = 1√
x2
0 + y20 = 4.123106
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Ïðèìåð: ãðàäèåíòíûé ñïóñê äëÿ êâàäðàòè÷íîé ôóíêöèè

f(x, y) = x2

9
+ y2

4

x1 = 3.111111
y1 = 0.500000

∇f(·) = (0.691358,
0.250000)

α1 = 1√
x2
1 + y21 = 3.151034

Ìàëüêîâñêèé Í. Â. (ÑÏáAÓ) Ãðàäèåíòíûé ñïóñê 5 / 22



Ïðèìåð: ãðàäèåíòíûé ñïóñê äëÿ êâàäðàòè÷íîé ôóíêöèè

f(x, y) = x2

9
+ y2

4

x2 = 2.419753
y2 = 0.250000

∇f(·) = (0.537723,
0.125000)

α2 = 1√
x2
2 + y22 = 2.432633
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Ïðèìåð: ãðàäèåíòíûé ñïóñê äëÿ êâàäðàòè÷íîé ôóíêöèè

f(x, y) = x2

9
+ y2

4

x3 = 1.882030
y3 = 0.125000

∇f(·) = (0.418229,
0.062500)

α3 = 1√
x2
3 + y23 = 1.886177

Ìàëüêîâñêèé Í. Â. (ÑÏáAÓ) Ãðàäèåíòíûé ñïóñê 5 / 22



Ïðèìåð: ãðàäèåíòíûé ñïóñê äëÿ êâàäðàòè÷íîé ôóíêöèè

f(x, y) = x2

9
+ y2

4

x4 = 1.463801
y4 = 0.062500

∇f(·) = (0.325289,
0.031250)

α4 = 1√
x2
4 + y24 = 1.465135

Ìàëüêîâñêèé Í. Â. (ÑÏáAÓ) Ãðàäèåíòíûé ñïóñê 5 / 22



Ïðèìåð: ãðàäèåíòíûé ñïóñê äëÿ êâàäðàòè÷íîé ôóíêöèè

f(x, y) = x2

9
+ y2

4

x5 = 1.138512
y5 = 0.031250

∇f(·) = (0.253003,
0.015625)

α5 = 1√
x2
5 + y25 = 1.138941
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Ïðèìåð: ãðàäèåíòíûé ñïóñê äëÿ êâàäðàòè÷íîé ôóíêöèè

f(x, y) = x2

9
+ y2

4

x6 = 0.885509
y6 = 0.015625

∇f(·) = (0.196780,
0.007813)

α6 = 1√
x2
6 + y26 = 0.885647
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Ïðèìåð: ãðàäèåíòíûé ñïóñê äëÿ êâàäðàòè÷íîé ôóíêöèè

f(x, y) = x2

9
+ y2

4

x7 = 0.688730
y7 = 0.007813

∇f(·) = (0.153051,
0.003906)

α7 = 1√
x2
7 + y27 = 0.688774
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Ïðèìåð: ãðàäèåíòíûé ñïóñê äëÿ êâàäðàòè÷íîé ôóíêöèè

f(x, y) = x2

9
+ y2

4

x8 = 0.535679
y8 = 0.003906

∇f(·) = (0.119040,
0.001953)

α8 = 1√
x2
8 + y28 = 0.535693
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Ïðèìåð: ãðàäèåíòíûé ñïóñê äëÿ êâàäðàòè÷íîé ôóíêöèè

f(x, y) = x2

9
+ y2

4

x9 = 0.416639
y9 = 0.001953

∇f(·) = (0.092586,
0.000977)

α9 = 1√
x2
9 + y29 = 0.416643
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Ïðèìåð: ãðàäèåíòíûé ñïóñê äëÿ êâàäðàòè÷íîé ôóíêöèè

f(x, y) = x2

9
+ y2

4

x0 = 4.000000
y0 = 1.000000

∇f(·) = (0.888889,
0.500000)

α0 = 3.460354√
x2
0 + y20 = 4.123106
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Ïðèìåð: ãðàäèåíòíûé ñïóñê äëÿ êâàäðàòè÷íîé ôóíêöèè

f(x, y) = x2

9
+ y2

4

x1 = 0.924130
y1 = −0.730177

∇f(·) = (0.205362,
−0.365088)

α1 = 2.308219√
x2
1 + y21 = 1.177784
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Ïðèìåð: ãðàäèåíòíûé ñïóñê äëÿ êâàäðàòè÷íîé ôóíêöèè

f(x, y) = x2

9
+ y2

4

x2 = 0.450109
y2 = 0.112527

∇f(·) = (0.100024,
0.056264)

α2 = 3.460354√
x2
2 + y22 = 0.463962
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Ïðèìåð: ãðàäèåíòíûé ñïóñê äëÿ êâàäðàòè÷íîé ôóíêöèè

f(x, y) = x2

9
+ y2

4

x3 = 0.103990
y3 = −0.082165

∇f(·) = (0.023109,
−0.041082)

α3 = 2.308219√
x2
3 + y23 = 0.132533
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Ïðèìåð: ãðàäèåíòíûé ñïóñê äëÿ êâàäðàòè÷íîé ôóíêöèè

f(x, y) = x2

9
+ y2

4

x4 = 0.050650
y4 = 0.012662

∇f(·) = (0.011255,
0.006331)

α4 = 3.460354√
x2
4 + y24 = 0.052208
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Ïðèìåð: ãðàäèåíòíûé ñïóñê äëÿ êâàäðàòè÷íîé ôóíêöèè

f(x, y) = x2

9
+ y2

4

x5 = 0.011702
y5 = −0.009246

∇f(·) = (0.002600,
−0.004623)

α5 = 2.308219√
x2
5 + y25 = 0.014914
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Ïðèìåð: ãðàäèåíòíûé ñïóñê äëÿ êâàäðàòè÷íîé ôóíêöèè

f(x, y) = x2

9
+ y2

4

x6 = 0.005699
y6 = 0.001425

∇f(·) = (0.001267,
0.000712)

α6 = 3.460354√
x2
6 + y26 = 0.005875
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Ïðèìåð: ãðàäèåíòíûé ñïóñê äëÿ êâàäðàòè÷íîé ôóíêöèè

f(x, y) = x2

9
+ y2

4

x7 = 0.001317
y7 = −0.001040

∇f(·) = (0.000293,
−0.000520)

α7 = 2.308219√
x2
7 + y27 = 0.001678
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Ïðèìåð: ãðàäèåíòíûé ñïóñê äëÿ êâàäðàòè÷íîé ôóíêöèè

f(x, y) = x2

9
+ y2

4

x8 = 0.000641
y8 = 0.000160

∇f(·) = (0.000143,
0.000080)

α8 = 3.460354√
x2
8 + y28 = 0.000661
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Ïðèìåð: ãðàäèåíòíûé ñïóñê äëÿ êâàäðàòè÷íîé ôóíêöèè

f(x, y) = x2

9
+ y2

4

x9 = 0.000148
y9 = −0.000117

∇f(·) = (0.000033,
−0.000059)

α9 = 2.308219√
x2
9 + y29 = 0.000189
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Ïðèìåð: ãðàäèåíòíûé ñïóñê äëÿ êâàäðàòè÷íîé ôóíêöèè

f(x, y) = x2

9
+ y2

4

x0 = 4.000000
y0 = 1.000000

∇f(·) = (0.888889,
0.500000)
α0 = 3/1√

x2
0 + y20 = 4.123106
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Ïðèìåð: ãðàäèåíòíûé ñïóñê äëÿ êâàäðàòè÷íîé ôóíêöèè

f(x, y) = x2

9
+ y2

4

x1 = 1.333333
y1 = −0.500000

∇f(·) = (0.296296,
−0.250000)

α1 = 3/2√
x2
1 + y21 = 1.424001
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Ïðèìåð: ãðàäèåíòíûé ñïóñê äëÿ êâàäðàòè÷íîé ôóíêöèè

f(x, y) = x2

9
+ y2

4

x2 = 0.888889
y2 = −0.125000

∇f(·) = (0.197531,
−0.062500)

α2 = 3/3√
x2
2 + y22 = 0.897635
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Ïðèìåð: ãðàäèåíòíûé ñïóñê äëÿ êâàäðàòè÷íîé ôóíêöèè

f(x, y) = x2

9
+ y2

4

x3 = 0.691358
y3 = −0.062500

∇f(·) = (0.153635,
−0.031250)

α3 = 3/4√
x2
3 + y23 = 0.694177
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Ïðèìåð: ãðàäèåíòíûé ñïóñê äëÿ êâàäðàòè÷íîé ôóíêöèè

f(x, y) = x2

9
+ y2

4

x4 = 0.576132
y4 = −0.039063

∇f(·) = (0.128029,
−0.019531)

α4 = 3/5√
x2
4 + y24 = 0.577454
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Ïðèìåð: ãðàäèåíòíûé ñïóñê äëÿ êâàäðàòè÷íîé ôóíêöèè

f(x, y) = x2

9
+ y2

4

x5 = 0.499314
y5 = −0.027344

∇f(·) = (0.110959,
−0.013672)

α5 = 3/6√
x2
5 + y25 = 0.500062
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Ïðèìåð: ãðàäèåíòíûé ñïóñê äëÿ êâàäðàòè÷íîé ôóíêöèè

f(x, y) = x2

9
+ y2

4

x6 = 0.443835
y6 = −0.020508

∇f(·) = (0.098630,
−0.010254)

α6 = 3/7√
x2
6 + y26 = 0.444308
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Ïðèìåð: ãðàäèåíòíûé ñïóñê äëÿ êâàäðàòè÷íîé ôóíêöèè

f(x, y) = x2

9
+ y2

4

x7 = 0.401565
y7 = −0.016113

∇f(·) = (0.089237,
−0.008057)

α7 = 3/8√
x2
7 + y27 = 0.401888
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Ïðèìåð: ãðàäèåíòíûé ñïóñê äëÿ êâàäðàòè÷íîé ôóíêöèè

f(x, y) = x2

9
+ y2

4

x8 = 0.368101
y8 = −0.013092

∇f(·) = (0.081800,
−0.006546)

α8 = 3/9√
x2
8 + y28 = 0.368334
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Ïðèìåð: ãðàäèåíòíûé ñïóñê äëÿ êâàäðàòè÷íîé ôóíêöèè

f(x, y) = x2

9
+ y2

4

x9 = 0.340834
y9 = −0.010910

∇f(·) = (0.075741,
−0.005455)
α9 = 3/10√

x2
9 + y29 = 0.341009
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Ïðåäïîëîæåíèÿ î ìèíèìèçèðóåìîé ôóíêöèè

Â äàëüíåéøåì àíàëèçå áóäåì ïîëàãàòü, ÷òî f : D ⊂ Rn → R âûïóêëà è
äèôôåðåíöèðóåìà íà D. Îáîçíà÷èì

Sf (x) = {y ∈ D | f (y) ≤ f (x)}.

Òàêæå áóäóò èñïîëüçîâàòüñÿ íåêîòîðûå èç ñëåäóþùèõ ïðåäïîëîæåíèé:

Ãðàäèåíò f íåïðåðûâåí ïî Ëèïøèöó ñ êîíñòàíòîé M, ò.å.

||∇f (x)−∇f (y)|| ≤ M||x − y || ∀x , y ∈ Sf (x0).

f � ñèëüíî âûïóêëàÿ ôóíêöèÿ ñ ïàðàìåòðîì m íà Sf (x0), ò.å.
∀x , y ∈ Sf (x0)

(∇f (y)−∇f (x))T (y − x) ≥ m||y − x ||2

Çàìå÷àíèå. Sf (x) � âûïóêëîå ìíîæåñòâî, åñëè f âûïóêëà, áîëåå òîãî Sf (x)
âñåãäà îãðàíè÷åíî, åñëè f ñèëüíî âûïóêëà.
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Ñõîäèìîñòü ãðàäèåíòíîãî ñïóñêà (ïîñòîÿííûé øàã)

Òåîðåìà (Ïîñòîÿííûé øàã)

Ïóñòü f äèôôåðåíöèðóåìà è âûïóêëà íà D, αk ≡ α ∈ (0, 1/M], ãðàäèåíò f
ëèïøèöåâ ñ êîíñòàíòîé M > 0 íà Sf (x0), f îãðàíè÷åíà ñíèçó è ñóùåñòâóåò

õîòÿ áû îäíà òî÷êà ìèíèìóìà x∗, òîãäà äëÿ ïîñëåäîâàòåëüíîñòè xk ,
ãåíåðèðóåìîé ïî ïðàâèëó (2) f (xk) óáûâàåò è, áîëåå òîãî

f (xk)− f (x∗) ≤ 1

2αk
||x0 − x∗||2.
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Ñõîäèìîñòü ãðàäèåíòíîãî ñïóñêà (ïîñòîÿííûé øàã)

Äîê-âî. Èñïîëüçóÿ íåïðåðûâíîñòü ïî Ëèïøèöó è xk+1 − xk = α∇f (xk)

f (xk+1)− f (xk) ≤ ∇f (xk)T (xk+1 − xk) +
M

2
||xk+1 − xk ||2

= −α
(
1− αM

2

)
||∇f (xk)||2

Òàêèì îáðàçîì f (xk) óáûâàåò â ñèëó 0 < α < 2/M, ÷òî ãàðàíòèðóåò
xk ∈ Sf (x0). Ñ äðóãîé ñòîðîíû

f (xk)− f (x∗) ≥ f (xk)− f (xk+1) ≥ α
(
1− αM

2

)
||∇f (xk)||2.

Òàê êàê ýòî íåðàâåíñòâî âûïîëíÿåòñÿ ïðè ëþáîì α ∈ (0, 2/M) è ëþáîì xk , òî
ìèíèìèçèðóÿ ïî α (ìèíèìóì ïðè α = 1/M) ïîëó÷àåì

f (x)− f (x∗) ≥ 1

2M
||∇f (x)||2 (4)
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Ñõîäèìîñòü ãðàäèåíòíîãî ñïóñêà (ïîñòîÿííûé øàã)
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Ñõîäèìîñòü ãðàäèåíòíîãî ñïóñêà (ïîñòîÿííûé øàã)
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Ñõîäèìîñòü ãðàäèåíòíîãî ñïóñêà (ïîñòîÿííûé øàã)

Âåðíåìñÿ íà øàã íàçàä, ïðè óñëîâèè α ≤ 1/M

f (xi+1) ≤ f (xi )− α
(
1− αM

2

)
||∇f (xi )||2

≤ f (xi )−
α

2
||∇f (xi )||2

≤ f (x∗) +∇f (xi )T (xi − x∗)− α

2
||∇f (xi )||2

= f (x∗) +
1

2α

(
||xi − x∗||2 − ||xi − x∗ − α∇f (xi )||2

)

= f (x∗) +
1

2α

(
||xi − x∗||2 − ||xi+1 − x∗||2

)
.

Ñóììèðóÿ ïî i = 0 . . . k − 1 ïîëó÷àåì

k∑

i=1

(f (xi )− f (x∗)) ≤ 1

2α

k∑

i=1

(
||xi−1 − x∗||2 − ||xi − x∗||2

)

=
1

2α

(
||x0 − x∗||2 − ||xk − x∗||2

)
≤ 1

2α
||x0 − x∗||2.
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Ñõîäèìîñòü ãðàäèåíòíîãî ñïóñêà (ïîñòîÿííûé øàã)
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Ñõîäèìîñòü ãðàäèåíòíîãî ñïóñêà

Òàê êàê f (xk) óáûâàåò, òî

f (xk)− f (x∗) ≤ 1

k

k∑

i=1

(f (xi )− f (x∗)) ≤ 1

2αk
||x0 − x∗||2.
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Ñõîäèìîñòü ãðàäèåíòíîãî ñïóñêà (ïîñòîÿííûé øàã)

Òåîðåìà (Ïîñòîÿííûé øàã, ñèëüíàÿ âûïóêëîñòü)

Ïóñòü f äèôôåðåíöèðóåìà è âûïóêëà íà D, αk ≡ α ∈ (0, 2/M), f ñèëüíî

âûïóêëà ñ êîíñòàíòîé m > 0 íà Sf (x0), ãðàäèåíò f ëèïøèöåâ ñ êîíñòàíòîé

M ≥ m íà Sf (x0), òîãäà äëÿ ïîñëåäîâàòåëüíîñòè xk , ãåíåðèðóåìîé ïî ïðàâèëó

(2) âûïîëíÿåòñÿ:

xk ñõîäèòñÿ ê åäèíñòâåííîé òî÷êå ìèíèìóìà f íà D, áîëåå òîãî äëÿ

q = 1− 2mα+mMα2

||xk − x∗||2 ≤ 8M

m2
qk(f (x0)− f (x∗)).

f (xk) óáûâàåò è ñõîäèòñÿ ê f (x∗), áîëåå òîãî

f (xk)− f (x∗) ≤ qk(f (x0)− f (x∗)).
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Ñõîäèìîñòü ãðàäèåíòíîãî ñïóñêà (ïîñòîÿííûé øàã)

Äîê-âî. Èç ñèëüíîé âûïóêëîñòè

f (y) ≥ f (x) +∇f (x)T (y − x) +
m

2
||y − x ||2.

Ìèíèìèçèðóþ ïðàâóþ ÷àñòü ïî y (ìèíèìóì ïðè y = x − (1/m)∇f (x))
ïîëó÷àåì

f (y) ≥ f (x)− 1

2m
||∇f (x)||2.

Â ÷àñòíîñòè

f (x)− f (x∗) ≤ 1

2m
||∇f (x)||2 (5)

Íàêîíåö, âíîâü âîñïîëüçîâàâøèñü ñèëüíîé âûïóêëîñòüþ

0 ≥ f (x∗)− f (x) ≥ ∇f (x)T (x∗ − x) +
m

2
||x − x∗||2 ≥

−||∇f (x)|| · ||x∗ − x ||+ m

2
||x − x∗||2,

à çíà÷èò

||x − x∗|| ≤ 2

m
||∇f (x)||. (6)
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Ñõîäèìîñòü ãðàäèåíòíîãî ñïóñêà (ïîñòîÿííûé øàã)
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Ìèíèìèçèðóþ ïðàâóþ ÷àñòü ïî y (ìèíèìóì ïðè y = x − (1/m)∇f (x))
ïîëó÷àåì
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2m
||∇f (x)||2.

Â ÷àñòíîñòè
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Ìàëüêîâñêèé Í. Â. (ÑÏáAÓ) Ãðàäèåíòíûé ñïóñê 14 / 22



Ñõîäèìîñòü ãðàäèåíòíîãî ñïóñêà (ïîñòîÿííûé øàã)

Äàëåå, òàê êàê f (xk) óáûâàåò, à f îãðàíè÷åíà ñíèçó, òî f (xk) ñõîäèòñÿ, áîëåå
òîãî

f (x0)− f (x∗) ≥
∞∑

k=0

f (xk)− f (xk+1) ≥ α
(
1− αM

2

) ∞∑

k=0

||∇f (xk)||2.

Òàêèì îáðàçîì ðÿä
∑∞

k=0 ||∇f (xk)||2 ñõîäèòñÿ ⇒ ||∇f (xk)|| → 0, â ñèëó (6)
xk → x∗ è, ñëåäîâàòåëüíî f (xk)→ f (x∗).

Äàëåå, îöåíèì ñêîðîñòü ñõîäèìîñòè: âåðíåìñÿ ê íåðàâåíñòâó

f (xk+1) ≤ f (xk)− α
(
1− αM

2

)
||∇f (xk)||2.

Âû÷èòàÿ èç îáîèõ ÷àñòåé f (x∗) è èñïîëüçóÿ (5) ïîëó÷àåì

f (xk+1)− f (x∗) ≤ f (xk)− f (x∗)− α
(
1− αM

2

)
2m(f (xk)− f (x∗))
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Ñõîäèìîñòü ãðàäèåíòíîãî ñïóñêà (ïîñòîÿííûé øàã)

Òàêèì îáðàçîì

f (xk)− f (x∗) ≤ q(f (xk−1)− f (x∗)) ≤ qk(f (x0)− f (x∗)).

Èñïîëüçóÿ (4) è (6) ïîëó÷àåì

||xk − x∗||2 ≤ 8M

m2
qk(f (x0)− f (x∗)). �
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Ñõîäèìîñòü (çàìå÷àíèÿ)

Çàìå÷àíèå 1. Çíà÷åíèå q äîñòèãàåò ìèíèìóìà ïðè α = 1/M è ðàâíî 1− m
M .

Çàìå÷àíèå 2. Î÷åâèäíûì îáðàçîì, ïîëó÷åííûå îöåíêè âåðíû â ñëó÷àå, åñëè
αk âûáèðàåòñÿ êàê ìèíèìóì ïî íàïðàâëåíèþ. Ê ñîæàëåíèþ, óëó÷øåíèÿ ïðè
ýòîì ïîëó÷èòü íå óäàåòñÿ.
Çàìå÷àíèå 3. Åñëè f äâàæäû äèôôåðåíöèðóåìà, òî q ìîæíî óìåíüøèòü ñ

M−m
M äî

(
M−m
M+m

)2
: èç óñëîâèé òåîðåìû mI � ∇2f (·) � MI , ïî ôîðìóëå

Íüþòîíà-Ëåéáíèöà

∇f (xk) = ∇f (x∗) +
∫ 1

0

∇2f (x∗ + t(xk − x∗))(xk − x∗)dt = Ak(xk − x∗).

Òàê êàê mI � ∇2f (·) � MI , òî mI � Ak � MI . Îòñþäà âûâîäèì

||xk − x∗|| = ||xk−1 − x∗ − α∇f (xk−1)|| ≤ ||I − αAk−1|| · ||xk−1 − x∗||.

Òàê êàê Ak � ñèììåòðè÷íàÿ ìàòðèöà, ó êîòîðîé âñå ñîáñòâåííûå ÷èñëà ëåæàò
íà îòðåçêå [m,M], òî ||I − αAk || = max{|1− αm|, |1− αM|}, êîòîðîå
äîñòèãàåò ìèíèìóìà ïðè α = 2

M+m è ðàâíî M−m
M+m .
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Ñõîäèìîñòü ãðàäèåíòíîãî ñïóñêà

Òåîðåìà (Ñõîäèìîñòü ãðàäèåíòíîãî ñïóñêà ñ ïåðåìåííûì øàãîì)

Ïóñòü f íåïðåðûâíî äèôôåðåíöèðóåìà è âûïóêëà íà D, ãðàäèåíò f
îãðàíè÷åí íà D, ∑∞k=0 αk =∞,

∑∞
k=0 α

2
k <∞, ïîñëåäîâàòåëüíîñòü xk

ãåíåðèðóåòñÿ ïî ïðàâèëó (2), òîãäà äëÿ φk = minki=0 f (xk) âûïîëíÿåòñÿ

φk − f (x∗)→ 0
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Ñõîäèìîñòü ãðàäèåíòíîãî ñïóñêà (ïðè óñëîâèè (3))

Äîê-âî.

0 ≤ ||xk+1 − x∗||2 = ||xk − x∗||2 − 2αk∇f (xk)T (xk − x∗) + α2
k ||∇f (xk)||2

≤ ||xk − x∗||2 − 2αk(f (xk)− f (x∗) + α2
k ||∇f (xk)||2

≤ ||xk − x∗||2 − 2αk(φk − f (x∗)) + α2
k ||∇f (xk)||2.

Îòñþäà

2αk(φk − f (x∗)) ≤ α2
k ||∇f (xk)||2 + ||xk − x∗||2 − ||xk+1 − x∗||2.

Â ñèëó îãðàíè÷åííîñòè ∇f (·) íà D ñóùåñòâóåò êîíñòàíòà C : ||∇f (xk)|| ≤ C .
Ñóììèðóÿ ïî k ïîëó÷àåì

2
∞∑

k=0

αk(φk − f (x∗)) ≤
∞∑

k=0

α2
kC

2 + ||x0 − x∗||2.

Òàêèì îáðàçîì ðÿä â ëåâîé ÷àñòè íåðàâåíñòâà ñõîäèòñÿ. Òàê êàê φk óáûâàåò,
φk ≥ f (x∗), à

∑∞
k=1 αk ðàñõîäèòñÿ, òî φk → f (x∗) ÿâëÿåòñÿ íåîáõîäèìûì

óñëîâèåì ñõîäèìîñòè ðÿäà. �
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Ñõîäèìîñòü ãðàäèåíòíîãî ñïóñêà

Çàìå÷àíèå 1. Âìåñòî óñëîâèÿ
∑∞

k=0 α
2
k <∞ ìîæíî èñïîëüçîâàòü áîëåå

ñëàáîå óñëîâèå αk → 0.

Çàìå÷àíèå 2. Ïðè èñïîëüçîâàíèè íîðìèðîâàííîãî øàãà γk = αk/||∇f (xk)||
èìååò ìåñòî ñõîäèìîñòü xk → x∗, ãäå x∗ � íåêîòîðàÿ òî÷êà ìèíèìóìà f (ïðè
óñëîâèè ñóùåñòâîâàíèÿ õîòÿ áû îäíîé).
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Ñõîäèìîñòü ãðàäèåíòíîãî ñïóñêà
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Ñõîäèìîñòü ãðàäèåíòíîãî ñïóñêà ïðè αk = O(1/k)

Çàìå÷àíèå 3. Åñëè f ñèëüíî âûïóêëà, à αk = O( 1k ), òî xk ñõîäèòñÿ ê x∗ ñî

ñêîðîñòüþ O
(

1√
k

)
.

Ëåììà
Åñëè ïðè β > 1 äëÿ ÷èñëîâîé ïîñëåäîâàòåëüíîñòè αk âûïîëíÿåòñÿ αk ≥ 0 è

αk+1 ≤ αk

(
1− β

k + 1

)
+

γ

(k + 1)2
,

òî ïðè D = max
{

γ
β−1 , α0

}
âûïîëíÿåòñÿ

αk ≤
D

k + 1
.
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Ñõîäèìîñòü ãðàäèåíòíîãî ñïóñêà ïðè αk = O(1/k)

Çàìå÷àíèå 3. Åñëè f ñèëüíî âûïóêëà, à αk = O( 1k ), òî xk ñõîäèòñÿ ê x∗ ñî

ñêîðîñòüþ O
(

1√
k

)
.

Ëåììà
Åñëè ïðè β > 1 äëÿ ÷èñëîâîé ïîñëåäîâàòåëüíîñòè αk âûïîëíÿåòñÿ αk ≥ 0 è

αk+1 ≤ αk

(
1− β

k + 1

)
+

γ

(k + 1)2
,

òî ïðè D = max
{

γ
β−1 , α0

}
âûïîëíÿåòñÿ

αk ≤
D

k + 1
.
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Ñõîäèìîñòü ãðàäèåíòíîãî ñïóñêà

Äîê-âî. Äîêàæåì ïî èíäóêöèè: î÷åâèäíûì îáðàçîì áàçà âåðíà.
Ïðåäïîëîæèì, ÷òî óòâåðæäåíèå âåðíî äëÿ k , âûâåäåì âåðíîñòü äëÿ k + 1:

αk+1 ≤ αk

(
1− β

k + 1

)
+

γ

(k + 1)2
≤ D

k + 1

(
1− β

k + 1

)
+

γ

(k + 1)2

=
D(k + 1− β)(k + 2) + γ(k + 2)

(k + 1)2(k + 2)

=
−D + (k + 2)(D(1− β) + γ)

(k + 1)2(k + 2)︸ ︷︷ ︸
<0

+
D

k + 2
≤ D

k + 2
. �

Âîçâðàùàÿñü ê ãðàäèåíòíîìó ñïóñêó, åñëè ôóíêöèÿ f ñèëüíî âûïóêëà ñ
êîíñòàíòîé m, à ãðàäèåíò ëèïøèöåâ ñ êîíñòàíòîé M, òî

||xk+1 − x∗||2 = ||xk − x∗||2 − 2αk∇f (xk)T (xk − x∗) + α2
k ||∇f (xk)||2

≤ (1− 2mαk) ||xk − x∗||2 + α2
kM

2.

Èç Äîêàçàííîé ëåììû ñëåäóåò, ÷òî ||xk − x∗|| = O
(

1√
k

)
ïðè

αk = α
k+1 >

1
2m(k+1) .
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