
Çàíÿòèå 1

1. Ïóñòü

f(z) =

∞∑
n=0

an z
n.

åñòü ïðîèçâîäÿùàÿ ôóíêöèÿ äëÿ ÷èñëîâîé ïîñëåäîâàòåëüíîñòè {an}. Âûðàçèòü ÷åðåç f(z) ïðîèçâîäÿùèå
ôóíêöèè äëÿ ïîñëåäîâàòåëüíîñòåé

bn = an + an+1, cn =

n∑
i=0

ai, dn = αn · an, en =

{
0, åñëè n = 2k + 1;

an, åñëè n = 2k.

2. Äîêàæèòå, ÷òî åñëè êàæäûé èç ñòåïåííûõ ðÿäîâ A(s) è B(s) îòëè÷åí îò íóëÿ, òî è èõ ïðîèçâåäåíèå
A(s)B(s) îòëè÷íî îò íóëÿ

3. Èçâåñòíî, ÷òî ýêñïîíåíöèàëüíûå ïðîèçâîäÿùèå ôóíêöèè F (z) èG(z) äëÿ ÷èñëîâûõ ïîñëåäîâàòåëüíîñòåé
{an} è {bn} ñîîòâåòñòâåííî ñâÿçàíû ñîîòíîøåíèåì G(z) = F (z)/(1− z). Âûðàçèòå bn ÷åðåç an.

4. Ðàññìîòðèì ñëåäóþùèå îáûêíîâåííûå ïðîèçâîäÿùèå ôóêíöèè:

g(z) = 1− z − 6z2, h(z) = 1 + 3z.

Ïîëó÷èòü ÿâíûé âèä êîýôôèöèåíòîâ fn ïðîèçâîäÿùåé ôóíêöèè f(z), ñâÿçàííîé ñ g(z) è h(z) ðàâåíñòâîì

f(z) · g(z) = h(z).

5. Âûðàçèòü ÷åðåç îáûêíîâåííóþ ïðîèçâîäÿùóþ ôóíêöèþ g(z) = 1 − z ïðîèçâîäÿùèå ôóíêöèè äëÿ ÷èñ-
ëîâûõ ïîñëåäîâàòåëüíîñòåé

1 · 2, 2 · 3, 3 · 4 . . . ;
12, 22, 32, 42, . . . .

6. Èñïîëüçóÿ îïðåäåëåíèå ïðîèçâåäåíèÿ îáûêíîâåííûõ ïðîèçâîäÿùèõ ôóíêöèé, âû÷èñëèòü ñóììó

sn =

n∑
k=0

(
2k

k

)
4−k.

7. Ïðè ïîìîùè ïðîèçâîäÿùèõ ôóíêöèé äîêàçàòü ñëåäóþùèå ñîîòíîøåíèÿ

(a)
k∑

s=0

(
n
s

)(
m

k−s
)
=
(
n+m
k

)
(b)

k∑
s=0

(
n+s
n

)(
m+k−s

m

)
=
(
n+m+k+1

k

)
8. Ïîêàçàòü, ÷òî êîýôôèöèåíòû cn ó ïîëó÷àþùåéñÿ â ðåçóëüòàòå ïåðåìíîæåíèÿ äâóõ ôóíêöèé

f(z) =
a1
1z

+
a2
2z

+
a3
3z

+ . . . è g(z) =
b1
1z

+
b2
2z

+
b3
3z

+ . . .

ôóíêöèè h(z) =
+∞∑
n=1

cn
nz

ðàññ÷èòûâàþòñÿ ïî ôîðìóëå cn =
∑
d\n

adbn/d.

9. Ïóñòü δn åñòü êîëè÷åñòâî äåëèòåëåé d ÷èñëà n. Îáîçíà÷èì ÷åðåç δ(z) ôóíêöèþ Äèðèõëå, îòâå÷àþùóþ
ýòîé ÷èñëîâîé ïîñëåäîâàòåëüíîñòè (δ1, δ2, . . .). Âûðàçèòü δ(z) ÷åðåç ζ-ôóíêöèþ Ðèìàíà.

10. Ïóñòü êîýôôèöèåíòû µn ôóíêöèè Ìåáèóñà µ(z) çàäàíû ÿâíîé ôîðìóëîé µn = 0, åñëè n = p2q äëÿ
êàêèõ-òî p 6= 1, q, µn = (−1)s èíà÷å, ãäå s � êîëè÷åñòâî ðàçëè÷íûõ ïðîñòûõ äåëèòåëåé n. Äîêàçàòü
ðàâåíñòâî ζ(z) · µ(z) = I(z), òî åñòü äîêàçàòü, ÷òî∑

d\n

µd =

{
1, åñëè n = 1,

0, åñëè n > 1.
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