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1 IIpaktuka 1. CymMMBbI, TUKJIBI

1.1 Teopus

Apundmerudeckass nporpeccus

b
° Z n— (b+a)(gfa+1)

n=a

a
° n = a(a+1)

3

I'eomeTpuyeckasa nmporpeccus

n
ko qn+1_1
d Eq - qg—1
k=0

o0
oHpI/I—1<q<1:k;)q”“:q:—llzL

. ECHquﬁzl—q:ngé S(l4e)trl

1 1 L.
—~ % ~ ——
o 1+|[log,n) > T S lolplpliplilil il
=1 9 2 4 4 4 4 8 _k:lk 123 "4 56 7
. L1 1 1.1 1 1 1 . n
st >21+ 5 Aot oottt > 14 5llogyn| = Y ¢ = O(logn)
2,4 4 8 8 8 8 k=1
~— = ~ -




IIpo mHTErpasThI
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e I MOHOTOHHO yObIBatomeil f(z) mveem f(a) > [ f(z)dx > fla+1).

IS

e Jliust Monoronno Bospacratomeil f(z) umeem f(a) < [ f(z)dz < fla+1).

o Tlycrs X(n) = > 1, 3naunr, X(n) —+ =3 1> [Ide=Inn>> 1 =X(n)—1=
i=1 1 i
=Inn++<X(n)<lnn+1= X(n)=Inn+0(1)

1.2 Kiacc

3amayum Mpo CyMMBbI

L > o

5. T1(2- 4%

k=1

Bagauu nmpo nmukabl for. Bo Bcex 3amagax HyKHO OTBETHTH Ha BOIPOC “3a CKOJIBKO pa-
boTaet”:



1. Haiitu takue a, b, ¢: abc = N, a + b+ ¢ = min. Pemrenue:
1. for (a =1; a <= N; a++)
2. for (b = 1; a * b <= N; b++)
3. c=N/a/b, ...;

2. llouck mesmmreseit Oe3 meaeHus
1. b =0N;
for (a=1; a * a <= N; a++) {
while (a * b > N)
b--;
if (a * b == N)
printf("%d %d\n", a, b);
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}

3. Emte ogno perenne 3amaan (1)
1. for (a=1; a * a *x a <= N; a++)
2. for (b =1; b * b <= N; b++)
3. c=N/a/b, ...
Hosyaurs O(N°/6)

4. (*) U eme oxuo perrenne 3amaun (1)

1. for (a=1; a * a *x a <= N; a++)
2. for (b =a; a * b * b <= N; b++)
3. c=N/a/b, ...;
Momyunts O(N?/3)

1.3 JlomammHee 3agaHUE

Hennaiiu: 15 ceuradbpda, 23.59

Bagaum Ha mukJa for. Onenure Bpems: pabOTHI.

1. IIpo crpokm
1. for (a =1; a < n; at+)
2. for (b =0; b <n; b += a)
3. ;



2. Partition

1. a=1, b = n;

2. while (a < b) {

3 while (x[al < M && a <= b) a++;
4. while (x[b] > M && a <= b) b--;
5 if (a <= b) swap(x[a++], x[b--1);
6. }

JlomoTHUTEIBHBI BOIPOC: UTO ALIAeT 3TOT KO !

3. Jlorapudmbr

1. while (a >= 2)
2. a = sqrt(a);

JlonomHUTEIBHBIH BOIIPOC: a ecan 06l BMecTO 2 Ob110 ObI 17

4. Pemero Dparocdena

1. for (p = 2; p < n; pt++)

2 if (min_divisor[p] == 0) // is prime
3. for (x =p +p; x <mn; x += p)

4 if (min_divisor([x] == 0)

5 min_divisor[x] = p;

(*) HJokazars O(N loglog N) (mosib3yeMcest He JOKa3aHHBIM (hakTOM: p, &~ nlnn)

5. IlepecTaHOBKM W THKJIBI

1. for (i = 0; i < n; i++)

2 if (used[i] == 0)
3. for (j = i; used[j] == 0; j = (j*17+2) % n)
4 used[jl = 1;
CyMMBI

ey
k=1
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3. Jlokaxkute, 9T0 » E%@ =0(1)
k=1



2 IIpaktnka 2. DQjeMeHTapHbIE CTPYKTYPbI JaHHBIX

2.1 Kuacc

1. JTaHa 110CJIe0ABATENLHOCTD YHCeT A1, g, * - , O, U 4uCII0 S. Bee yncia nosozkurebHble
nesibie. Tpebyercs 3a JmHeiHOE BpeMsl HAITH 110I0TPE30K MOCIIe10BaATEIbHOCTH TaKoOi,
T
ITO CyMMa ero 9JeMeHTOB » ., a; = S. Bpamsa — O(n).

2. Jlana mocjie0iBaTeIbHOCTDh YUCEN A1, s, - - , Gy,. Bee ancia mesbie. Tpebyercs 3a Ju-
HelfHOe BpeMsi HafiTi MOA0TPe30K MOCJIeI0BATETHHOCTH TaKO, 9TO CYMMa €ro dJIeMeH-
T
TOB ) ._, a; MaKcuMaabHa. Bpamsa — O(n).

3. Jlana mocaen0BaTebHOCTD YHCeT: T1 = G, Ty = f(x;), Haditu ¢ O(1) monosHUTE H-
HO¥ mamsaTu jmuHy nepuoaa T u npegmepuona L 3a spemsa O(L + T).

4. YacTu4yHble CyMMBI:

(a) Mmuoro pas caenaTh += Ha OTpe3Ke, B KOHIE OJMH Pa3 BHIBECTH MACCUB.
(b) Cnepsa MHOTO pa3 += Ha OTpe3Ke, 3aTeM MHOIO pa3 “cyMMa Ha OTpe3ke’.

(c) B kaxI0ii 1meJ10if TOUKe T YUCTOBOM IPIMOil ecTh f[x], M3HAYAIBLHO PaBHAST HYJIIO.
Te ke 3a1pochl, 9TO U B HpeblAyiieM IIyHKTe. KoopAuHaThl 3a1pOCOB [eJble 0T
0 o 10'8.

2.2 JlomamiHee 3aJjaHUE

Henmaiin: 22 cenrabps, 23.59

1. 3anaunm Ha crexk.
(a) B maccuBe HaliTH J1d KarxKI0ro d7eMeHTa OJIUXKANINA MeHBIINA cpean cocemneit
caesa u cupasa 3a O(n).

(b) B mociemoBaTenbHOCTH a1, g, * -« , G, HAHTH TOJOTPE30K, Ha KOTOPOM MAKCHMH-
supyercs 3nadenne (1 — 1+ 1) - minep,a;, 3a O(n).

(c¢) Mana marpuna u3 nysieil u egunaui. HaiiTn Hanbo bITHIA 110 IUIOMAN HOIIPSIMO-
YTOJILHUK, COCTOAMMIA TOJIbKO n3 Hyeii 3a O(n?).

2. Jan maccus u3 2n gucesi. Haitru munumasibuoe VI makcumasibHoe 3a 3n— 2 cpaBHEHUSI.

3. s srux 3agad mpuseautTe Koja Ha C-++4. Bpemsa paboThl ajJropurMa J0JKHO OBITDH
JINHEHHO. MHOXKECTBO U MYJILTUMHOKECTBO MOKHO XPAHUTD B BHI€ OTCOPTHPOBAHHOTO
maccuBa. Jlaubl nBa muHOKectBa A u B B orcoprupoBannom Buze, 3a O(|A| + |BJ)
MOCTPOUTH B TAKOM K€ BHUIE UX

(a) mepeceuenwme. Ipumep: {1,2,3} N{2,4} = {2}.



(b) pasmocts. ITpumep: {1,2,3}\ {2,4} = {1,3}.
(c) obovemmuenue. [Tpumep: {1,2,3} U{2,4} = {1,2,3,4}.
P.S. Ecom o1 mumere B WTREX, mompobyiite 3aomHo maker \usepackage{minted}. B

dropbox Cepexn KonennoBuda ecTh mpuMep. 3a MOApOOHON CIpaBKOil MOYKHO oOpa-
maTbed K Hemy u lume Jlammuny.



3.1

IIpakTnka 3. CopTupoBKNn

Kuacc

. Jlaner gBa MaccuBa a U b naWHBI N, creHepupoBaTh BCe IOMapHBIE CYMMBI a; + b; B

COPTUPOBAHHOM TMOPSJTKE.

(a) 3a O(n?logn).
(b) 3a O(n?) ¢ ucnopzoBannem O(n) AOMOJTHUTETHHON TAMATH.

(¢) 3a O(n?logn) ¢ ucnosmbzosamuem O(n) TONOJHUTETLHON TAMATH.

B cBobomoe Bpemst AHKaA-mysieMeTdHIa JIIOOUT COPTUPOBATH HATPOHBI 110 CEPUAHBIM
Homepa. Bor u ceifyac oHa TOJBKO PA3JIOKU/IA TATPOHBI HA CTOJIE B CTPOrO OTCOP-
TupoBaHHOM mopdake. Ho TyT Barm BacmibeBnd pacnaxay/1 jJgBepb ¢ TaKOW CHJION,
YTO BCE MATPOHBI HA CTOJIE TOIIPBITHY/IN U HEMHOT'O IepeMemaanch. OcTaBuB HeHHbIe
ykazanus, lpan BacunbeBwd ornpaBmiacad BocBosicH. Kak okazaJoch, MaTpOHBI Hepe-
MeIIaJuCh He CHIbHO. KayK/iplit maTpoH OTKJIOHHUICA OT CBOEH Mo3uluu He Hojee dem
uHa k. Becero marponos n. [Tomornte Anke 0TCOPTHPOBATH MATPOHBI.

(a) Orcoprupyiire narponst 3a O(nk).

(b) Orcoprupyiite marponst 3a O(n + 1), rne I — 9uca0 HHBEPCHI.
(c) JlokaxKuTe HUKHIOW OLEHKY Ha BpeMsi coptuposku (n log k).
(d) Orcoprupyiire narpomst 3a O(nlog k).

. [an maccus u3 n+1 meaoro uncaa ot 1 10 n. MaccuB goCcTyIleH TOTBKO HA YT€HHUE, €CTh

O(1) pononuuresnbroit namaru. Haiiti 3a O(n) ma0boe IrucIo, KOTOPOE BCTPETAETCS
xoTsi OBl JiBa pa3a.

. ,HaHO . TOYEK Ha IIJIOCKOCTH. COG,}II/IHI/ITB nx

(a) (n — 1)-3BenHoii JomaHoOil Ge3 camonepecedennii (He 3aMKHYTOI );

(b) n-—3Bennoit tomanoit 6e3 camonepecedenuii (3aMKHYTOI )

3a O(nlogn).

. Jan mabop u3z N orpeskos [a;, b;]. Hucra a;, b; — BemecTBeHHBIE.

(a) Haiitu Takoe BemecTBenHoe x, 94ro |{i: = € [a;, b;]}| MakcumabHo.
(b) Inuny ofbeuHEHNsI OTPE3KOB.

(c) Jlns kazkmoro k mocdauTarh, CKOJIBKO TOYEK HA MPAMOIl MOKPHITO POBHO k OTpes-
KaMH.

. Janbl 1Ba MaccuBa 3 MOJOKATEIbHBIX dnces a u b. |a| = |b|.

Bribparh MaccuB p: k pasgaudHbIX duceg OT 1 J10 n Tak, 9TOObI:
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a " a, b, — max.
( ) szl Pi Y Pi

(b) 2 ie1 Ap;

n
i=1 bpt

(c) (Z?:l api)(Z?zl by,) — max.

— Imax.

JlomaniHee 3ajaHue

Hennaiin: 29 cenrabpa, 23.59

1. Janp! 1Ba MaccuBa a ¥ b OIMHAKOBOI JIJINHBI.

Hy»xHo HaliTi Takyio IepecTaHoBKy p, 9TO y ., ap,b; — max. Pemenue 060cHOBATS.

PacemorpuM 6uHApHYIO Kyd4y, YV KOTOpOI JiepeBO Heobs3aTebHO cOaJIaHCHuPOBAHHO.
[lycts d(v) — paccrosiHHe BHH3 OT BEPIIHHBI v 10 OJUKAUIIEro JucTa, a size(v) —
YUCJIO BEPITUH B MOJJAEpeBe ¢ KOPHEM B BepIIHHE .

Kywa maspiBaercs meBarkoit, ecam Yo: d(l[v]) > d(r[v]).
(a) moxaxmTe, uTo size(v) > 24v)

(b) mamumure GbicTpbIil Merge Jist JaHHOI Ky4u, JAafiTe ONEHKY BpeMeHH paboThl

3. Jlano 2 - n — 1 KopoboK ¢ UepHBIMEH U OejbIMHU IapamMu. B -0t KopobKe HaxoauTCs

w; Genbix u b; depubix 1mapos. Becero B kopobOkax naxoautcs W 6eabix u B 4epHbIX
mapoB. Tpebyercda BHIOPATH 1 KOPOOOK, ITOOBI CYMMapHOe YUCI0 OEJIbIX MIapOB B HUX
6bLI0 He MeHee 2 a uepHbIx He Memee 2. Pemmrs 3a O(nlogn).

Ha npsamoil paciosoxkeno n ToYeK pi, Pz, -+, Pp B IOpaAKe Bo3pacTanusd. Kazkaas
TouKa uMeer Bec w; > 0. Tpebyercs HaliTH TaKyIO0 TOUKY ¢, ITO » . w; - |p; — q| nMesa
Op1 MEHEMATH1HOe 3Hakenune. Bpems padors: O(n).

IIpumeuanne. Toukn Ha BXOM MOJAIOTCA B MOPSIKE BO3PACTAHU.



4 IIpaktuka 4. Ky4da u meaunana

4.1 Kuacc

1. IycTh ecTb CTPYKTYpa JaHHBIX, peanu3yornias uarepdeiic PriorityQueue (Add, DeleteMin).
Kak pacmmpnts 3Ty CTPpYKTYpy JaHHBIX onepannsMu Build, Delete, DecreaseKey,
Merge?

2. Pobor Nsan Cemenbrd mpodyer nupozxkkn. CoepKuMoe MUPOKKOB IeJTUTCA HA TPU TH-
na. Beero mupozkkoB n. Kaxapiit mupoKoK MOKHO MOonpoboBaTh He Hojiee 0JHOTO pa3a.
[Tupoxkkn MoxHO MensaTh Mectamu. [lamsars y pobora mastenskas, O(logn) 6ut. Ilo-
Morute VIBany CeMeHBITY OTCOPTHPOBATH MUPOXKKH IO TUIY: CHAYAJA MEePBBIi, TOTOM
BTOPOIi, moToM Tperuit. COPTUPOBKA J0JIZKHA pabOTaTh 3a JIMHEHHOE BPEMsI.

3. Haiitu oTpesok MaccuBa, Ha KOTOPOM (Minep,)a;) - >

O(n).

icfl,r] % MAKCHMAJIBHO. Bpemsa
(a) Bce uncia moJ0KUTETBHBL.

(b) Yucra menbie, 32-6utHble. Pemenue ¢ nCmob30BaHReM MEHAMYMa HA OTPE3Ke 32

O(1).

(¢) Yucna nensie, 32-6urhble. [IpocToe pernenue.

4. Jlana oObluHag OMHApHAA Kyda, 38 CKOJBKO MOXKHO Y3HATh k-l MHHUMYM?

(a) O(klogn)
(b) O(k?)
(c) O(klogk)

5. OueHuTe YUCIO CpAaBHEHHI, KOTOPOE CALIAIOT

(a) MergeSort, eciu B MaccuBe POBHO n = 2F 371eMeHTOB.
(b) HeapSort, ecu B MaccuBe poBHO n = 28 — 1 37eMeHTOB.

(c) QuickSort, eciii B MaccuBe BCE 3JIEMEHTHI DA3JINIHbI, a BRIOUPAETCsT CIIyIaiiHbIii.

Bo Bcex IOYHKTaX HY2KHBbI TOYHbIC KOHCTaHTbI.

4.2 JlomamnrHee 3aJaHUe

Hennaiin: 6 ceurabpsa, 23.59

Eciu He ycnesn pacckasarh. k-asi HOPsIIKOBasl CTATUCTUKA B MACCUBE @ SIBJISIETCST K-bIM
[0 HOPSAIKY 37aeMeHTOM. T.e. ecin MacCuB @ OTCOPTHPOBATH, TO 3TO OYAET .

Bo Bcex 3a/auax HuzZKe MOXKHO CUUTATH, YTO CYIIECTBYET IPOIE/Lypa HOUCKa k-Oi cTaru-
cruku 33 O(n), rae n — JyInHA MAacCHBA.



1. Memuanoii HaspBaeTcs |4 |- mopsAaKoBas cTaTHCTHKA. lIpmaymaiite cTpykrypy nam-
HBIX H& OCHOBE heap, KoTopas ymeeT nenaTh Insert(x), DeleteMedian (), Bce omepa-
mn 3a O(logn).

2. Jlan maccus A[1..n] u3 n pazaudasix gucen. Maccus He 00s3aTe/IbHO OTCOPTUPOBAH.
Tpebyercs naiitu k Onmrkaliux K MeJuaHe 3JeMEHTOB 3a JinHeiinoe Bpems. Pemurh
JUIS IBYX METPHK.

(a) TTo mo3uruu B OTCOPTUPOBAHHOM MACCHUBE.
d(x,median) = |pos(x) — pos(median)],

roe pOS(IL‘) — IIO3UIUA 3JIEMEeHTa X B OTCOPTUPOBaAHHOM MaCCHBE.

(b) Tlo 3HaueHUIO.
d(xz,median) = | — median].

3. lano nBa MaccwuBa aq, Gs, - - - , Gy ¥ P1, P2, - . . Pm. BTOPOI Maccws oTcoprupoBan. HykH0
3a O(nlogm) jyist Kaxioro @ HARTU P;-yI0 HOPSAJKOBYIO CTATUCTUKY B MACCUBE .
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