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The book

http://clickmodels.weebly.com/the-book.html
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Tutorials

SIGIR 2015, Santiago, Chile

AINL-ISMW FRUCT 2015, St. Petersburg, Russia

WSDM 2016, San Francisco, USA

RuSSIR 2016, Saratov, Russia

http://clickmodels.weebly.com/tutorials.html
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Why click models?

Scientific modelling is a scientific activity, the aim of which is to
make a particular part or feature of the world easier to understand,
define, quantify, visualize, or simulate by referencing it to existing
and usually commonly accepted knowledge.

Wikipedia, Scientific modelling
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Why click models?

Click models make user clicks in web search
easier to understand, define, quantify, visualize, or simulate

using (mostly) probabilistic graphical models.
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Click log

Yandex Relevance Prediction Challenge
http://imat-relpred.yandex.ru/en
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Random click model

Terminology

Cu – binary random variable denoting a click on document u

Random click model (RCM)

Any document can be clicked with the same (fixed) probability

P(Cu = 1) = const = ρ
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Random click model

P(Cu1 = 1) = ρ

P(Cu2 = 1) = ρ

P(Cu3 = 1) = ρ

P(Cu4 = 1) = ρ

P(Cu5 = 1) = ρ

ρ =
# clicks

# shown docs
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CTR models

Random click model (global CTR):

P(Cu = 1) = ρ

Rank-based CTR:

P(Cur = 1) = ρr

Query-document CTR:

P(Cu = 1) = ρuq
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Position-based model

Pread(1) , Pclick(u1q)

Pread(2), Pclick(u2q)

Pread(3) , Pclick(u3q)

Pread(4) , Pclick(u4q)

Pread(5) , Pclick(u5q)
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Position-based model: examination

Terminology

Examination = reading a snippet

Er – binary random variable denoting examination
of a snippet at rank r

Position-based model (PBM)

Examination depends on rank

P(Er = 1) = γr
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Position-based model

γ1 , Pclick(u1q)

γ2 , Pclick(u2q)

γ3 , Pclick(u3q)

γ4 , Pclick(u4q)

γ5 , Pclick(u5q)
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Position-based model: attractiveness

Terminology

Attractiveness = a user wants to click on a document
after examining (reading) its snippet

Au – binary random variable showing whether document u
is attractive to a user, given query q

Position-based model (PBM)

Attractiveness depends on a query-document pair

P(Auq = 1) = αuq
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Position-based model

γ1 , αu1q

γ2 , αu2q

γ3 , αu3q

γ4 , αu4q

γ5 , αu5q
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Position-based model: summary

P(Eru = 1) = γru

P(Au = 1) = αuq

P(Cu = 1) = P(Eru = 1) · P(Au = 1)
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Position-based model: probabilistic graphical model

document u

Eu

Cu

Au

↵uq
�ru
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Position-based model: exercises

P(Eru = 1) = γru

P(Au = 1) = αuq

P(Cu = 1) = P(Eru = 1) · P(Au = 1)

Eru = 0⇒ Cu = 0

Au = 0⇒ Cu = 0

Eru = 1⇒ (Cu = 1 ⇐⇒ Au = 1)

Au = 1⇒ (Cu = 1 ⇐⇒ Eru = 1)
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Position-based model

P(Eru = 1) = γru

P(Au = 1) = αuq

P(Cu = 1) = P(Eru = 1) · P(Au = 1)
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Cascade model

1 Start from the first document

2 Examine documents one by one

3 If click, then stop

4 Otherwise, continue
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Cascade model

Er = 1 and Aur = 1⇔ Cr = 1

P(Aur = 1) = αurq

P(E1 = 1)︸ ︷︷ ︸
start from first

= 1

P(Er = 1 | Er−1 = 0)︸ ︷︷ ︸
examine one by one

= 0

P(Er = 1 | Cr−1 = 1)︸ ︷︷ ︸
if click, then stop

= 0

P(Er = 1 | Er−1 = 1,Cr−1 = 0)︸ ︷︷ ︸
otherwise, continue

= 1

Ilya Markov i.markov@uva.nl Information Retrieval 30



Introduction Basic models Summary

Cascade model: probabilistic graphical model

document urdocument ur�1

Er�1

Cr�1

Ar�1

Er

Cr

Ar

......

↵ur�1q ↵urq
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Basic click models summary

CTR models

+ count clicks (simple and fast)
– do not distinguish examination and attractiveness

Position-based model (PBM) −→ User browsing model

+ examination and attractiveness
– examination of a document at rank r does not depend

on examinations and clicks above r

Cascade model (CM) −→ Dynamic Bayesian network

+ cascade dependency of examination at r
on examinations and clicks above r

– only one click is allowed
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Click probabilities

Full probability – probability
that a user clicks
on a document at rank r

P(Cr = 1)

Conditional probability –
probability that a user clicks
on a document at rank r
given previous clicks

P(Cr = 1 | C1, . . . ,Cr−1)
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Click probabilities

Full probability

P(Cr+1 = 1) =

αur+1qεr ·

(
+
P(Er+1 = 1 | Er = 1,Cr = 1) · P(Cr = 1 | Er = 1)

P(Er+1 = 1 | Er = 1,Cr = 0) · P(Cr = 0 | Er = 1)

)

Conditional probability

P(Cr+1 = 1 | C1, . . . ,Cr )

= αur+1q ·

+

P(Er+1 = 1 | Er = 1,Cr = 1) · c(s)
r

P(Er+1 = 1 | Er = 1,Cr = 0) · εr (1− αurq)

1− αurqεr
· (1− c(s)

r )


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Evaluation

Click model’s output Evaluation

Full click probabilities Perplexity
Conditional click probabilities Log-likelihood
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Perplexity

Perplexity measures how well a click model estimates
full click probabilities (i.e., when clicks are not observed).

pr (M) = 2
− 1
|S|

∑
s∈S

(
log2

full click probability︷ ︸︸ ︷
PM(C

(s)
r = c

(s)
r )

)
pr (M) ∈ [1..2]
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Likelihood

Likelihood measures how well a click model estimates
conditional click probabilities given observed clicks.

LL(M) =
1

|S|
∑
s∈S

logPM

(
C1 = c

(s)
1 , . . . ,Cn = c

(s)
n

)
=

1

|S|
∑
s∈S

n∑
r=1

log PM

(
Cr = c

(s)
r | C<r = c

(s)
<r

)
︸ ︷︷ ︸

conditional click probability

LL(M) ∈ [−∞..0]

Ilya Markov i.markov@uva.nl Information Retrieval 39



Introduction Basic models Summary

Outline

2 Basic click models
Random click model
Position-based model
Cascade model
Click probabilities
Evaluation
Parameter estimation

Ilya Markov i.markov@uva.nl Information Retrieval 40



Introduction Basic models Summary

Parameter estimation

Maximum likelihood estimation

Expectation-maximization
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MLE for random click model

P(Cu = 1) = ρ

L =
∏
s∈S

∏
u∈s

ρc
(s)
u (1− ρ)1−c(s)

u

︸ ︷︷ ︸
likelihood of Bernoulli random variable

LL =
∑
s∈S

∑
u∈s

(
c

(s)
u log(ρ) + (1− c

(s)
u ) log(1− ρ)

)

ρ =

∑
s∈S

∑
u∈s c

(s)
u∑

s∈S |s|
=

# clicks

# shown docs
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Expectation maximization

1 Set parameters to some initial values
2 Repeat until convergence

E-step: derive the expectation of the likelihood function
M-step: maximize this expectation
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Expectation maximization

Q(θc ) =
∑
s∈S

E
X|C(s),Ψ

[
log P

(
X, C(s) | Ψ

)]

=
∑
s∈S

E
X|C(s),Ψ

[ ∑
ci∈s

(
I
(
X (s)
ci

= 1,P(X (s)
ci

) = p
)

log(θc ) + I
(
X (s)
ci

= 0,P(X (s)
ci

) = p
)

log(1− θc )

)
+ Z

]

=
∑
s∈S

∑
ci∈s

(
P
(
X (s)
ci

= 1,P(X (s)
ci

) = p | C(s)
,Ψ
)

log(θc ) + P
(
X (s)
ci

= 0,P(X (s)
ci

) = p | C(s)
,Ψ
)

log(1− θc )

)
+ Z

ESS(x) =
∑
s∈S

∑
ci∈s

P
(
X (s)
ci

= x,P(X (s)
ci

) = p | C(s)
,Ψ
)

∂Q(θc )

∂θc
=
∑
s∈S

∑
ci∈s

(
P
(
X

(s)
ci

= 1,P(X
(s)
ci

) = p | C(s),Ψ
)

θc
−

P
(
X

(s)
ci

= 0,P(X
(s)
ci

) = p | C(s),Ψ
)

1− θc

)
= 0

θ
(t+1)
c =

∑
s∈S

∑
ci∈s P

(
X

(s)
ci

= 1,P(X
(s)
ci

) = p | C(s),Ψ
)

∑
s∈S

∑
ci∈s

∑x=1
x=0 P

(
X

(s)
ci

= x,P(X
(s)
ci

) = p | C(s),Ψ
)

=

∑
s∈S

∑
ci∈s P

(
X

(s)
ci

= 1,P(X
(s)
ci

) = p | C(s),Ψ
)

∑
s∈S

∑
ci∈s P

(
P(X

(s)
ci

) = p | C(s),Ψ
) =

ESS(t)(1)

ESS(t)(1) + ESS(t)(0)
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Materials

Aleksandr Chuklin, Ilya Markov, Maarten and de Rijke
Click Models for Web Search
Morgan & Claypool, 2015
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