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[Iycts K — dukcupoBannoe moJe. [loyn nHeiiHbIM ypaBHEHIEM ¢ HEN3BECTHBIMU

L1,y ..

., T, OyJIeEM TIOJpa3yMeBaTh ypaBHeHUe BUJA

ary+ ...+ a,r, =0b0,0;,b € K.

JInHeitHOE ypaBHEHNE Ha3bIBAETCsl OJHOPOAHBIM, eciin b = 0.



Cucrema JUHEHHBIX ypaBHEHMIT

(
a11ry + ...+ apTy = bl

a9 ry + ...+ AonLy — bg

| @m1Z1 + - F QT = b,

aij; aiz ... Qaip

21 A929 ... A9y
PaCCMOTpI/IM MaTpuUuly CHUCTEMbI A =

am1 a12 Amn

Omnpenenenue 1 Cucmema ypasherutl HA3BLEAEMCA COBMECMHOU, E€CAU OHA
umeem xoms 6wt 00H0 peuwlenue, U HeCOBMECTVHOT 6 NPOMUBHOM CAYUAE.

Cucmemul ypasnenuti Ha3vl8aomcesa IKGUBANCHMHDLMU, ECAU MHONCECMEA UL
pewenuti cosnadarom.

METUM, YTO CUCTEMBbI, IMOJYYCHHBI r u ra Mpu ITOMOIIUA CJI nx
Bame , YTO CHUCTEMBbI, IIO e e 3 a OMO CJIC/TIYIO
JleiicTBUil OYIyT SKBUBAJICHTHBIMU.

1. YMHOXKeHIe CTPOKHU Ha, YHCJIO, OTJUIHOE OT HYJIS.
2. [IpubapyieHne K OJIHOIM CTPOKE JIpYTroil, YMHOYKEHHOI Ha, JIF000e JHCJIO.
3. Ilepemena cTpoK MecTaMm.

JlaHHble 11peoOpa3oBaHus OyaeM Ha3bIBaTh 3JIeMEHTaPHBIMI.

Matrpuiia, crosder;. Y MHOXKEHIE MaTPUIIbl Ha cToji0er. JInHelinast KoMOnHaIms
cTosio1oB. K 0osiee cTporomy omnpeiesieHuIo 3TUX MOHATUNH MbI IOAOMIEM UYTh
O3KeE.

1.1 BekropHable npocrpaHcTrBa. IlognpocrpancrBa. JIuHeilinble koMOuHaruu. Ga-
3muc. PasmMepHOCTB.

[Tycts K — mote.

Omnpenesienne 2 Bexmophvim(aunetnvm) npocmparncmeom wad nosem K na-
aveaemcesa muootcecmso Vo c onepayuamu crooicenua + 2V X V. — V' u ymmno-
otcenusn ma anemenmor noas K - K X V. — V| obaadarowumu caedyrowgumu
ceoucmeam:

1. 'V abenesa epynna omuocumensvHo CAOHCEHUAIO;
2. Mv+u) = v+ Au das ecex A € K, u,v € V;
3. A+ p)v = v+ pv das ecex \,u € K, v € V;



/.

(Ap)v = A(pv) das scex \,u € K, v € V;

5. 1v = v daa woboeo v € V.

DJIeMeHThI BEKTOPHOI'O IIPOCTPAHCTBa Oy/leM Ha3bIBATh BEKTOPAMU, & 3JIEMEHThI

nosist K guciaaMuy nin CKaJIsIpaMMU.

IIpumepsi.
1. K™ — mpocTpancTBO CTOJONOB JIIUHBI 7.
2. [IpocTpaHCTBO CTPOK JTMHBI M. DJIEMEHTHI TPOCTPAHCTBA, CTPOK YaCTO OyIeM
HA3bIBATH KOBEKTOPAMIU.
3. C nag R.
4. R nag Q.
5. llyere K, L — nosist, npudem K C L. B arom ciyuae L/K Oyiem Ha3biBATDH

pacimpenueM moJieit. 3ameTum, 9To L MOYKHO paccMaTpUBaTh KaK BEKTOPHOE
IPOCTPAHCTBO HaJT mToJieM /.

. Klx].
7.
8.

[IpocTpaHCTBO CTPOK U3 3JIeMEHTOB 11011 /X OeCKOHEUHOI JIIMHBI.

[IpocrpancTBo HenpepbiBHBIX dyHKIHUiT Ha oTpeske [0, 1].

Onpenenenune 3 I[lodmroorcecmso U C V' sexmoprozo npocmparcmea V- Hasoi-

8aEMCA NOONPOCMPAHCTNGOM, ECAU OHO CAMO ABAACMNMCA GEKMOPHLM NPOCTPAH-
CMBOM OMHOCUMENLHO MET HCE ONEPAUUT, Komopwvie 3adarv, na V .

Jlemma 1 [lodmmroocecmeo U C V' asasemces noonpocmparcmeom 6 mom U
MOALKO 8 oM CAYYae, ecau u + v, au € U das mobvx u,v € U, a € K.

1.1.1 JIuneiinas kombuHamusa. Basuc. PazamepHocTsb.

Omnpenenenue 4 [lycmv uy,...,u, € V. Jlunetinot wombunayuet e6exmopos

Uiy ..., Uy HA3DLEAETNCA CYMMG

n
E Uy,
k=1

ede aq,...,q, € K.

Onpenenenue 5 o Jlunetinas 060404Ka MHOHCECMEA 8EKMOPOS X ECML HAU-

menvuee nodnpocmpancmeo, codeporcawee X. Ono obosnavaemes (X) u
(X) =Nxcov<vU.



e Mnooicecmeo X nasvieaemcsa cucmemoti 0bpazyrowsux npocmpancmea V., ec-
awu (X)=V.

® Hpocmpcmcmeo Hasvteacmcsa KOHEHYHOMEPHOIM, ECAU Y HE2O €CMb CUCTNEMA
06pa3y70u4u33 U3 KOHEYHO20 HUCAA BERIMOPOE.

n
Jlemma 2 (S) = {>_,_; aguglui,...,u, € S,a1,..., 0, € K}.
JlemMa 3 Ecau sexmop v asasemces sunelinot komounayueti 6eKmopos U3 MHo-
orcecmea S, mo (S) = (SU{v}).
1.1.2 Bazuc. PazmepHoCTb.

Onpenenienne 6 o Bexmopvl Uy, . .., U, HA3BIGAIOMCA AUHETHO 3A6UCUMDBLMU,
eCAU CYULLCMBYEM HEMPUBUAALHAA NUHETIHAA KOMOUHAUUA IMUL 6EKMOPOS,
pasHaa Hyaro. B npomusnom cayuae 6EKMOpvL Uy, . . ., U, HA3BIBAIOMCA AU-
HeTHO He3a6UCUMBLMU.

e Lasucom Ha3bl8AEMCA NUHETHO HE3A6UCUMAA CUCTIEMA 06pa3y70u4ua:.

Remark 1 Habop sexmopos aunetino 3asucum mozda u moavko moada, Koz20a
xomsa 0ot 00U U3 U3 ACAAENCA NMUHETHOT KOMOUHAUUET 0CTANOHDIL.

YacTo, Korjia roBopAT 0 Oasuce 1ojipa3yMeBalOT yIOPAI0UEeHHbIN HAOOD BEK-
TopoB. BaszucoMm HYJIbMEPHOIO MPOCTPAHCTBA OyJieM CUUTATH MyCTOE MHOXKECTBO
BEKTOPOB.

Teopema 1 (Ixsusarenmnvie onpedeserusn 6basuca). Caedyrougue Ycro8ua Ha

BEKMOPYL U, . . . , Uy BEKMOPHO20 NPOCMPAHCMEA V IKEUBANAEHMMHDL.
1. uy,...,u, — basuc.
2. Uty .oy Uy — MAKCUMAALHOA NUHETHO HE3ABUCUMGA CUCTNEMA.
3. UL, .y Uy — MUHUMAADHAA CUCTIEMA 00PA3YIOULUL.
4. Jas mobozo v € V' cywecmeyem edurcmeertviii Habop aq, . . ., Q, Makoi,

YMo U =Yy _p_i Qill;.
HokazarenbcTBo. 1 = 2

VTBepzKIeHne 0 TOM, 4YTO U, ..., U, — MAaKCHMaJbHad JUHEHHO He3a-

BUCUMAs CUCTEMa, O3HAYAET, YTO JIIOOAS CUCTEMA, U, . - . U, Upil, - - - Up
o n

JIMHERHO 3aBucHMa. Pas w41 10 6a3ucy uy, ..., Uy. Upt1 = Y _q ;. To-

ria
n
Up+1 — E a;U; = 0.
1



2=—3

[Tycts v nmpousBosbHBII BekTOp pocTpancTsa V. Cucrema uq, . . ., Uy, v
JINHENHO 3aBUCUMA, & 3HAIUT

Z au; +av =20 (2)
1

JIJIsl HEKOTOPBIX (v, @ € K| cpejin KoTopbix He Bee pasHbl (). Femm av = 0,
TO U3 (2) nosydaem

n

E ;U = 0.

1

OrKyza, B CUIy JIMHEHHON He3aBUCUMOCTHU CUCTEMBI U1, . . . , Uy BCE (; PaB-

ubl 0. Snaunt o # 0 u,
n

&
V= — —U;.
—
Taxkum obpaszoMm uq,...,U, sBIgeTcsd cucremMoil obpazyromux. Ilo-
KaykeM, 4TO Uq,...,U, MHUHEMaJbHas cucremMa oOpasymoomux. I[lycrsb
Ic{1,....n},I # {1,...,n}. Ilokaxkem, arto cucrema {u;};c; He siB-

JsteTcs cucreMoit obpasyionux. Pacemorpum uj, rie j ¢ 1. Econ {u; }ier
SIBJISIETCST CUCTEMOfT 00pa3yIolnx, To CyIeCTBYIOT Takne a; € K, 9T0
Wj = Y ;o7 0GU;, OTKYIA Uj — » .y ity = 0, 9TO IPOTHBOPEYUT JIMHETI-

HOU HE3aBUCUMOCTHU U, . . . , Up.

3=1
IIycte v € V. Tak KaK uq, ..., U, cucreMa 00Pa3yIOIX, TO CYIIECTBYeT
HAbOD 1, ..., Qy TaKoH, uro v = Y ,_; ayu;. Ocraercs moKa3aTh €JiH-

CTBEHHOCTb Takoro Habopa. I[IpemmosioxkuMm, 9TO HalijeTcsd JBa PasJind-

HBIX HA0ODPa Q,...,Qn U B1,...,0p, 410 U = Y p_j oy = Yoy B
Torna

n
Z(Oﬁ — Bi)u; =0
i=1
[Tockosbky Habops {o;} u {f;} pasnuaner, To X0TsA ObI OJJHO U3 3HAUE-
HUit oy — [3; He paBHO HYJ/I0. JIJIsT IIPOCTOTHI JAJIbHEHINX PAcCy K JICHUT
IPEIONIOKIM, ITO «, — (3, # 0. Torma

n—1

u _Z Oéi—ﬁz‘u,
" - Ofn_ﬂnZ



Orkymga 1o JjemMMe 3 HabOp BEKTOPOB Uf,...,U, 1 TOXKE SBJISIETCS
CUCTEMOil 00pa3yIomX, YTO IHNPOTUBOPEUYUT MUHUMAJLHOCTH CUCTEMbI

ULy ooy Up.

4 =1
OueBnjHO, 9TO HADOP BEKTOPOB U1, ..., U, SIBJISETCI CHUCTEMOIl oOpa-
sytomux. Bekrop 0 € V' eamHCTBEHHBIM 00pPa30M IIPEJICTABUM B BHJIE
0=>"",0-u;. Orciofa ciiejyer, 4T0 BEKTOPBI U1, . . . , Uy, JUHEIHO He3a-
BICHMBL.

L

Teopema 2 (0 cywecmsosanuu 6asuca). llyemv X CY C V., npuvem X —
AUHetHa nezasucuma, a Y — cucmema obpasyrowur. Tozda cyuecmeyem basuc
7, codepotcawuti X u codeporcawyutica 6 Y .

HokazarenbcTBo.(cum. [1, Teopema 2.2]) [lycrs
A ={B: B — muueiino nezasucuma 1 X C B C Y}.

Besikoe snneiino yropsiodertoe (0 BKJIIOYEHUIO) MOJMHOKECTBO MHOXKecTBa, A
MMeeT BepXHIOI rpadb (00beaunenue). [lo jemme Iopra A comepkur maxcu-
MaJIbHBII 3JIeMEHT Z.

[Tokaxkem, uro Z — cucrema obpaszyiomux. llycrs y € Y \ Z. Tak kaxk Z
MakcuMasibHO, To Z U {y} JINHEHHO 3aBUCHMO, [OSTOMY Y SIBJISIETCSI JIMHEHHOM
KoMOuHarueit smementos n3 Z. Taknm obpazom (Z) D (Y) = V.

]

Jlemma 4 (Jlemma o samene) lycmv B — 6asuc npocmpancmea V., w € B, a
sexmop v € V mue aeotcum 6 (B \ {u}). Toeda mnoorcecmeo {B \ {u} U {v}}
maxoice ABAAEMCA 6a3ucom npocmparcmesa V .

Hokazarenbctso.(cm. |1, memma 3.1]) {B\{u}U{v}} — cucrema obpasyionux.

T.x. B basuc, To
U:Zaimeozu,oz#O (3)
u= év — Zozz-bi € (B\ {u} U{v}.
A, suaunt, V = (B) C (B \ {u} U {v}).
{B\ {u}U{v}} — nuneiino nezapucmma.

[Tycte fv + > Bib; = 0, b; # u. Topcrasum (3), mosnyunm
ozﬁu + BZ&J)Z + Zﬁzbz = 0.

7



A sHaunT Bee KOAPDUIMEHTHI 9TOH JUHEHHON! KOMONHAIINT PAaBHBI HYJIIO,
nosromy = 0(r.k. o # 0). A, 3naunr u §; = 0.

O
Teopema 3 JTobvie dsa basuca npocmparcmea V- pasHOMOULHDL.

JokazaTeabcTBo. 3jech OyAeT paccMOTPEH TOJILKO CIydail KOHeYHOMEPHOIO
pocTpancTBa. 151 66CKOHeIHOMEPHOTO CIydas TeopeMa, COXpaHdaeT cuiy. I1ycrs
B u C japa 6asuca u |B| > |C| = n. [lpumensist Hy>KHOe KOJTYECTBO pa3 JIEMMY
o 3amene nojyuauM, uaro cucrema B\ {b1,...,b,} U C Toxe sBsiercss 6a3mcoM,
#o B\ {b1,...,b,} UC DO C, aro nporusopednt Tomy, 94r0 C' MakcHMaJbHAas
JIMHEIHO He3aBucuMas cucrema. [

OHpe,Z[eJIeHI/Ie 7 Koauuecmso anemenmos 6 basuce HA3bGAEMCA pasmepHo-
Cmb1o npocmpaHcmea

Yup. 1 Hatidume pazmeprocmu npocmparcms u3 npumepos 1.1.

Kak MBI yBUImM 10o3:K€, BCIKOEe KOHETHOMEPHOE BEKTOPHOE ITPOCTPAHCTBO U30-
MOPQHO npocTpancTsy K. H09TOMy CJCAYIONNI IpuMep ABJIACTCA OIHUM U3
BayKHENIINX.

Ipumep. PaccMOTpuM HpocTpaHcTBO cTosionoB K. HerpymaHo mpoBepuThb, 4TO
HabOP CTOJIOMKOB

1 0 0
0 1 0
Y ) Y
0 0 1
siBjisiercst 6aszncom K. Dror bazuc npocrpaHcTsa K™ OyjieM HAa3bIBaTh CTaHIaPT-
a1
a9 n
ueiM. st Bektopa x = | 7 | € K" uucia o, . . ., qu, SBJISIOTCS KOO/ IMHATAMU
an

BEKTOpa & B CTaHapTHOM Oasuce.

1.1.3 BeckoHedYHOMEpPHBIN ciayd4aii

Muoxxectso X C V' mazbiBaeTcs JMHENHO HE3aBUCUMBIM, €CJIN JIFOOOH KOHEUHBII
HA0OP BEKTOPOB MHOXKECTBO X JIMHEHHO He3aBUCHM. IpyrumMu c/lIoBaMu MHOYKE-
CTBO BEKTOPOB JINHEITHO HE3aBUCUMO €CJIN HIKaKas KOHeYHasl HeTPUBUAJIbHAS JT-
HeffHas KOMOWHAIIMs €ro BEeKTOPOB He 00palaeTcs B HYJIb.



HanomuumMm, 910 B 66CKOHEYHOMEPHOM CJIydae BepHa TeopeMa 3, T.e. JIFoOble JIBa
Oazuca IPOCTPAHCTBA UMEIOT OJIMHAKOBYIO MOIIBLHOCTD. IIPUMEpPDI

Omnpenenenune 8 [lycmo U nodnpocmpancmeo eexmoprozo npocmparcmea V.
Daxmopnpocmpancmeom V /U nazwieaemesn npocmparcmeo, komopoe cosnadaem
c V/U xax abeaesa 2pynna u ¢ YMHOHCEHUEM HA YUCAO, ONPEIENEHHBIM C TLOMO-

wvro hopmyas
a-(v+U)=av+U.

Herpyauo yoenntnes, aro V/U siBisieTcst BEKTOPHBIM TTPOCTPAHCTBOM.

1.2 JIuHeiiHbIe OTOOpa>KeHUSI.

['oMoMOpPdU3MbI BEKTOPHBIX IIPOCTPAHCTB HA3BIBAIOTCS JIMTHEHHBIMU OllepaTopaMu
WM JINHEHBIMU 0TOOpaskKeHusIMuU. 130MOpdu3MOM BEKTOPHBIX ITPOCTPAHCTB, KaK
OOBIYHO, HA3bIBAETCs OMEKTUBHBII TOMOMOPMI3M.

Omnpenenenue 9 [lycmo V u U — sexmophwvie npocmparcmea Had nosem K.
Omobpasicenue
p:V—U
HA3DIBAEMCA NUHETHDIM, €CAU
1 oz +y) = o(x)+ o(y) dra mobvx z,y € V;
2. p(Ax) = Ap(z) daa mobvix A € K, x € V.
[Iycts ¢ : V' — U nuneitHoe oTobpazkenne. OTMeTHM O4eBUHBIE CBONCTBA!
L0(0) =0, o(=2) = —p(x), p(z —y) = p(x) — @(y).
IIpumepsr:
1. IToBopor.
2. OpToroHajibHOE IIPOEKTUPOBAHIUE.
3. duddepennuposanne B K[z].
4. IIpoekTop.

Onpeaenenune 10 [lycmv V. — sexmoproe npocmparcmeo wnad nosem K u,
00HOBPEMEHHO, KOALUO € Mol oice onepavuets caodcenus. Eeau ewnoanero
a(ab) = (aa)b, Va,b € V,a € K, mo V naszweaemca anzeopoti nad nosem K.

MHuozkecTBO JMHEHbIX oTOOparkeHuit V- — V' ¢ onepalineil moTo9edHoro ¢Jio-
JKeHWs, KOMIIO3UIINA W YMHOYKEHW Ha YNCI0 ABJIETCT aarebpoil ¢ eamHuIeil.
Dra anrebpa o6braHo 0603HadaeTcst End (V). MysnbTuiinkaTusHast rpyIia KOJTb-
na End (V') cocrout u3z asromopdusmos npocrparctsa V u obosnauaercs GL(V)

it Aut(V), (End(V))*.



1.2.1 HAapo auneiinoro oneparopa. PazmepHocTs s/1pa u odpa3za.

[Tycts U m V' — BekTOpHBIE TpOcTpaHcTBa Ha tosieM K, ¢ : U — V' — juHeitHoe
oToOpasKeHue.

Kerp ={v e U: p(v) =0}, Imp = {p):veU}.

Herpyano nposeputs, uto Ker o — nojnpoctpanctso U, a Im ¢ — nognpocTpan-
cTtBo V.

Yup. 2 Hatimu sdpo u 06pas omobpaxcenuti u3 npumepos.

B cuny onpejienenus JinHelHoe 0ToOpaykKeHne sBJIsIeTCs TaKyKe TOMOMOP(PU3MOM
COOTBETBYIOIINX abeeBbIX I'PyIil. I3 y»Ke n3BecTHBIX HAM (DAKTOM IIPO abesIeBbI
I'PYIIIBL CJIEIYET CJIEJIYIONIee yTBEPKICHUE.

IIpengyoxxenue 1 1. Jluneiino omobpascenue ¢ : U — V' unsexmuesro moeada
u moavko moeda, xozda Ker p = 0.

2. Haa ao0b6o20 b € V' mmoorcecmeo pewenuts yYpasHerus

pl) =b
umeem sud a + Ker ¢, 2de a € o~ 1(b).

BaMeTnM TakzKe, UTO sIApa JIMHEHHBIX OIIePATOPOB U TOJIBKO OHU SIBJISIIOTCS 1101
IIPOCTPAHCTBAMI BEKTOPHOTO MTpocTpaHcTBa. MuoxkecTsa Busia a+U = a+Ker p,
e a € V, a U — noanpocrpancTBo V' mHOra Ha3biBaloT adpOUHHBIMIA.

1.2.2 Teopema o romomopdusme. PazmepHocTh paKTopripocTpaHCTBA.

Tem ke crtocoboM, 4TO U JIJIsd TPYIIIT MOYKHO JIOKA3aTh CJIEIYIONLYIO TEOPEMY.

Teopema 4 (Teopema o 2omomopgusme daa sexmopnvix npocmparcms. J[lycms
U u V. — xoHneunomepnoie sekmopnvie npocmparcmea nad nosem K, a
p: U —V — aunetinoe omobpascenue. Tozda

Imp = U/ Ker .

Jlemma 5 [Iycmv V' — nodnpocmpancmeo koreuromeprozo npocmparncmsa U.
Tozda dimV/U = dim V' — dim U.

Jloka3aTeJibCTBO.

Ilyctb uq,...,u,; — Oasuc npocrpancrsa U. JlomojsHum ero jio 6asuca Ipo-
crpancTBa V' (9T0 MOXKHO CJIe/IaTh 110 TeopeMe O CyIecTBoBanun 6asuca). O6o3Ha-
GUM TOJTY GUBITHACST OA3UC UL, -« Uy, Upps s - - - 5 Uy LLyeTh w2 V. — V/U ecre-
CTBEHHBIH smiMopdusm, T.e. m(v) = v+ U. g kparkocrn oboznadnm v = 7(v).
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[TokazkeM, 4TO BCe CMEXKHBIE KJIACCHI Uy i1, - - - , Uy PABINYHBI 1 00paA3yIOT OA3MC
V/U.

JMHelHayg He3aBUCUMOCTb:

[TycTn

n
Z a;u; = 0,
t=m-+1
npuueM He Bce «; PaBHbl Hyso. Takoe paBeHCTBO O3HadyaeT, 4YTo
Yo @it € U, asradur Y0 aqu; = o1 oqu,. Toceanee mpo-
THUBOPEUNT JIMHEHHON He3aBUCHMOCTH BEKTOPOB U1, . . . , Up,.

VTBep:KICHIE O TOM, 9TO CMEKHBIC KIACCHL Upyt1, - - - 5 Uy PASIMIHBL U HOPOZK JAIOT
V/U nokasbiBaercs ere mporie. [

PasmepHocTh simpa u obpasa. CHG,ZLyIOHL&H TeopeMa dBJIdeTcd CJIeCTBHUEM JIEMMbI 5
1 TeOpeMbI O TOMOMOPhU3ME.

Teopema 5 ITycmov U u V' — xoneunomeprvie 8eKmopHvie npocmpaHcmes Hao
nosem K, a ¢ : U — V — aunedinoe omobpasicerue. Tozda

dim U = dim Ker ¢ + dim Im ¢.

[nst muneiiHOro oTOOparkeHNs ¢ Pa3MEPHOCTL ero oOpa3a Ha3bIBAETCS PAHIOM
orobpazkenusd, T.e. rk ¢ = dim Im ¢.

1.3 Ilpsamasi cymMmMa BEKTOPHBIX NPOCTPAHCTB.

CyMMa BEKTOPHBIX IIPOCTPAHCTB. ,ZLJIH IIOAMHOZKECTB U , V g %4 6yﬂeT 0003HaYATD
U+V ={u+vju € Uywv € V}. Bamernm, uro eciiu U u V' sBisiiores moji-
npoctpanctamu W, to U + V,U NV, a Takxke, n N;crU; srodoro cemeiicras
HO/IITPOCTPAHCTB TOXKE MOJIITPOCTPAHCTBO.

HamomumMm, uto aasa mommpoctpancts U, W mnpocrtpancrBa V' ux cymma
U+W ={u+w|ueUwe W} crosa sapisiercst nopoctpancTsoM. Anajo-
rUIHO MOXKHO otpejesutb u Uy +...+U, = {ui+...4u, | w; € Uy, i = 1.n} g
noanpocrpanctB Uy, ..., U,. CTouT ogHAKO yHOMSIHYTH, 9TO O0beJIMHEHNe JIBYX
IIO/IIIPOCTPAHCTB BOBCE HE 00sI3aTeIbHO SIBJISIETCST MOAIIPOCTPAHCTBOM ([IPUBEIUTE
pumMep ).

Jlemma 6 [lycmo U, W, Uy ..., U, nodnpocmparcmea V. Tozda
1.V U) =U+ ...+ U,.
20U+W =W +U;
3U+W=U<<= W U.

11



IIpsimasi cyMMa BEKTOPHBIX IIPOCTPAHCTB.

Onpenenenune 11 o [Ipocmparncmeo V' naswvieaemcsa (snympenneti) npamot
cymmoti noonpocmparcms Uy, ..., U, u obosnavaemea V=U; & ... D U,,
ecau kaotcouli eexkmop v € V. eduncmseennviM 00pa3om npedcmasiiemcs 6
sude v =uy + ...+ uy, 2deu; € U;, 1 <i<n.

o [Tycmo Uy, ..., U, — npoudsosvrvie sexkmoprvie npocmpancmea. U (enew-
Hetl) npamoti cymmots Hazveaemces uxr dekapmoso npoussedenue Uy X ... x Uy,
¢ NOKOMNOHEHMHMU ONEPAUUAMU.

Jlemmvma 7 1. Cymma noonpocmparcme Uy + ...+ U, asasemcsa npamot moeada
u moavko moezda, xozda

O=w+...+up,y; €U, 1 <i1<n=u;=0,1 <1< n.

2. Cymma noonpocmparcme Uy + . .. + U, asasemea npamoti moada U mosvko
moeda, Koz20a

uniy+...+U4+Uipqn+...+U,=0,1<1 < n.

3. Cymma nodnpocmparcme U+ W asisemces npamoti moada u moavko mozada,
koeda U NW = {0}.

Jloka3aTejabCTBO.

1. Ummmkanust B OJIHY CTOpPOHY TpuBHaJjbHa. [lokaxkem, dro ecim 0 enmH-
CTBEHHBIM 00pa30M IIPeJICTaBUM B BHJE CYyMMbI BeKTOpoB us3 U;, TO cyM-
Ma U; npsmas. IIycrb BekTOp v AByMs criocobaMy IPEJICTaBISCTCS B BUJIE
v=u1+...+u, =u)} +...+u,. Torma (uy —uy)) +...+ (u, —u,) =0, a
sHaunT u; = u;, V1 < i < n.

2. 2 Obozunaunm W; == Uy + ...+ U;_1 + U1 + ... + U,. Beaknuit BekTop
3 U; N W; aBymMs xoTst Obl cliocobaMil IIPEICTABIISIETC B BUJIE CyMMbI BEK-
topo u3 U;, nosromy, ecau U; N W; # {0} |, To cymma mOAIpocTpaHCTB
Up+. ..+U, ne spagercs npsamoit. Obpatuo, mycts U;NW; = {0}, V1 <i < n
u, nycrb, 0 = uy + ... + u,, u; € U;, upudem e Bce u; pasubl 0. ITycro
u;, # 0, Torna u;, = —» . 2i, Wi € Uy N W, 9T0 IPOTHBOPEYUT TOMY, YTO
UnW,={0}, V1 <i<n.

3. CuiestyeT u3 1peJIblIyIero myHKTa.

U
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IMpensioxkenune 2 1. (a) [lycmv Vi, ..., V, — npouszsosvhvie npocmpancmea.
Omobpasicenus

Vi —r (O,...,UZ‘,...,O)
ABAANOMCA MOHOMOPPHUSMAMYU (UHBERMUBHBMU 20MOMOPHPUSMAMU) K-
MOPHIT NPOCMPAHCNE.
(b) Ecau V.= Vi & ... ® V,, mo 6HewHAL NPAMA CYMMA NPOCMPAHCNG

Vi, ..., V, usomopdpna enympenneti, m.e. V.

2. EcauV=V1®...HV,, mo obsedunenue basucos nodnpocmpancme V; s6-
Afemces basucom npocmparncmsa V.

3. Ecau 6ce nPOCMpPaHcmea V KOHEUHOMEHPOL, mo
. n .
dm(Vi@...eV,) => ., ,dimV;
Jloka3aTesibCTBO.

1. (a) .

(b) Kazkibiit BeKTOP BHYTpEHHE!H IPSMOIT CyMMBI TTONPOCTPAHCTB OJIHO3HAY-
HO IIpeJCcTaBJsieTcss B Buje v + ... + v,, v; € V;. Paccmorpum otobpa-
werue f(vp + ...+ v,) = (vy,...,v,) € V1 @ ... ®V,. Ono asisercs
N30MOPQPU3MOM.

2. JIuneitHag HE3aBUCHUMOCTDL CJICJIyeT W3 OUPEJe/ICHHS IPsIMOi CyMMbI W II.1.
JIEMMBI 7.

3. CutestyeT u3 1peJIblIyIero myHKTa.

Teopema 6 (popmysa ['pacemana) Hycmo U, W — koneurnomeprovie nodnpo-
cmpancmea sexmoproz2o npocmpancmea V. Tozda

dim(U + W) = dimU + dim W — dim(U N W).

HokazaresberBo.(cm. |7, crp. 26))mwmm (|1, crp 34]) SBamagnm  sm-
HeifHoe oroOparkenme (p u3 BHemHell mpamoit cymmer U @& W B V
¢ momorielo  dopmynbl  p(u,w) = w + w. Jlerko mnpoBepuTh, UTO
Imp = U+ W, Kerp = {(u,—u)lu € UNW} = UnNV. Tenepp Teopema
cJaejlyeT U3 TeOpeMbl O pa3MEpPHOCTH sijipa u obpasza. [

1.4 Marpunpbi. Yacts 1.

Omnpenenenue 12 J[symepnviti maccus m X n asemermos nois K nasveaemcs
mampuuet pazmepa m na n wad K.
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[Iycte Mat,,«,(K) obo3HaUAET MHOMXKECTBO BCEX TAKUX MaTpHIl. Bmecto
Mat,, x, (K) Oymem mucats Mat, (K). B 3aBucumoctn 0T KOHTEKCTa 9JIEMEHT MaT-
purbl A paciosiozKennblil B ¢-if ¢Tpoke j-M cToso1e Oyjer obo3HadaTbed a;j, Ajyj
i aj, Aj.

Ha muoxxecTBe MmaTputt Mat,, »,, (K) BBeJieM orneparui CJI0sKeHust 1 YMHOKEHHs
wa uncio. Qg o € K uw A, B € Mat,,x, (K) mosoxmm

(A + B)zy = CLZ']' + bz‘j;
(ozA)ij OéAZ‘j.

Herpyiao ybeuTbesi, 9T0 OTHOCUTE/LHO BBEJIEHHBIX orepaiiuii Mat,, ., (K ) sB-

JIsIeTCsl BEKTOPHBIM IIPOCTPAHCTBOM PasMepPHOCTH mmn HaJ, rnojeM K.
CranapTHBIM 6a3UCOM 9TOTrO IIPOCTPAHCTBA OyeM Ha3bIBaTh 6A3UC COCTOATINI

13 MaTpuIL e;, rjie e Marpuiia 13 Mat,, ., (K) y KoTopoii B i-it crpoke j-um crosibie

crout 1, a Ha ocranbubx Mecrax 0. Jlerko nposeputs, uto A = ) W0, atej s

moboit A € Mat,,x,(K).

OTMeTuM, 9TO IIPOCTPAHCTBA CTPOK M CTOJIOIOB MOXKHO PacCMaTpPUBATL KAk
Maty«p, (K) u Mat,«1(K) coorBercTBenHo. Bhlie yke 06CyKIa/10Ch YMHOKEHIE
MaTpHUIILI pa3Mepa m Ha n Ha crojbder. OO00IINM 9TO OlpeieseHne

[Tpouseegennem matpuiibl A € Mat,,«,(K) Ha marpuiy B € Mat, . (K) Ha-
spiBaeTcst Matpuiia C' = AB € Mat,, «x(K) onpejenentast (hopmyJioit

n
Cij = 5 aibij.-
=1

B ciyuae, Korjia KOJUYIECTBO CTOJIOIOB JIEBOII MaTPUIILI HE PaBHO KOJUYECTBY
CTPOK IpaBoil, MPON3BEJICHUE MATPUIL HE ONPEJIeIEHO. 3aMEeTHM, 9TO MTPOU3BE/IC-
HUe MaTPUIl HEKOMMYTATUBHO.

Teopema 7 1. Ilpoussedenue mampuy, obaadaem cAOYOWUMU CEOTCTMEAMU:
ons mobwvix mampuy A, B,C' ua € K, ecau onpedenenvr coomsememasyroujue
npoussederus, mo

(AB)C = A(BC); A(B+C)=AB+ AC; (B+ C)A = BA+ CA;
a(AB) = («A)B = A(aB).

2. Mat,,(K) ¢ onepauusamu caoocenus u YmMmoACeHUs ABAACTCA KOALUOM ¢ €0U-
HUYET.
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JokazaTebCcTBO

(AB)C); =D (D aibicf =) > aibic]
(A(BC)); =D ai(}_bieh) =D > aibcl.

l k

AHaJIOrMYHO IPOBEPSIOTCA OCTAJILHBIC YTBEPZKICHIA TeOpeMbl. [
Ennauiy xosbia Mat, (K) 6yiem obosnadars cumposiom E. T.e.

10 ...00
01 ...00
E=1.............
00 10
00 01

Hyuneroit smement kosbiia Mat, (K) gamie Bcero Oyjer o6o3uHadaTbes mpocto 0,
Ho nHorda OyaeM nucarh (0. Kosiblo MaTpuil gaeT HaM BayKHBIH IPUMep HEKOM-
MyTATHBHOTO KOJIbIla (mpm n > 1).

['pyrmma obpatumbix emenToB Kosibiia Mat, (K) obosnauaercst GL, (K).

1.5 Jluneitabie onepatopbl. CBA3b ¢ MATPUIAMU.

1.5.1 Kiraccudukaiyusa KOHEYHOMEPHBIX BEKTOPHbBIX ITPOCTAPHCTB.

Jlemma 8 [Iyemv U — esexkmopnoe npocmparcmseo nad mnosem K, a
e = (e1,...,6,) — 6asuc U. Toeda umeemca caedyrowut uzomopdusm 6ek-
MOPHBLT NPOCTPAHCNG:

e : U — K"
n aq
U = Z o6 >
i=1 a,
Yucna ay, . . .,y HA3BIBAIOTCSI KOODJMHATAME BEKTODA U = » . ; (;e; B basuce

€.

Corollary 1 Jlwboe koneunomeproe sexmoproe npocmparcmso Vo usomopdro
KV - Bee sexmopnvie npocmpancmea 00noti u moti sice pazmeprocmu u3o-
MOPPHDL.

1.5.2 CBa3b JUHENHBbIX OTOOpa>keHuil 1 MaTPMUII.

,ZLJIH y,HO6CTBa N3JI02KEHNA BBEAEM CJIEAYIOIINE 0003HAYEHUSI:
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[Iycte € = (ey,. .., e,) — 6azuc npocrpancrea V u x € V. Torna cymecrByer

) o n
OJIHO3HAYHO OIIpejlesIeHHblit Habop uncen o; € K rtakoil, uto © = ) . ae;.
a
O6o3nauum gepes ¢ crosouk | : | € K" Torua nociejinee paBeHCTBO YI00HO
an
3aIl1CaTh B BUJIE
aq
. e
:z::(el en) C] = exf.
an

JIuHeiinbie oTOOpakeHUs.

JlemMma 9 Jlunetinoe omobpasiceriue 00no3Ha o onpedessemcs obpasamu basuc-
noLx 8exmopos. Jpyeumu crosamu, ecau e = (e, ..., e,) — 6a3uc npocmpancea
U, a fi,...,fn — eexkmopo. npocmpancmea V, mo cyuecmsyem eduncmeenmoe
aunetinoe omobpasicenue o : U — V' makoe, wmo ¢(e;) = f;, 1 <i < n.

HoxkaszarenbctBo. [lycts p : U — V jmHeiiHoe orobpaskenue. e = (e, . .., €y,)
— basuc U. Torma
n n
(> aie) =) aip(er).
i=1 i=1
C Apyroii CTOPOHDI, €CJIN V1, . . . , Uy — HPOU3BOJILHBLIC BEKTOPLI IPOCTpaHcTBa V

TO HETPYAHO yOEIUThCsl, YTO OTOOparkKeHne

n n

E Q€ —r E QU

1=1 1=1
SIBJISIETCsl JIMHEHHBIM 1 11epeBOIuT €; B v;. [

Jlemma 10 ITycmv e = (eq,...,e,) — 6asuc npocmpancea U, a o : U — V
aunetinoe omobpascerue maxoe, wmo p(e;) = fi, 1 < i < n. Obosnavum Habop

sexmopos f = (f1,..., fn).

1. ¢ unsexmusen mozda u Moavko mozda, Koz2da f AuHelHO He3a6UCUM.
2. ¢ cropsexmuser mo2da u moavko moezda, ko2da [ — cucmema 06pa3yIOUUT.
3. @ buexmusen mozda u moavko mozda, Koeda f — basuc.

Jloka3aTejabCTBO.
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f ymHeitHO 3aBUCHM <>

n
< day,...,q, : He Bce paBHbLIE HYJIIO Z a;p(e) =0 <
i=1

n n
<~ daq, ..., : @(Z&iei) =0« 0+# Z%‘Gz‘ € Ker p <—
i=1 i=1
<— (Y HE NH'bEKTUBEH.

Imp={f(u)lueU} = {f(Z%'@i)\Oéi € K} = {Z%‘f(ei)\az‘ € K} =
= <f(€z')>-

3. Cutesryer u3 1peJIblIyux IyHKTOB.

Corollary 2 /Jlea koHeuHOMEPHDIT BEKMOPHBIT NPOCTPAHCNGG U3OMOPHHDL MO-
2da u moavko mozda, Ko2da OHU UMEIOM 0OUHAKOBYN PA3ZMEPHOCTIY.

[Iycts B BekTOpHBIX mpocTpancTBax U wu V' 3adukcupoBanbl 0Oa3UChI

e = (er,...,en) u f = (f1,..., fm). IloCcKONbKY Besikmit JUHEHHBIH omepaTop
a : U — V o1HO3HAUHO OlpejiessieTcsl odpa3aMi Da31lCHBIX BEKTOPOB, TO Olle-
PaToOp a OJHO3HAMHO ompesensiercs Marpuneii af = (a(e1)! a(ex)’ ... ale,)’)

1 Besgkasg MaTpuiia u3 Mat,, «,(K) ompejessier cooTBeTCTBYIOIINIT OIEPATOP.
Jst cTpoku BeKTOPOB U = (U1, . . ., Uy,) TpocTpaHcTBa U U JIMHEHHOTO oliepa-
topa ¢ : U — V nosoxum p(u) = (p(ur), ..., o(unm)).

IMpengoxkenune 3 [ycmv e = (e1,...,e,) —6asuc U, f = (f1,..., fm) — Oasuc
V.

1. Illyemo @ : U — V' — aunetinoe omobpasicerue. Toeda cywecmsyem u edur-
cmeennan mampuya A € Mat,, x,,(K) makas, wmo das mobozo u € U umeem
MECMO PABEHCME0

(p(u))! = Auc.

2. Jlaa scaxoti mampuyv, A € Mat,, ., (K) coommowenue (p(u))! = Au® onpe-
deasem aunetinoe omobpastcenue @ : U — V.

,Z[OKaBaTeJIbCTBO.
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1. Pacemorpnm A = (p(er)? p(e2)! ... ¢(e,)?). B cuny nuneiinocrn
© HETPY/HO IIPOBEPUTDH, 4TO

(p(u) = (p(eu)) = (p(e)ur)! = Au,.
EiuncrsentocTh MaTpuilbl A odeBuHa.

2. Cnemyer n3 JIeMMBI 8.

]

Marpuriia A n3 mocseHero mpeiozKeHns Ha3bIBaeTCsl MATPUIEl 0TOOpaZKeH s
¢ B Gazucax e u f. Unorma Mbl 6y/1emM 0603HadaTh ee o) WM IPOCTO Y., B CIyHae,

ecmie= f,U=1V.

IIpumepsr.

. [cosp —sing
1. IToBopoT Ha TJIOCKOCTH HA yTOJI ¢ 3ajaeTcsd MaTpuIleit :

siny cos
2. llycts V = U & W, paccmorpum oToOpazkenune
po: V=V
(u, w) — u.
3aMeTnM, 4To ¢ — JmHeiinoe oTobpakenue, mpuaeM @2 = ¢, Im o = U.

3. JIndpdepennupoBatne MHOIOUJIEHOB He Oojiee ueM 3-if crenienu. PaccMoTpum
6asuc 1, z, 22, 23, OTHOCHTEILHOrO BEIGPAHHOTO Gasrca MaTPHIA OIEPATOPa
9 Y 9

0100

I depeHITTPOBAHIS UMEET BU/I:

o O O
S O O
S O N
oS Ww O

Martpuria KOMIIO3UIINH OIIEPATOPOB

Ilpennoxkenue 4 Mampuua KoMNO3UUUU NUHETHBLT ONEPAMOPOE  ABAAECTCA
npoussederuem mampui, smuxr onepamopos. Tounee, ecau U,V u W — kxoneu-
HOMEPHBLE BEKMOPHBIE NPOCMPAHCMEA ¢ baducamu e, [ U g, CoOOmeemcmeenHo, a
p:U—Vup:V— W — auneinve omobpasicenus, mo (o @) = - ol
B wacmuocmu, npu U =V =W we = f = g noayuaem (1 0 ¢)e = 1. 0 pe.

JlokazaTejabCcTBO.
(op)?); = ((Wop)e)) = Wlple))! =1 =} (ple) =47 (]);.
]

[Ipemioxkenust 3 u 4 MOxKHO 11epepOpMYJINPOBAThH B BUJIE CJIEIYIONIEH TeOPEMBI:
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Teopema 8 Ifycmv U u V' — sexmopnvie npocmpancmea wad nosem K pas-
MepHocmet nou m coomsememeenno nycmv e = (e1,...,e,) — 6asuc U,

f=(f1, -, fm) — 6asuc V. Toeda

1. Umeemea uzomopdusm mexncdy 6eKmMOPHbIM NPOCTPAHCTNEOM ONEPAMOPOs
U — V' u npocmpancmeom mampuy, Mat,, ., (K).

2. Umeemcs uzomoppusm anzebp
End(U) = Mat,, (K),
Y = Pe-
Bamena Gasuca. Marpuma mepexoma. (OUEBUJIHO, YTO M30MOpP(MU3M U3 JEeMMbI 8 3a-

BICHUT OT BBIOOpa yIOPsA0oUeHHOro Oasuca. VM3ydmMm Kak CBsI3aHbl KOOD/IMHATHI
pUKCUPOBAHHOI'O BEKTOPA B JBYX Pa3/INYHBIX Oa3ucax.

[Iycts € = (eq, ..., €,) — 6a3uc npocrparcrea V u x € V.
aq
x:(el en) ] = exf.
Oy,
[lycte f = (f1,..., fn) — Apyroii 6asuc npocrpancTsa V. PazmokumM Kaxkablii n3

BEeKTOpOB Oasuca f 1o bazucy e. [Iyctob
n
fi: E Cji€j, 1<z<n
J=1

cronb3yst IpUBBIYHOE OOpallleHre ¢ MaTpPUIlaMU ITOCJeHIE PABEHCTBA MOXKHO
3almncaTh B BUJIE

Ci11 C12 ... Cip

Co1 C22 Con,
f=eC = (61 en)

Cnl Cp2 Cnn

Omnpenenenue 13 Mampuua C nasvieaemcs mampuuetd nepexroda om ba3uca e
K basucy f u unozda mui bydem 0bo3nauams ee C5.

Ormernm, 49TO B  CTOOIAX  MATPHUIIBI  [EPexo/la  CTOAT  KOODJMHATHI
"HoBbIX" OasncHbIX BeKTOpOB B 'crapom' Oasuce. T.e. Cf = ( s .. f,‘j)
Jlerko Bugers, uto C¢ = I,

Marpuiy mnepexoza CJ MoxHO paccMaTpmBaTh KaK MAaTPHILy aBTOMODQIH3-
Ma TpocTpaHcTBa V| mepeBojsiiero basuc e B 6asuc f (B Gazuce e) mim xe
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KaK MATPUILy TOXKJECTBEHHOIO aBTOMOPGU3Ma OTHOCUTEILHO Oas3ucos e u f (T.e.
I = (id)f
¢l = (id)]).

13 nipe/ytozkenus 3 ciie/lyeT ciie/Iyomas JeMMa.
Jlemma 11 C/ = (s~

Habsmonenusi. 3ameruM, 9TO €CAd  YIHOPSIJIOYeHHBIE HAOOp BEKTOPOB
f = (f1,..., fn) nuHeiiHO He3aBHCHM, TO I JIIOObIX a,b € K™ paBeHCTBO
fa = fb skBuBasieHTHO paBeHCTBY @ = b. elicTBUTEIBHO,

fo=fb<=f(a—b)=0<=a—-b=0<=a=0b

[Tpumensiss moJiydeHHoe HAOJIOJCHNE K CTOJIONAM MATPHI, JIErKO BHIETb, YTO

auist 00X A, B € Mat,,«,(K) paserncrso fA = fB sxBuBaseHTHO paBEHCTBY
A= B.

IIpeobpa3oBanue KoopJuHAT TIpuM 3aMeHe 0Oaswuca HyCTb f = (f1 .. ,fn) n
e = (e1,...,e,) — 0a3UCH MPOCTPAHCTBA V ¥ ¥ — IMPOM3BOJILHBII BEKTOD U3
V. Torna

fof =v=ev = fC’gve.
Otkyna B cuty HaOJIFOJIEHIH TPeIbIIYINero naparpada nMeeM
vl = Cl”,

[Tocaeansist popmyiia gaeT CcBsA3b KOOPAUMHAT BeKTOpa B Oasuce f ¢ ero KOOpJAuHa-
TaMn B OB3uCE €.

1.5.3 MW3meHeHume MaTpuIibl oliepaTropa Ipu 3aMeHe 6as3uca.

IIpennoxxkenue 5 [lycmv e u € — oasucv, npocmparcmea U, f u f' — 6asuco
npocmpancmea V, o : U — V' — jaunetinoe omobpascenue. Tozda

ol = Clplce.
HokazareabcTBOo. B cumy npeoxkenns 4
ol = (idop oid)], = (idop)!'ids, = id} ¢! idS = Cf ! Ce.
Ho MOKHO TTPOBEPUTDH U HENOCPEICTBEHHO

(¢l); = () = Cf (plei)! = CLpl(eh)e = Cf ol (C8);.
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1.6 Pemmenune cucremMbl JUHENHBIX YPaBHEHUIA.

1.6.1 Pemnienue cucreMbl JIUHEHHbIX ypaBHeHuii. O6miuii Bug

B srom naparpade onurieM MHOXKECTBO PelIeHtil CUCTEeMbI JIMHENHBIX yPaBHEHNUIA.
Paccmorpum cucreMy ypaBHeHUi

)
anri+ ...+ apr, = b

) a21T1 + ...+ Aoy = bg

| @m1Z1 + - F Qpn Ty = b,

air a2 A1n
a1 Aa22 A2n "
Pacemorpum marpuiry cucreMbl A = . Eit coorBercTByeT
Qm1 412 Qmn
JIMHeliHoe oTobpazKeHne
p: K" — K™
x— Az,

JIerko mpoBepuTh, 9YTO B CTAHIAPTHLIX Da3ncax MaTpuila OTOOparXKeHus ¢ COBIIa~
by

naer ¢ A. Ilycte b= [ ... | € K™. Torna naia cucrema ypaBHEHUil 1epeIuch-
b,

Ba€TCd B BHUJEC

Ax =b.

Uubivu cioBamu Tpebyercs naiitu ¢~ (b). Kak 6bL10 MOKa3aHO BbIIIE, MHOKECTBO
perrennii cucTeMbl nMeeT BUJ a + Ker ¢, T/ie a KaKoe-HUOY/Ib peleHne CUCTEMbI
Az = b (ero 0OBIMHO HA3BIBAIOT YACTHBIM pereHneM). B cBoro odepens Ker ¢
MOXKHO PAacCMaTpPUBAThL Kak MHOxKecTBO pertenuii cucrembl Az = (. CoorBercBy-
IOIIYIO CUCTEMY JIMHEHHBIX YPaBHEHUII HA3bIBAIOT OJHOPOHOIL.

Taxum 06pazoM JIjIst TOro, 9To0bl HAfiTH BCe pelieHnst cucteMbl (4) gocTarod-
HO HaliT! Kakoe-HUOYJIb OJTHO ee pellleHne M omucaTh npocTpanctBo Ker ¢. s
OIUCAHWSA MOAITPOCTpaHCcTBa Ker ¢ gocTaTouHo HAWTH 6a31C 9TOrO MPOCTPAHCTBA.

Omnpenenenue 14 Habop basuchvix eexmopos npocmparncmea Ker ¢ Hasvieaem-
cAa pyndamernmanvrot cucmemoti pewenuti 00HopodHoti cucmemyl YpasHeHUul.

Kaxk 0b1710 mokazano Bhite dim Ker o = n—rk o. Lesbio Ommzkaiiimmx naparpadgon
OyJsieT ollpejie/ieHue paHra olepaTopa U omucaHue (pyHIaMEHTaJIbHON CUCTEMbI
peIeHnii.
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1.6.2 Pelinenne nuHeHHON cUCTEMbI YypaBHEeHU. DJjieMeHTapHbIe Mpeobpa3oBanusi. Meron 'aycca.

Crenyer OTMETUTD, YTO HAUTH (PyHIaMEHTAJIBHYIO PEIICHI CUCTEMBI JTUHEITHBIX
ypaBHEHUII IpoIIe BCero Korjga MaTpulla CUCTEMbI JuaroHajabHa, U JOBOJILHO IIPO-
CTO KOIJIa MaTpulla CUCTEMbl MMeeT TPEyroJbHbII BUJ, T.€., HaIlpUMeEp, Bce ee
9JIEMEHTHI HUMKEe TJIABHOH Jmaronasm mHyJeBble. i BeAKol cucTeMbl JIMHEITHBIX
ypaBHEHUN HallJieM 3KBUBAJCHTHYIO €il CUCTEeMY CO CTYIeHYaTON MaTPUIEil.

B naparpade 1.0.1 06110 nepedncieHbl 3jieMeHTapHbIe IPeoOPA30BaHNIsI CUCTE-
MBI JITHEHHBIX ypaBHeHuil. [locko/bKy MaTpudHas 3aluch Tropa3jo yaooHee, Tie-
peiiieM cpa3y Ha A3bIK MaTPUII.

Onpenenenune 15 Saemenmaprvimu npeodpadosaHUAMU CMPOK MAMPUUDL HA-
3bl8AOMCA NPEOOPAZ0BANUA CACOYIOUWUT MUNOB!

1. npubasaerue x 00Hotll cmpoke Opy20t, YMHONCEHHOT HA YUCAO;
2. ymmoorcenue 00HOT CMPOKU HaA YUCAO, OMAULHOE OM HYASM.

3. nepecmanosra d8Yxr cmpor;

Hanomunm, 9To cTanapTHLEIM 6a31COM IIPOCTPAHCTBA MATPUI] COCTOUT 13 MATPUIL
e‘g , TJIe ef marpuiia u3 Mat,, s, (K) y Koropoii B i-it cTpoke j-M crosbie crout 1,
a Ha ocTaJbHBIX MecTax (.

Kazkioe u3 sjieMeHTapHbIX Ipeodpa30BaHnil PABHOCUILHO JIOMHOYKEHUIO MaT-
PUIIBI cJIeBa Ha 00paTHUMYIO MATPUILY.

e [Ipubapienue K ¢-if cTpoke j-it, yMHOXKEHHOI Ha YUCJIO (¢ COOTBETCTBYET YMHO-
XKEHUIO csieBa Ha MarTpuily F + ael.

e YMHOXKEeHUE i-ff CTPOKHU Ha (v COOTBETCTBYET YMHOYKEHHUIO CJIeBa, Ha MaTPUILY
E+(a—1)e.

e [lepecTtanoBka ¢-if 1 j-if CTPOK COOTBETCTBYET YMHOXKEHNUIO CJIeBa HA MATPHUILY
J i i J

E+e —e+e;—e;
Marpuipl, umeomue sui E + ael, e o € K,i # j WHOIJA HA3BIBAIOT TPAHC-
BEKIIHAMH, a MaTpuilsl Buja E + (o — 1)e! ncesmoorpazkenusivu. Tpancsexkimn u

IICeBA00TpazKEHN A 6y,ZLeM Ha3bIBaTb 3JICMEHTAaPHbBIMUA MaTpUIlaMN.

Yup. 3 lokasicume, wmo mpemve asemenmaproe npeobpazosanue (nepecma-
HOBKA CIMPOK,) MOACEM. DBIMD NOAYUEHO € NOMOUHIO KOHEUHO20 YUCAL NPEOOPA3O-
/ J

sanull nepswxr deyx 6udos. JIpyeumu caosamu, mampuua E + el — el + e — €

ABAACTNCA npouseedeHueM KOHEYHO020 YUCAA SNEMERTTIAPHDIT MATNPUY.

Omnpenenenue 16 Cmynenvwamoti 6ydem nadviéamov mampuyy y komopot 6ce
HYAEBBLE CPOKU (€CAU OHU ECTND ), CMOAM 8 KOHUE, 4 HOMEPQ NEPEHIT HEHYAEEDLT
INEMEHMOB CMPOK CMPO20 BO3PACTNAIOM.
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CTyHquaTbIe MaTpUIIbl UMECIOT BU/L

Teopema 9 1. Beaxyio mampuyy MOHCHO NPUBECTU K CMYNEHUAGMOMY 8UY C
NOMOULHIO INEMEHMAPHBLT NPE0OPA306aAHUL.

2. Ilyemv A € Mat(m,n, K). Tozda cywecmsyrom maxue | > 0 u ssemernmap-
noie mampuuve By, ..., B € Mat(m,m, K), wmo By... BJA — cmynenua-
Mas Mampuya.

HoxkazaresbcTBO. Hynesasg matpuria - crynenyaras. Ecim Mmarpuiia HemyseBas,
TO MyCTb j; — HOMEP MEPBOTO HeHyJsieBoro croJiomna. C MOMOIIBIO TepecTAaHOBKN
CTPOK JIOOBEMCSI TOTO, YTOOI a}l = 0. Jlayee n3 Kaxk10if CTPOKU ¢ HOMEPOM ¢ > 2

7

BbIYTEM [EePBYIO, YMHOXKCHHYIO Ha Z]Ti’ TeM CaMBbIM TOJIYYUB HYJIN B j1-M CTOJIOIE
BO BCEX CTPOKaX, KpOMe IIePBOIi. Z[aﬁee PACCMOTPHUM IOJIYIUBIIYIOCS MaTpUILly 6e3
IIEPBOIT CTPOKU U IIpojesiaeM Te ke jeiicrsus. [

[IpuBeenne MaTpuilbl K CTYIIEHYATOMY BUIY, M3JI0YKEHHBIM BBIIIIE CIIOCOOOM,
Ha3bIBaeTcsd MeTonoM laycca. JIist cucTeMbl TMHEHHBIX YpaBHEHM, MaTPHUIa KO-
TOpOil cTylleHYaTasi, HETPYJIHO HAIMCATh YaCTHOE PeIleHre U IOCTPOUTH (DyH-
JAMEHTAJIbHYIO CUCTEeMY PpelleHuil, TeM caMbIM OINCaB BCE PEIICHUdA MCXOIHOMI

JIMHENHON CUCTEMBI.

1.7 Panr oneparopa. Paur marpunsbl.

Onpenenenue 17 o Parnz cucmemvt 6eKMOPo6 — pasmePHOCms ee AUHETHOT
000004k,

o Pane aumnetinozo onepamopa — padmeprocms €20 0bpasa.
o Pane mampuuv, — pane cucmemov, ee Cmpox.

Jlemma 12 1. Vumnoorcenue mampuyse wa obpamumyio( cAe6a uiu cnpasa) He
MeHAEM ee CmosbU08020 U CMPOUH020 PAH2G.

2. Pane mampuust He MEHAEMCA NPU INEMEHMAPHOM NPEOOPA30BAHUL CMPOK.

Corollary 3 Pane mampuust paser “ucay HEHYAEBHLT CMPoK 1100017 cmynenya-
Mot Mampuybl, ¥ K0mMopot ona NPuBoOUMCA INEMEHMAPHBMU NPEOOPA30BAHUA-
MU CMPOK.
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Teopema 10 (Teopema Kpownexepa-Kanearu) Cucmema AunetHuxr ypasHenut
COBMECTIHA M020a U MOALKO mozda, Koz2da parz Mampuusl ee KodphuuueHmos
PABEH Par2y PacuuperHots Mampuol.

1.8 Omnpenenuresns marpunbl. Popma obbema.
1.8.1 IIpenmucaosue. ObbeM mapaJijiejenuiesa.

(em. |2, r.3]) ComocraBum kBajparroit marpure A = (A, ..., A,) napamiese-
eI, pedpa KOTOPOro 3aJ1al0TCs CTOI0IaMI MaTpuilbl A.

O0beM n-MepHOTo HapaJslieIeNnIe/a OnpeIe/IdeTcd 110 HHIYKIIN.

1.8.2 IIpocTpaHcTBa MOJMUJIMHENHBIX OTOOPa*KEeHUIT

Multi(Vi, ..., Vi, Y), Multiy(V,Y). IlpocrpancrBa mnominHeifHbIX — (hopm
Multi(Vy, ..., Vi, K), Multi, V.

V' — BekTOpHOE MPOCTPAHCTBO HaJI TToJaeM K .
Omnpenenenue 18 f ; V x ... x V — K noauaunetinoe
omobpascerue(m-gopma)

dcHo, uTo nosmmnHeiiHas GpopMa OJHOBHATHO OIPEJIe/IsieTCsl M-MePHBIM MacCH-
BOM CBOMX 3HadeHUIl Ha OQ3UCHBIX BEKTOPAX.

Jlemma 13 IIycmv e = (e1,...,e,) — Oasuc V, f:V x ... xV — K —
nosusuretinoe omobpasrcerue. Toeda

n
flor, ... o) = Z flei, ... e )atr. . . aim

11yeeytm=1

ede A = (vf...v5,).

m

[Ipocrpancrsa 6usmneitnbix orobpazkenuit Bi(Vy, Vs, Y), Bi(V,Y). Ilpocrpan-
crBa Ommuneiibix dopm Bi(Vi, Vo, K), Bi(V'). Ilpumepsr moswina. Gopu.
[IpocTpancTBO CUMMETPUYHBIX HOJIMINHEHHBIX (POPM:

SMultikV =

= {w e MultizV | w(vy ..., v .., 05,. 00 0n) =w(vr .o, 05000, 0o, Un)

Remark 2 IIpocmparncmeo cummmempuinv nosusuHetinoir Gopm MOHCHO Obi-
A0 OblL onpedesums Kax MHodtcecmeo maxux opm w € MultiyV', umo das ecaxoti
nodemanocku u € S, 6vinoanero W(vy ..., v,) = W(Vya) - - -, Vyn))-
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[Ip.-Bo arTHCUMM. TTOJTMIMH. (POPM:

AMulti,V = {cu e Multi, V' | Vu,...,op0 €V
(Eli,je{l,...,k;} (i #7 Nvi=v;) = w(vl,...,vk):())}.

Jlemmvma 14 1. Jlaa  ecaxoli  anmucumMmmempuyHoti nosusunetdinotd  dopmol
w € Multi, V' swnoarerno

WUy Ve, Uy Up) = —W(V1 e, Ve Ve, Uy). (5)

2. s ecarol AHMUCUMMMEMPULHOT] NOAUNUNETUHOT hopmovl
w € Multi,V u dasa ecaxoli nodcmanosxu u € S, BHINOAHEHO

Wy ..., v,) = sgn(u)w(Vyy - - ., Vy(n))-

3. Ecau char K # 2, mo us ycaosus (5) caedyem anmucummempuynocms gop-
MbL.

JlokazaTeabCcTBO.

Jlemma 15 [lycmo [ — noauaunetinoe anmucummempuumnoe omobpasicenue. To-
eda

flo. v, 0v,.00) =f(..,u+avj,...,v,...), YaeK.
1.8.3 @opmb o6bema.
Omnpenenenue 19 [Ipocmparcmeo popm obsema:
VE(V) = AMultig,vV; VEFX(V) = VF(V)\{0}.

Jlemmva 16 Ilycmo [V X ... XV — K noausunetinas aHmucumMmempuimas
————
n pa3

dopma, e = (e1,...,e,) — basuc V. Tozda

n

flor, ... v) = fler, ... en) Z (—l)sgn(a)a(lj(l) alm,

oEeS,

ede A = (v§...v5).

n

Oupenenenne 20 o Yucao Y. Sn(—l)sgn(")acf(l) .. ad™ wasosem onpedenu-

meaem mampuyve A € Mat, (K).
Yup. 4 Iposepvme, wmo SL(V) = {a € GL(V) | deta =1} < GL(V).
Jlemma 17 (cm. [1, nemma 2.2.]) Onpedeaument mampuyol AGAACTNCA NOAUAU-

HETHOT aHMUCUMMEMPUMHOT, hopmoTi ee cmoabuos, a det £ = 1.

25



HokazareabcTBo. [lomnnneiinocTs, Kak 1 papeHcTBO det £/ = 1, Jierko ciie-
JyeT u3 orpejesienus. JJoKkazKeM aHTHCUMMETPUIHOCTD. 11yerh crosbunt AF u Al
maTpuilbl A cosnamaior. Ilokaxkem, aro det A = 0. Muuekc 3makomepeMeHHO
rpymmst A, B S, pasen 2. [lycts 7 = (ij), Torna S, = A, N A,T.

n

det A = (_1)sgn(0) Ha;‘j(i) _ Xn: ﬁa;f(i) _ zn: ﬁaip(i) _

o€es, =1 oeA, i=1 pEA,T i=1

n n n n n n n n
. o(1) or(i) o() o7(k) or(l) o(i)
=> e =3 1™ =2 [[a™ = > ™™ [ " =

occA, i=1 ocA, i=1 ocA, i=1 o€A, 1#k,l
n n n n
_ E : o(i) § : o(l) o(k) o(i) _
occA, i=1 oc€A, i#£k,l

0

YVTBep2KAeHNe JIeMMbI O3HAYAET, UTO OIPEJIENTE/Ib siBjIdgeTcst (popMoit oObeMa
Ha mpocTpaHcTBe K.

s xaxkjoro Oasuca ompejennMm (opMmy o0bema, CBA3aHHYIO ¢ 0a3UCOM:
vol®(vy, ..., v,) = det(vf ... v5).

B ciemyromeit TeopeMe nepedrcyieHbl IPOCThie WM yKe JIoKa3aHHble (haKThl O
dopmax obbema.

Teopema 11 (Teopema o gpopmax obsema.) [ycmo K — nose, V. — sexmophoe
npocmparcmeo nad nosem K , n=dimV < oo ue — basuc V. Tozda

1. vol®(ey,...,e,) =1 uwol®e€ VEX(V) ;

2. das mobvr w € VE(V) evnoanerno w = w(ey, ..., e,)vol¢. Taxum obpasom
110004 Phopma 06BeMa NPONOPUUOHANLHA ONPEJEAUNENIO.

s mobozo basuca € npocmpancmea V- evinoareno vol® = det cS- vol®;

3. Mmnoocecmeo ghopm 063ema 1a AHHOM BEKMOPHOM NPOCNPAHCINEE ABAALTNCA
OOHOMEPHDIM BEKMOPHLM NPOCTPAHCINEOM.

4. (a) [lycmv w  nenyaesasn dopma obsema wa V. Tozda mabop eexmo-
po6 Vi,...,v, € 'V aeasemca 06a3ucom, €cAUu U MOALKO eCAU
w(v,...,v,) # 0.

(b) Onpedesumensv keadpammot Mampuyv, He Paser HYA0 Mo20a U MOALKO
moeda, Kozda ee cmpoky (CmosbubL) AUHETHO HE3ABUCUMDL.

HokazareabcTBo. IlepBoie nBa yTBep:KIACHUS YrKe JIOKA3aHbl BbIe. Tperbe
YTBEP:KJICHNE CJIeIyeT U3 BTOPOIO.

Hokazkem YTBEPZK IeHUe (4 a):w + 0, a SHAUUT
dzq,..., 2, €V iw(xy, ... x,) # 0.
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Eciu wHabop BekTOpOB v1,...,v, € V gBisercsa 0a3ucom, TO
w(xy, ..., xy) = w(vy,...,vp)vol’(z1,...,x,). CiemoBaresbHoO,
w(vy,...,v,) # 0.
P —
Ecmn nabop BeKTOpOB vy, ...,v, € V He gBisercd 6a3MMOM, TO OJWNH
13 9JEMEHTOB BbIpayKaeTcss B BHJE JIMHEHHON KOMOWHAIIMN OCTaIb-
HBIX, cKazkeM, v; = > ., ;v;. Torjga no jemme 15 mojydaem, 4to
w(vy,...,v,) =0,

[Tynkr (46) cremyer u3 (4a). O

Remark 3 /i3 scezo craszanmozo eviwue caedyem, wmo ecmv moavko 00Ha No-
AAUHETHAA anmucummempuyeckas gynruus [ Mat(K,n) — K cmoabyos
keadpamnot mampuysl, das xomopot f(E) =1, u amo onpedeaumenv.

ITpennoxenue 6 [Tycmo a € End(V'). Tozda

1. ynkyusa w, = Vx...xV —— K, 3adanunas pasencmeom
—_— —
n pas
wa(xy, ... xn) =wla(xy), ... a(xy,)) asasemes popmoti obsema.
2. Buavenue evipasicenus LU Un)) “oh0 0y yeyyaesan dopma obsema, a
w(ey,en) 7 ’
€1,...,6, — baszuc npocmpancmea V , ne zasucum wu om Gopmv, W HU OM
basuca.
3. Ilyemv A wmampuuya  onepamopa a 6 0Oa3uce eq,...,e,. Tozda
o e _ wlaler),...,a(en))
det A = vol®(a(ey), ..., a(e,)) = e e

okazareabcTBO. [lepBoe yTBepxKIeHnEe TTpoBepseTcs HerocpeacTBeHno. [lepeii-
neM Ko Bropomy. OTMeTHM cliepBa, UTO B CHJIY IIYHKTa 4 IPeabLIyIeil TeOpeMbI

w(er,...,en) # 0.

[TokazkeM criepBa, 4TO 3HAYEHUE w(%z)"“’a(e")) He 3aBU4UT OT popMmbl w. [Ipu-
1,...,6n)
MeHUM 11.2 TeopeMbl 0 Gopmax obbema K Gopme w 1 BekTopam aler), .. ., a(ey).
[Toyanm
w(aler),...,aley)) =wley,...,ex)vol(aler), ... ale,)).
[Tosromy

W(C:Ef;)? Y Z(jn)) =vol®(a(er),...,aley)). (6)

[TockosbKy B cTo/101ax MaTpuiibl A (10 onpeieleHno MaTPHUIIbI OIIEPATOPA) CTOSAT

KOODJIMHATHI 06pa30B 6asucHbix BeKTopoB (T.e. A! = a(e;)’), To u3 onpejesneHus
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mveeM pasenctso det A = vol®(a(ey), ..., a(e,)), ato BmMecte ¢ (6) maer myHKT 3.
w(a(er),...,ale,

OcraJioch 1Mokazarb, 9To He 3aBUCHUT OT BbIOOpa Oasuca. JleiicTBu-

w(er,....en)
TEJIbHO, IYCTDb €1, . .., €y — 6a311/1(: V', B cuity yHKTa 2 TeopeMbl 0 popMax odbema
nMeeM
w(a(ey),...,a(e,)) _ w(a(er),...,ale,))det CS _ w(aler),...,a(e,))
w(er,...,en) w(ei,...,e,)det C¢ w(eg,...,en)

Onpegnenenune 21 Onpedesumenem sunetinozo onepamopa a € End(V') nasosem
onpedeaumenn €20 Mampuyv, 6 Hexomopom basuce, m.e. det a = det al.

B cuny yrBepxkaenuit mynkTa 1.5.3 onpegemTe b TUHEHHOTO ollepaTopa Ompejie-
JIEH KOPPEKTHO.

1.8.4 CsoiicrBa onpeesnTess
(em. [1, cTp 42])
ITpennoxenune 7 [lycmv a,b € End(V), A, B € Mat(n, K), mozda

1. det(aob) = deta-deth, det(AB) = det A - det B.

2. GL(V) = {a € End(V)|deta # 0}, GL(n,K) = {A € Mat(n, K)|det A # 0};

3. det : GL(V) — K* — 20MoMOpPusm MYysvmuniukamueHvT 2pynmn.

4. det : GL(n, K) — K* — 20MoMOppu3m MysmuniukamueHvi 2pynmn.
OTMeTuM 0ueBU/HBIE, HO OUYEHb BAYKHbBIE JIJIsT IIPAKTUKU CBOMCTBA ONPEIC/INTEIS.
ITpensioxkenune 8 (cm. [1, I[Ipedaooicerue 3.3])

1. det A = det AT,

2. Onpedeaumens Mampuyvl, ¢ HYAEGBM CTOAOLOM (CPOKOT) paser Hyaw.

3. Bnauenue onpedeaumend ne MEHACMCA eCAl 00T cmpoke(cmoabyy) mam-
PUUDBL NPUOGBUMD OPY2Y10, YMHOHCEHHYIO HA YUCAO.

4. Onpedesumens mampuybl, 6 KOmMopoti ecmsb 06a NPONOPUUOHAALHBLL CTNOAD-
ya (cmpoku), pasen Hya0.

. det(Al,...,OéAi,...,An) :ozdet(Al,...,AZ-,...,An);

,ZLOKaBaTeJIbCTBO. Bcee YTBEP2KACHUA ABJIAIOTCA CJAE€ACTBUEM HOJNJINHEAHOHOCTHU
N aHTUCUMMETPUYIHOCTU OIIpeaeINTe A,
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1.8.5 Omnpenenanresib CTyNeHYATON MaTPUIBI

IIpennoxenne 9 Onpedesumens KAeMOUHO-MPEY2040HOT  MAMPUUD,  PAEEH
npoussederuro onpedesumenets duazonasvhoix baokos. T.e.

A *
det 0 B = det Adet B.

1.8.6 PasiioxkeHue oIpeIesinTelisi o CToJbny (cTpoke).
Onpenenenue 22 Munop mampuuv, MY . Arzebpauveckoe donoanerue.

ITpensioxkenune 10 [Tycmo B € Mat(n, K). Tozda

det B = ZbﬂAw ZbZ i

i=1

1.9 Marpuipl. Hacts 2.

1.9.1 O6parnasa marpuna. @opmynasr Kpamepa.

(em.[cTp.44] [1]) O6patumbie maTpurpt. Permenne cucrem metomom Kpamepa.

1.9.2 MuHOpPHBI!A paHTI MaTPUIbI.

(em.[eTp.45] [1])

1.9.3 O6parumbie maTpuribl. Ajredbpa marpuii. MaTpuvyHble YpaBHEHUS.

1.10 JIBoiicTBeHHOEe IPOCTPAHCTBO.

1.11

1.11.1 MHoro4JeHbl OT OIIEePaTOPOB

1.11.2 CoekTp olieparopa U XapaKTEpPUCTUYECKUII MHOTOYJIEH OllepaTropa

1.11.3 Cob6cTBeHHbIE 3HAUEHUSI 1 KOPHEBbIE MOAIIPOCTPAHCTBA JIMHEIHOTO omneparopa.

1.11.4 2XKopaamoBa dpopma JUHEHHOTO omeparopa.

1.12 BuuHelinble 1 KBaJIpaTudHbie GopMbl. EBKJIINIOBBI M 9PMUTOBBI ITPOCTPAaH-
cTBa.

[T cemecTp:
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2 Koabmno MHOTO4YJIEHOB.

2.1 PazjioxkeHue MHOTOWJIEHOB Ha HenmpuBoAuMble MHOXxkutesim. Jlemma I'aycca.
Kpurepwnit DitzeHmireitna

Muoro4sienbl 0T MHOTUX I€PEMEHHBIX: BbIpayKeHuEe CUMMETPHIECKIUX MHOTIOYJIe-

HOB dYepe3 3JjieMeHTapHble cuMMmeTpudeckne. DopMasibHble MTPON3BOIHBIE MHOTO-

YJICHOB U YUCJI0 KOPHell, Koneunble pa3HocTu. VIHTepnosaimonible MHOTOUICHDI.
Henpusoumbie MHOMOUIEHBI HaJT TTOJISAMU - 9P OEKTUBHAaS KOHCTPYKITHS.

2.2 Augroputm Bepiekammna paziiokeHusi MHOrodjgeHa Ha MHoXkuTemu.(2-ii ce-
MeCTp)

Asroputm BepiiekaMmiia pas/ioykeHns MHOIOUYJIEHA Ha MHOKUTENH. (y2Ke H3BEeCT-
HbI: KOHEUHbIE T10JIsI, O TIPOCTBIX 1 HEITPUBOJNMBIX 3JIEMEHTaX KOJIbIIA, Y2Ke HYKHA
JMHelHast ajarebpa U pasMepHOCTH TP-Ba PEIeHuil CUCTeMbl JIMHEHHBIX YpaBHe-
HIAiT )

Teopema 12 IIycmo f € Fylx] — mnozounren nososrcumenvrotl cmenenu n co
cmapuium Koahduyuermom 1.

1. Ecau mmozounen h € Fylx] ydosaemeopaem coomnowernuro h? = h mod f,
mo

aclF,

2. llycmo [ = fi1... fr, ede f; — nonapro padsuurvie nenpusodumvie MHO20-
YAEHDL CO CMAPUUM KodpPuyuernmom 1. B makxom cayvwae mroz2ourer h ydo-
saemeopaem coommuowenuro h? = h mod f mozda u moavko mozda, xozda
h(z) = a; mod f;, 2de a; € F,. IIpu smom xasrcdomy nabopy (aq, . .., ay) co-
omeemcmeyem poeno 0duH MHo204AeH h, cmMenens Komopo2o MenvuLe cme-
nexwu mMHozousena f.

2.3

OHGHK& qucJia HEIIPUBOANMDBIX MHOI'OYJICHOB Ha/Jl KOHE€YHbIM IIOJICM.

2.4 Teopema I'mibbepTa o HyJI5X, 0 6a3uce, 6a3uckl I'pebHepa 1 UX UCIIOJIb30BaHNE
B KOMITLIOTEPHOIi ajiredpe.

2.5 MHoro4jieHbl OT MHOI'AX IIepeMEeHHbIX: BbIpa>keHne CuMMeTpuIeCKuXx MHOI'O-
9JI€eHOB 4Yepe3 dJieMeHTapHble CMMMeTpu41ecKue.

Muoroujienbl OT MHOI'IX IepeMeHHbIX
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Omnpenesienne 23 Mnuozounen f(x1,...,T,) HA3OBAEMCA CUMMEMPUUECKUM,

ecau Oaa 1100600 nodcmanosku o € S, BVINOAHACNCA PABEHCMNEO

f(aja'(l)y <. 7$U(n)) = f(xla <. 7:[:71)'

OcHOBHBIM IIpUMEPOM CHMMETPHUYCCKUX MHOI'OYJIEHOB CJIyZ>KaT 3JJIEMEHTapHbIC

CUMMETPUYECKHE MHOTOUICHBl  O%(T1,...,Tp) = D i Tj -+ Ty, TJe
1 < k < n; Homoxkum o9 = 1, op(z1,...,2,) =0 upu k > n.

DjtleMeHTapHble CUMMETPHIECKIE MHOTOUICHBI MOXKHO 3a/IaBaTh C ITOMOIIHIO
Ipou3BOIsiiell hyHKIIH

o(t) =) opth =112, (1 + ta;).
k=0

Ecm zy,...,x, — KOpHH MHorowiena z” + a,_12" ' 4+ ... + ap, TO
_ k
O-k;<x17 e 7xn) - (_1) Ap—k-
Teopema 13 Ilyemv  f(x1,...,2,) —  CUMMEMPUYECKUT — MHO20YAEH.
Tozda  cywecmeyem — eduncmeennvili — muozovaer — G(Y1, ..., Yn), MO

flx1,...,x,) = g(o1,...,00).

3 Ilousa.

Koneunple 1oJ1s1, X HOPsJIOK, CYIIECTBOBAHUE M KOHCTPYKIWMK. [losie 4acTHDIX.
Paszyiozkenne parponaabubiX GyHKIMA Ha npocreitmme. Kakne-nubyab npejcras-
JIEHUsT TTPO PACHIHPEHNsT 110J1efi(ObIT0 BhIIIe)

4 DaemeHTHI Teopun Lasya.
5 Auredbpa KBaTepHUOHOB
6 O6o3naveHud

o Iyt muoxkectBa X | X| 0603HaUAET MOITHOCTH MHOKECTBA X .

e End(V) xosib110 9H10MOPMU3MOB BEKTOPHOTO MpOCTpaHcTBa, V.

o GL(V) = Aut(V) = (End(V))".
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