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,ZLI/ICerTHaH MaT€MaTHuKa 1 MaTeMaTH4deCKad JJOTUKa BBe,Z[eHI/Ie B MaTeMaTHU4I€CKYIO JIOTUKY

1. BBegeHnne B MaTeMaTUn4eCKYyIO JIOTUKY

1.1. IIpono3ununoHaJbHas JIOTMKA NCYNCJIEHUA BBICKA3bIBAHUMN
1.1.1. Onpenesennss u 6a30BbI€ MOHATUS

Onpedenerue 1.1.1.
AndaBuT — KOHETHOE MHOYKECTBO JIEMEHTOB, KOTOPbIE HA3BIBAIOTCS CHMBOJIAMH.
Hanpuwmep, ¥ = {0,1}, rae ¥ — andasut

Onpedenerue 1.1.2.
Crpoka (CJI0BO) — KOHEYHAs [TOCTIE[0BATEILHOCTH CHMBOJIOB.
3™ — MHOXKECTBO BCEX CJIOB JJIMHBI N. Bostee popmabio: Y™ = X X Y X -+ X X, rJ7Ie X2 TOBTOPEHO N
pas.
¥* — MHOXKeCTBO BCEX CTPOK, BKJIIOYas MycTyio. Bosee dopmasibro, L = | J X"
n=0
0 = {A} — nycroe cyoBo.
Onpedenernue 1.1.3. Bynesa dyukus: {0,1}" — {0, 1}

IIpumep 1. OyHKIMA TOJIOCOBAHUSA

I mitoet.. . to, 25

Maj, (z1,...,2,) = 0 e

IIpumep 2. OyHKIMS Y€THOCTU

1 2|5L’1+l’2+...+In

Partity (z1,...,2,) =
0 wunHave

Onpedenerue 1.1.4.
I'={zy,29,...,2,} — MHOXKECTBO IPOMO3UIIMOHAJIBHBIX TIEPEMEHHBIX.

Onpedenerue 1.1.5.
[Tpono3uimonaabHOi HA3LIBAETCA IIEPEMEHHAsI, BMECTO KOTOPO MOXKHO mojacrasuth 0 win 1.

Onpedenenue 1.1.6 (IIpomosunnonasnbras hopmysia).

1. IIponozurmonasibHas epeMeHHas

2. Ecim ¢ — 310 mponosunmoHaibaas hopMyiia, To «(¢)», «p»— ToKe MPONO3UNOHATBHBIE (HOp-
MYJIbI.

3. Ecnu ¢ u 1) — nmpono3uninonaibubie (GOPMYJIbI, TO «p V Uy, «p Ay, «) — ©» — TOXKe MIPOTIOo-
3UMMOHAJbHBIE (DOPMYJIBL.

MHO>!KeCTBO MPOMO3UITNOHAJIBHBIX (DOPMYJT — ITO MUHUMAJILHOE MHOXKECTBO CTPOK, KOTOpbIE 00-
JaJgaoT cBoiicTBaMu 1-3.

Onpedenenue 1.1.7 (Uurepnperanus dopmyn).
[:T 0,1}

®opmyita, comepkaiiasi B cebe n MepeMeHHbIX, 3a1aéT HeKOTOpyio Oyiey dynknuio {0,1}" —

{0,1}
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,ZLI/ICerTHaH MaT€MaTHuKa 1 MaTeMaTH4deCKad JJOTUKa BBe,Z[eHI/Ie B MaTeMaTHU4I€CKYIO JIOTUKY

1.1.2. IIpencraBaenue B Bujie KH® u JIH®. [lorssTe 3KBUBBIITOJIHUMOCTH

Onpedenerue 1.1.8.
JIurepasn — ymubo nepemenHasi, b0 e€ orpunanue. | = xr wian [ = —x

Onpedenerue 1.1.9.
KOoHBIOHKT — KOH'BIOHKIIAS HECKOJIBKHUX JIATEPATOB. ¢ =1 Alg A ... ANl k>0

Onpedenerue 1.1.10.
U3 bIOHKT — AU3BIOHKIINA HEKOJbKUX JUTEPaAJIoB. d =1 VioV ... Vi, k>0

Onpedenerue 1.1.11 ([nzbrorkTuBHas HOpMaJbHast GopMa).
JH® — mu3boHKINA HECKOJIbKIX KOHBIOHKTOB. ¢1VeV ... Vg, k = 0

Onpedeaerue 1.1.12 (KonbroukTuBHasi HOpMasbHast Ghopma).
KH® — KoHBIOHKINS HECKOJBKUX AU3BIOHKTOB. diAdsA ... Ady, k > 0

Teopema 1.1.1.
JIiobast 6ynesa dyuknus npencrasuMma Kak B Buje JJTHD, tak u 8 KHO.

HoxkazarenbcrBo. Paccmorpum naper € {0,1}", f(z) Hdna kaxmgoro x takoro, uro f(x) = 1,
3ammIneM HabOp 3HAYEHU & B BUJIe KOHBIOHKTA. T0T/1a U3 bIOHKINS TAKIX KOHBIOHKTOB OyIeT JTaBaTh
JH® 1.x. kaxplii Habop, 1yist Koroporo f(z) = 1, BBIIOJIHATCS [0 CBOEMY KOH'BIOHKTY, a Te X, JJIs
koTopbix f(x) = 0, bopmMyJia HE BBIIOJIHUTCS, T.K. KOHBIOHKTBI 3a/[aHbI CTPOTO.

Ananornuno nius KH® Bossmem kaxkpiit € {0,1}" @ f(z) = 0, 3anumeM Bce MHBEPTUPOBAHHBIE
3HAYEHUd T B BUJIE IU3bIOHKTA. VI3 mosryyuBmmxcsa qu3bIOHKTOB moryauM KHO. L]

Onpedenerue 1.1.13.
JIBe (byHKIMM 9KBUBAJEHTHDI, €CJIM 33/IAI0T OJIMHAKOBYIO Oy/IeBy (DYHKIHIO.

HpI/IMep 9KBHMUBAJIEHTHOCTMN.

l.x—=y~—-aVy

2. =(x Vy) ~ -z A -y (IlpaBuno ge Moprana)
3. (x Ay) ~—xV -y (Ilpasusio me Moprana)
4. xN(yVae)~zAyVeAz

Aaropurm nipuBesienusa dpopmyiibl B JTHD.

1. 36aBisgemcss OT UMILIAKAIIAI
2. IIponocum Bce oTpUIaHUS K IT€PEMEHHBIM
3. PackpwiBaeM 1o JucTpuOy TUBHOCTH
AnropurMm nipuBesiennsa popmysibl B KH®.
1. HaBecurs orpunanue
2. Ilpusectu B JTHD
3. Emgé pa3 orpunanue. 1o nmpasuny ge Moprana moyduM KOHBIOHKITHIO.

Onpedenerue 1.1.14.
dopMysia BBITOJHAMA, €CJIM 1 MHTEPIpeTalns, B KOTOPOil €€ 3HaYeHne — MCTUHA. B mpoTuBHOM
ciaydae pOpMyJIa HA3bIBAETCsSI HEBBITOJTHUMON MJIM IPOTUBOPEUNBOIA.

[nmaBa #1 2 u3 40 Aprop: IlIeenosa Anna



,ZLI/ICerTHaH MaT€MaTHuKa 1 MaTeMaTH4deCKad JJOTUKa BBe,Z[eHI/Ie B MaTeMaTHU4I€CKYIO JIOTUKY

Onpedenerue 1.1.15.
TaBrosiorusi — UCTUHA [IPU BCEX MHTepIpeTanusx (€€ OTpUIaHue HEBBIIOJIHIMO ).

Ilpumep. ©z —

3amevarue.

B JIH® odyenb mpocTo npoBepuTh (POPMYJIY HaA BBITOJHUMOCTD: JJOCTATOYHO MPOCTO IMOCMOTPETD,
CyIIECTBYET JIM TAKOIl KOHBIOHKT, 9YTO B HEM OJHOBPEMEHHO HE IPUCYTCTBYIOT OTPUIAHUE U yTBEP-
JKJICHUE OJIHOW M TOW 2Ke NEePEMEHHOMN.

Onpedenerue 1.1.16.
JIBe (bopMyIIBbI ¢ U 1) HA3BIBAIOTCSI SKBUBBIIIOJTHUMBIMI, €CJTH (0 BBITIOJTHIMA TOT/Ia W TOJIBKO TOT/IA,
KOT/1a 1) BBITIOJIHUMA.

1.1.3. Teopema o npuBegeHuu (popMyJibl B SKBUBBIMOJIHUMBIN eit KH®

Teopema 1.1.2.
CymectByeTr 3 PEeKTUBHBIA aJITOPUTM, TO3BOJISIONINANA TPUBOIUTH (POPMYILY B SKBUBBIITOTHUMBII
eit KHO.

lokazaresbcTBO.
JlokazaTebCTBO JIETKO CJIEIyeT U3 TMOCTPOeHus. dTOOBI TOKA3aTh OCHOBHOI ITPUHITUIT IIOCTPOEHNS,
npusesem npumep: TODO Kaprunaka

ITpumep. Ob6o3HAUIMM KAXKIYIO BEPIIUHY HE-OyKBY 3a JIOI IIEPEMEHHYIO t;. 3aBe/ileM CHUCTEMY ypaB-
HEHUI:

(1o =t V 15
tiL=xVz
t3 = ity
ts =2 Nts
ts=xVy
[t =1

OueBnIHO, 9TO €CJIM TOJyYeHHAs CUCTEMa MMeeT peIleHue, TO M MCXOAHas (POpMysia UMEeEeT pe-
mieHne U Haobopor. 3ameruM, 4To T = y» ~ K(z Ay)V (-x A —y)», TOTIA, 3aMEHUB 3HAKU «=»
Ha 9KBUBAJEHTHYIO UM (POPMYJIY M 3HAK CUCTEMbI HA KOHBIOHKIIAIO MEKJy BBIPAYKEHUSIMU CUCTEMBI,
nostyauM dopmysny B KHD 3kBUBBIIOTHUMYIO MCXOJTHOM. ]

1.1.4. MeTopa pe3oJironmii

YrBepxkaenue 1.1.3.

[IycTh ecTh mu3bIOHKTHI dy,ds, . . . ,d,,, TOTJA, €CJN €CTh 2 IU3bIOHKTA, KOH(MJIUKTYIOIIHNE POBHO 110
OJTHO IIepeMeHHO I, U3 HUX MOXKeT OBITh BBIJEJEHA €Ié OHA JIU3bIOHKIN: U3 HOChLIOK ' V C' u
—x V B nony4daercsa 3akgaodenne C'V B. B mgajipHeiineMm Oy1eT UCIOIB30BATHCA CJIeAyomast hpopma

BAIINCH:
xVvVC, -xVB

CVB

Tenepb, €CJIN €CTb MHTEePIIpETald, BbIIIOJIHAIOIIIaA obe IIOCBIVIKKX, TO OHa 6y,£[eT BBIIIOJIHATD U 3aKJIIO-
qeHue.

[nmaBa #1 3 u3 40 Aprop: IlIeenosa Anna



,ZLI/ICerTHaH MaT€MaTHuKa 1 MaTeMaTH4deCKad JJOTUKa BBe,[[eHI/Ie B MaTeMaTHU4I€CKYIO JIOTUKY

dokazaresbcTBO.

JeiicTBuTeIbHO, TOCMOTPUM Ha TO BBIpaykeHue, Koropoe y Hac 0b110: (xV C) A (-2 V B) Ilycts
x = 1, TOorja MmepBbIil MU3BIOHKT BBITIOJHAETCS Cpa3y, a BO BTOpoM B — uctuaa T.K. —x = 0.
HYCTB r = O7 TOT'la B II€EPBOM JU3'BbIOHKTE UCTHUHA — , & BO BTOPOM BBIIIOJIHACTCA —X.
Ms1 xoTesn JoKa3aTh, YTO IPU HAJIMYNNA WHTEPIPETAIUY JIJIs BbIparXkKeHus Bblie, Boipaxkenue C'V B
TOKE BBIOJTHUTCS. V3 CKa3aHHOIO BBIIIE 3aMETHM, YTO 9TO JICHCTBUTEIBHO TaK. O

Onpedenerue 1.1.17.

Peszosrorimonnoe ompoBepkeHne — 3TO MOCJIEI0BATEIbHOCTD IU3bIOHKTOB dy,ds, . . . ,d,, ], Toe d; —
9TO JINOO U3 BIOHKT (POPMYJIbI, KOTOPYIO MbI OIIPOBEPTaeM, JTUOO TUIBIOHKT, MOy Y€HHBIH 0 TPaBUILY
pesostionnu, a [ — mycroit T3 bIOHKT (HEBBIITOJIHIM).

Teopema 1.1.4 (0 KOPPEKTHOCTU METOJA PE3OITIONHIA).
Ecnu y dopmyiier ¢ B KH® ectb pe3ostioninonaoe onpoBepzkerune, To opMysia HEBBIITOJHUMA.

Jloka3aTesbCcTBO.

[Iycts p BoImOHUMA, [ — BBIIOJIHSIONIAS HHTepIIpeTalys. Toraa mo JonyeHHoOMYy yTBEPKIEHUIO,
I BbIIOJIHSET BCE JIU3BIOHKTHI U3 OIMPOBEPXKEHWSI, HO IIYCTON U3 BIOHKT BBIMOJHATH HEBO3MOXKHO.
[IpoTuBopeune. [

Teopema 1.1.5 (0 10JIHOTE PE3OJIIONHIA).
Ecin bopmysia HEBBIIOJHUMA, TO JIJIs HEE CYNIECTBYET PE30JIIOIMOHHOE OIIPOBEPKEHNE.

HdokazareabcTBo. VHAYKINSA 110 YUCTy TEPEMEHHBIX 7.

baza:
L 5
n =
0O
Ilepexom n — n + 1:
[TycTs Tenepsb ecTh HeKOTOpasi popmyma ©(T1,xa, . .. ,Tne1) B KH®. Paznennm Bce €€ Au3bIOHKTHI Ha

3 IpyHIBL:

1. S; — comepxkamue 1
2. Sy — comep:Kalme

3. Sy — He comepzKalue HA T, HA 1.

Pacemorpum ¢[zq := 0]. Bce tu3bIOHKTHL So BBIOJHWINCH, BCE JUIBIOHKTHI B 57 U30ABJISIIOTCS OT
x1, S3 HUKAK HE U3MEHWJIUCH. 110 MHIYKIIMOHHOMY IPEIIIOJIOKeH0 y @[z := 0] ecTh pe30/ronuoHHOe
OTIPOBEPIKEHUE, BBIMUIIIEM €ro. 3aMeTUM, YTO B IOJIYUUBIIEMCS OIIPOBEPXKEHUHN HET KOHMJIUKTOB IO
IepeMeHHo 1 u BepHeM 1 = () 0OpPATHO BO BCE JU3BIOHKTHI OMPOBEPIKEHUS, IPUHAJIEIKAIINE Sy
(n pesyabTupyIoIHe OT HUX). Tenepb KOHEUHBIH AU3BIOHKT TAKOTO OMpPOBepKeHust oo [, 1mbo x.
Ecnu U, To yTBep)ieHNEe M0Ka3aHOo. Ecim »Ke o1, TO MPOJIOJIZKUM JIaJIbIIIe.

Pacemorpum Temeph [z = 1|. AHaJOrMYHO citydaro BbIiie, Se BBIIOJHATCS, S; M36aBATCA OT
—x1, S3 ocranercsa 6e3 mamenenunit. [lo muayKIMu, y nogydusiieiics (GOpPMYyJIbl €CTh OIIPOBEPIKEHIUE.
Breimuimem ero, jo6aBuM B HEOOXOAUMbIE U3 BIOHKTHI —71. [lo/iydnM KOHEUIHBIM U3 BIOHKTOM JinOo [,
6o —x1. Ecau ) To yTBepKaeHue TOKa3aHO, €CJIn —x1, TO U3 CJIydas BbBIIIE HAIE OIIPOBEPXKEHUE

TaKKe COJEPIKHT T1. “=t. O

Caedcmeue Aazopumm das nposepru evinoarumocmu gopmyast 6 2-KHD.
Dopwmyiioit B 2-KH® 6ynem nassiBats hopmyrny B KHO, B kKaxK10M IU3bIOHKTE KOTOPOii He H0s1ee
2-X JIUTEpaJIOB.

AIII‘OpI/ITM 3aKJ/II09a€TCd B CJIEAYIOIIEM:
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,ZLI/ICerTHaH MaT€MaTHuKa 1 MaTeMaTH4deCKad JJOTUKa BBe,Z[eHI/Ie B MaTeMaTHU4I€CKYIO JIOTUKY

1. Tloka u3 TekyIero Habopa JUIBIOHKTOB MOXKHO MOJIyYUTH HOBBIE:

(a) Ilepebparh Bce mapbl U3 HIOHKTOB.
(b) TIpuMeHUTH PE30IONMIO K TEM T1apaM, ¢ KOTOPBIMU MOYKHO TaK JIeJIaTh.

(c) Ecnu B pesysbraTe MOsIBUJICS KAKOW-TO JU3BIOHKT, KOTOPOTO /IO 9TOTO HE OBbLIO B HAIIEM
OIPOBEPKEHNH, TPUIIUCATH €TI0 B KOHET],

(d) Ecsm srum pusbronkToM okasasics U, To jpannas Ham (GhOpMyJia HEBBITOJIHAMA

2. Ecnu B niporiecce BBITIOJIHEHUsI OIEPAITUil BbIIIE Mbl HE O0OHAPYKUJIH, 9TO (pOpMYyJIa HEBBITIOIHU-
Ma, 3HAYUT, OHA BBITTOJTHUMA.

Haiinem Tenepnb O1eHKY Ha KOJMYECTBO JU3IBIOHKTOB B OMPOBEPKEHUU. 3aMETUM, 9TO TPU ITPUMEHE-
HUW PE30JIIONNN, MbI B XY/IIIEM CJIydae CO3/aJIMM HOBBIN JU3BIOHKT U3 He 0oJiee YeM 2-X JINTEPAJIOB.
3HAYUT, OIEHKA CBOJUTCS K KOJMYECTBY BO3ZMOXKHBIX JIUIBIOHKTOB U3 He Oojiee UeM 2-X JIUTEePaJIOB.
Takux Oyzer < 2n % 2n, rae n — KOaMIecTBO mepeMeHHbIX. (MbI mblTaeMcst TakuM 06pa30M HMOCTa-
BUTH KaKJ/IyIO IEPEMEHHYIO B Mapy C KaKJIOW; MHOXKUTEJH 2 MOSBUJINCH W3-33 TOTO, YTO KaXKJIas
nepeMeHHasi MOXKeT ObITh [IPeJICTaBIeHa KAK CBOUM yTBEDXKJIEHUEM, TAK U OTPUIAHUEM ).

1.1.5. /IepeBo moucka IIpoOTHUBOpPeYnin

Onpedenerue 1.1.18.

[Iycts umeercss Hexkoropas dopmyna ¢. Torma mepeBo TpoTUBOpeUnit Jjisi HEE — ITO KOPHEBOE
OuHapHOE JIepeBO, KaxKJasd BEPIINHA, KPOME JINCTHEB, KOTOPOTO ToMedeHa nepeMmeHHoil. Torma ot
BEPIIUHBI, TIOMEYEHHOW MEepeMEeHHOU ¥, OylIeT HMCXOIUTh 2 pedpa, B OgHOM u3 KoTtophix r = 0, a
B sgpyroMm x = 1. KaxKJpIil »Ke JIMCT TAKOro JiepeBa MOMeYeH JIU3bIOHKTOM (DYHKIUHU ©, KOTOPBIi
OIIPOBEPraeTCs MOJICTAHOBKOM MepEeMEHHBIX TTPONIEHHBIX Ha IIyTH OT KOPHs JI0 JucTa. Takum odpa3om,
IpOXo1, 10 Pebpy TAKOro JiepeBa SKBUBAJEHTEH MOJCTAHOBKE IMEPEMEHHOM, a KaXKJIbIil JIUCT TAKOIrO
JIepeBa COJIEPKUT B cede MU3BIOHKT, KOTOPbI TaKas MOJACTAHOBKA OITPOBEPTAET.

IIpumep 1. p =y A (zV-yVz)A(zV-z)A(-x Vi) A-t TODO Kaprunka
ITpumep 2. TODO Kaprunka

Teopema 1.1.6.
[To mr060omMy nepeBy nporuBopeunit popmysanl ¢ B KH® M0OKHO MOCTPOUTH PE3OJTIOIIMOHHOE OTIPO-
BEpKEHUE, pa3Mep KOTOPOro He MPEBOCXOIUT YHMCJIA BEPIIUH B JIepeBe MIPOTUBOPEYUIA.

Jloka3aresbCcTBO.

Bynem cumrTarh, 9TO BO BHYTPEHHUX BEPIIMHAX JEPEBA HUKAKON JU3BHIOHKIIUN HE OIPOBEPraeTCs
(To ecThb J0bast BEPIIMHA, JJisi KOTOPO yKe KAKON-TO JIM3BIOHKT HE BBIMOJHUICS — JiucT). Torya
UHAYKIUA 110 pasMepy JdepeBa:

Baza: [, gepeBo u3 onuoit Bepiunbl. Pe3osonmontoe omposepzkenne odeBuaao. [lepexom: < .5
BepruH — S + 1.
Paccmorpum Tekytee nepeBo u3 S + 1 Bepmmabl. Haiimem B HeM 2 cambIX TUIyOOKHMX JIUCTa C 00-
muM poauTeseM. Pas 9To aucTel, TO JleTeil y HuX He Oy/JeT, 3HAYUT, B HUX OIIPOBEPTalOTCA KaKHe-TO
J3bIOHKTHL. [lycTh /1JTst OJTHOTO JiCTa OmpoBepraeMblii Tu3blOHKT — A V x, a misa apyroro — —x V B,
rje T — IepeMeHHasl, 3allUCaHHas B UX pojurese. Toraa 3aMeHUM JINCThsI Ha UX pe3osornuio AV B,
YMEHBIIIUB TAKUM O00pa30M KOJUYEeCTBO BepiinH B rpade Ha 2. [lo mpeanosoKeHnio WHIyKIHT, i1
JiepeBa C KOJMIEeCTBOM BepInH < S, BCe YCJIOBUS BBIMOJHSIOTCS, TO €CTh JIJI TOJIyIeHHOTO JepeBa
CYIIECTBYET PE30JIIOIMOHHOE OnpoBepKenne ymubl < S — 1. Temepb 3aMeTumM, 4TO MBI TOJBKO 9TO
COIIOCTABUJIM KazKJION N3 BRIOPAHHBIX BEPIIUH-JINCTHEB 10 JU3IBIOHKTY, 3HAYUT, JJINHA OMIPOBEPXKEHUS
JIJIST UCXOJTHOTO JiepeBa < S + 1 O
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IIpumep. TODO Kaprunka

1.2. Bouee ciioxkHbIE cIOCOOBI 33j/IlaHUs OyJieBbIX (PYyHKIIIA

[Tycts ecth HeroTOpas dyukuus f : {0,1}" — {0, 1}. CymmecTByer MHOXKECTBO CIIOCOOOB €€ 3aru-
CaThb. Hepqu/ICJII/IM HEKOTOPbIEC N3 HUX B IMOPAJKE HEBO3paCTaHUA AJIUHDBI:

1. Tabaumna ucruHHOCTEH

2. JlepeBbs pereHuii

3. ®opwmyset B JIHO u KHO

4. Ilponozunronaabubie OPMYJIbI

5. Bersamasica nporpamma (Ordered binary decision diagrams)

6. Cxembl 13 PYHKIIMOHAIHHBIX 3JIEMEHTOB

1.2.1. depeBo pemnieHuit

Onpedenerue 1.2.1.

TODO Kapruuka JlepeBo perenuii — 9370 OMHAPHOE IePEBO, KaXKasl BHYTPEHHsIsI BEPIITUHA, KOTO-
poro nomevena nepemennoit. VI3 Kaxk1oit BHy TpEeHHEH BEPITUHBI UCXOIUT 110 2 pedpa, OJIHO U3 KOTOPHIX
nomeveHo 0, a ipyroe — 1, 9T TOMETKH COOTBETCTBYIOT 3HAYEHUSIM [IEPEMEHHON B BEPIIINHE, KOTOPHIE
MBI [IPUCBAMBAEM €ii BO BpeMsi CIrycka 110 JiepeBy. ([la, jpepeBo perenuii neficTBUTEIBHO OU€HD TIOXOXKE
HA JIEPEBO [IOUCKA TPOTUBOpeYnii). JIMCThs Ke TaKoro JiepeBa MOMeYeHbl 3HAYCHUSIMU U3 MHOXKECTBA
{0,1}.

Torpa, jiy1g TOrO, YTOOBI BEIYUC/IUTD 3HAYEHNE (DYHKIIMY HA TAKOM JIlepeBe, Mes HaDOP apryMeHTOB
{z1,x9,...,2,}, HEOOXOAMMO CITyCKATHCS BHU3 IO pebpaM, COOTBETCTBYONIM 3HAYEHUSIM apryMeHTOB,
JIO TeX TOp, MOKa He Oy/IeT JIOCTUTHYT JUCT. SHAYEHNE B JINCTE U €CTh 3HaYeHne (PyHKIINN.

Ceoticmesa.

1. Inybuna nepeBa d — MaKCUMaJIbHOE PACCTOSHUE IO pedpaM OT KOPHS JIO JIUCTA.

2. MunumaJibHast 110 BCEM BO3MOXKHBIM JIEPEBbsIM TJIyOUHA JepeBa — 3allpocoBasi CJIOKHOCTH ITOM
dbyukmmu (query complexity).

3. Pa3zMmep zepeBa — KOJIMYECTBO BEPIIUH B HEM.

IIpumep 1.
f=x1+xo+ ... +x,mod 2. ¥V Takoit GyHKINK JIEPEBO PEIIeHnii — ITOJIHOe OMHAPHOE JIEPEBO TIyOu-
bl n. OHA JO0CTATOYHO OOJIbINAs KaK 0 pa3Mepy, Tak U 10 TJIyOuHe.

IIpumep 2.

f = xAxaA ... Ax,. B oTiimdane oT npeablIyInero mpuMepa, pa3Mep JepeBa perreHuil Jijis Takoi
dbyskmu B pa3sl MeHblie (monpobyiiTe moCYUTaTH, Y€MY OH PAaBEH), HO IJIyOUHA BCE eIrg .
HaBaiiTe moiMEM, YTO IJIyOMHA JIEUCTBUTEIBHO N. B TaKuX CirydasX MOXKHO IPUMEHUTH METOJ, PO-
TUBHUMKA, KOTOPBIH 3aKII0IAETCS B CJIEIYIOIIEM.

[TycTh ecTh HAGOD MEPEMEHHBIX {T'1,T2, . . . ,&, } ¥ GyHKIHMA f. [IBa uenoBeka urpatot B urpy. Oamx
U3 HUX IBITAETCH OTTaJIaTh 3HAYECHUE 3aJaHHON (DYyHKIMN Ha HAOOpEe IMEepPEeMEHHBIX W B CBOM X0/ MO-
JKeT y3HATh 3Ha4YeHue JII000i U3 HUX, HO TOJIBKO OfHO#. Ero 3ajaya — MUHUMU3UPOBATH KOJTUYIECTBO
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3a1pocoB. BTOpPOil Ke 4eI0BEK MBITAETCS OTBEYATh Ha 3aIIPOChI IEPBOTO UI'POKA TAKUM 00pa30M, ITO-
ObI TOT KaK MOXKHO JIOJIbITIE HE 3HAJ OTBeTa. 10 eCTh B KaXKJbIi MOMEHT BPEMEHU BTOPOI UI'POK
IPUIYMBIBAET MaKCUMAJbHO BBIT'OJIHOE JIJIs HEI'O 3HAUYEHUE TI€PEMEHHOM, KOTOPYIO y HETro 3aIllPOCUJIN.
MakcuMaJibHOE KOJTMYECTBO 3aIlpOCOB, KOTOPOE B TAKOW WI'PE NMPUIETCA CJIe/IaTh IIEPBOMY UTDOKY, U
€CTb IJIyOuHa, JIepeBa peleHuii.

[TocmorpuMm Temnepb, uro Gyaer npoucxoauth, ecau Hama dyHkinus — AND (IIpumep 2). Torma
BTOPOMY UTI'POKY BBINOJIHEE BCEIO KayKJIbIil pa3 oTBedaTh 1%, a KOT/ia HeM3BeCTHAasl ITepEMEeHHas OCTa-
HETCsI BCEro OJIHa, BHIOUpATh J1i000e 3HadYeHue. Toria 3Havdenre Takoi MyHKIMU MOKHO OyIeT y3HATh
TOJILKO Y3HaB 3Ha4YEHUs BCeX repeMeHHbIx. OTCIo/Ia U moJiydaeM, 9TO IIyOuHa JiepeBa perieHuil He
MEHBIIIE N.

1.2.2. BerBsmasica rmporpaMmma

Onpedenerue 1.2.2.

Berssimasicst mporpaMma mpeJicTaBiasier coboit OpueHTHPOBaHHbIN arukandeckuii rpad (directed
acyclic graph). B Takux rpadax Bcerja ecTb BepIIUHBI, B KOTOpble HeT pebep (OyeM Ha3bIBaTh MX
BXOJIAMH) ¥ BEPIIUHBI, U3 KOTOPbIX HE MCXoAuT pebep (Oymem HasbiBaThb ux Bhixogamu). Taxum 06-
pa30M, BETBSINAsICS MpOrpaMMa — 3TO oprpad 06e3 1ukJoB ¢ 1 BXogoMm u 2-Ms Bbixomamu. [Ipu srom
OJIMH BBIXO/I ToMedeH «1», a apyroit — «0». Kaxknas BepimHa KpoMe BbIXOI0B ITIOMeYeHA TIEPEMEHHOA,
13 KaXKJI0M BEPIIMHBI UCXOAUT POBHO 2 pebpa, IPOXO/ IO OJIHOMY U3 KOTOPBIX SKBUBAJIEHTEH MPUCBO-
€HUIO TIEPEMEHHOII B MCXO/IHOW BEPIIMHE 3HAYCHUs HYJIs, a ApyToil — eaunuIpl. (MoxKHO cKazaTh, 9TO
BETBSIIIAsICsI TPOTPAMMa — TO [IPOCTO Takoe czkaroe jepepo pemennii). TODO Kaprunka

Onpedenerue 1.2.3.
PaSMep BeTBHH_IeI';ICﬂ IIporpaMMbl — 9TO YMCJIO BEPIINH, HE ABJIAIOIMNXCA BBIXOJaMU.

Teopema 1.2.1.
st jtr060it hopMy bl pa3Mepa S CYIIeCTBYeT BETBSIAsCd IIporpaMma pasmepa < S, KoTopas
CUUATAET Ty 2Ke (DYHKITHIO.

Jloka3aresbCcTBO.
JlokazaTebCTBO 10 WHLYKITAH.

Baza: ¢popmyna uz omguoro ssiementa. TODO Kaprunaka
[Tepexom: mycTh €CcTh HEKOTOPbIE (DOPMYJIBI (0 U 1), KOTOPBIM COOTBETCTBYIOT BETBSIIMECS CXeMbl A u
B. Torma monpobyem MOJIyInTh U3 HUX BCEBO3MOXKHBIE KOMOMHarmu. [lycTs HaM HykKHA cxema Jiis
dopmysbr —p. YTOOBI €€ Moy InuTh, JOCTATOIHO BCETO JIUIIb MOMEHSITh 3HAYEHUST HA BBIXOIAX CXEMbI
A. Ha mpumepe omeparuit V u /A mOKazkeM, KaK CTPOUTH CXeMbI 1 V ©, 1) A ¢, 9TOOBI COOJTIOIAINCH
ycaopus Teopembl: TODO Kaprunka ]

1.2.3. Cxembl n3 (pYyHKIIMOHATIBHBIX 3JIEMEHTOB

Onpedenerue 1.2.4.

Basuc npejcrasiisieT coboit KoHeUHbI HAOOP OY/IEeBBIX (DYHKINI, Yepe3 KOTOPbIe MOYKHO BbIPA3UTH
Jo0yio OysieBy dyukimio. Takum obpazom, jirodast OyJsieBa pyHKIMS OyIeT ITpeCTaBIeHa KOMIIO3U-
nueit dpyukiuit 6asuca. nade roBopsi, sjeMenT Oasuca MpeacTaBisieT co0Ooil HEKOTOPYIO (DYHKIIUIO
f : {0,1}" — {0,1}, BXOmbI KOTOpOI HPOHYMEPOBaHBI (IIPOHYMEPOBAHBI <> MOPSIOK apryMEHTOB
UMeeT 3HAUEHVE).

Onpedenerue 1.2.5.
Cxema u3 (QyHKIMOHAJIBHBIX 3JIEMEHTOB 6a3uca B — 9TO OPUEHTUPOBAHHBIN AIUKJINIECKH rpad,
BXOJbI KOTOPOI'O IIOME€Y€Hbl IIEPEMEHHBIMMU. Ka.)K,Z[a.H BepHIirnHa, KpoOM€ BXOJ0B, ITIOME€Ye€Ha KaKHUM-TO
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asemenToM Oazuca. Kcu Bepinna nomedena yHkIimeir apHocTu k, TO B He€ BXOJIUT POBHO k pebdep
u ouu npouymepoBanbl. TODO Kaprunka

Ceoticmeaa.

1. Tyrybuna cxembl — IyTh MAKCUMAJILHOM JIJTMHBI OT BEPIITUHBI-BX0/IA 0 BEPIIMHBI-BBIXOIA

2. CymecrByer pasbuenne Ha ypoBHU (ypPOBHSIMU OyJIeM HA3bIBATH MHOXKECTBA BEPIIUH, HAXOJIs-
MIUXCA HA OJHOM TuryOuHe). [IpudeM, cxeMbl, pACIOIOXKEHHBIE HA OJHOM YPOBHE, MOYKHO BBIIIOJI-
HATH MapaJIIe/IbHO.

3. Sizep(f) — pasmep Kparuaiiieii cxembl 6asuca B, Bbraucisoneil GyHKuo f, rie pasmep
CXE€MBbI — 9TO KOJIMIECTBO BEPIIUH.

Teopema 1.2.2 (06 5KBUBaJIEHTHOCTH 6A3UCOB).

[Tycts A, B — 2 6a3uca. Torga Je : Vf — Gynesa dyukius Sizes(f) < ¢- Sizeg(f). Nnave roso-
ps, YTBEPKJIAETCsI, YTO MUHUMAJIBHBIE PA3MEPDBI CXEM, BLIUUC/ISIIONIMX OJHY U Ty Ke (DyHKIUIO, HO
IIOCTPOEHHBbIE Ha Pa3HbIX 0aszucax, Oy/IyT paBHBI C TOYHOCTHIO J0 KOHCTAHTHI.

Jloka3aresbCcTBO.

ITycrs A = {gikl), gg”), o gflk")}, rie gi(ki) — k;apnag dynkuua. Torma, Tak Kak mjs J1o60ro
0a3nca BEpPHO, UTO C IMOMOIIBIO €r0 JIEMEHTOB MOXKHO IOJIyYUTH JIOOYI0 OyJieBy (DYHKIIUIO, TO U C
ITIOMOIIIBIO JIEMEHTOB B MOYKHO TOJIyYUTD JIFOOYIO gi(ki). [Iycts C1, Cy, ..., ), — CXeMbl, COCTOAIINE U3
asieMeHTOB bazuca B u C; ~ ggk"). Tornma BozbMem cxemy Oasuca A 000t DyHKIMU f U 3aMEHUM B
Heil Bce 3jieMeHThI H6a3uca A SKBUBAJEHTHBIMHU CXeMaMu . TakuM 0O0pa30M, Mbl HAYJHJIUCh CTPOUTH
CXeMy TI0 Hy2KHOMY HaM 0a3ucy, mMesi TOTOBYIO CXeMy I10 JIIOOOMY IPyroMy 0asucy. 3aMeTuM Telephb,
9TO TMOCKOJBKY HCXOJIHbIE HaOOphI 0A3MCOB KOHCTAHTHBI, W J00asd (PyHKIUs Oa3uca IpejacTaBuMa
B JIpyroM 06a3uce C MCHOJIb30BAHWEM KOHEYHOI'O YHCJIa BEPIIWH, TO Mbl U3MEHUJIM pa3Mep CXEeMbI B
xyameM ciaydae B max(|C;|) pas. O

Teopema 1.2.3 (0 pa3smepe KpaTdaifieil cXembl).

V 6asuca B 3¢ = const > 1 :V n 3 f:{0,1}" — {0,1} : Sizep(f) > %.. Bouee Toro, takoe
2. 4acTO MOXKHO JjazKe sIBHO Npelbsasuth. (Ecim or6pocurs Bee HuCIIa, MOXKHO 3aMETUTH, UTO ITO
YTBEPKJIEHHE O TOM, UTO He CyIIECTBYeT 6a3uca TAKOro, YTO Pa3Mep MUHUMAJIBHON CXeMBbI JjIst JII00O0IT

dbyHKIIMYU HA 3TOM 6a3KUCce MOYKHO OTPAHUYUTDH CBEPXY KAKUM-TO UUCJIOM )

JlokazaresbcTBO.

Jlst Hauasa moiMeM, UTo pa3 B 3aBUCHMOCTH OT 6a3uca pasMep CXeMbl MEHSETCs BCEro JIUIIb Ha
KOHCTAHTY, TO HAM JIOCTATOYHO JOKA3aTh YTBEPXKJEHNE JJIsi KAKOr0-TO KOHKpeTHoro 6asuca. Torma
nycrb B = {|»} (| — crpenka Iupca, z | y = =(z V y)).

Hayunmcs Tenepb npeicTaBisgTh cxeMy B Buje OuToBoit crpoku. [lycTh B Hatmmeit cxeme n mepeMeH-
HBIX 1 S BepmuH. Torma ecjiim IpoOHyMepoOBaTh BCE BEPIIUHBI, TO KasKIbIIi HOMEpP OyIeT IpeICTaBUM B
Bue OUTOBOIT cTpouku mauHbl He 6osee log S. Torma OymeM KOAMpOBATH BCE BEPIUHBI, KPOME IIepe-
MEHHBIX T1apoii HOMEPOB BEPIIINH, U3 KOTOPBIX B TEKYIIYIO BEPIINHY BeeT pebpo (mapoii T.K. crpeska
[Tupca umeer apuocts 2). Takum o6pa3om, cxemy U3 S BEpIIUH MOXKHO [IPEJICTABUTH B BUJIE GUTOBOM
CTpOYKHM JIUHBL He Oosee dS'log S, rue d — Kakas-To KOHCTaHTa (T/1e-TO HAM IIPUJIETCS YMHOXKUTH HA
2, TaK KakK KaK/IyI0 BEPIIUHY MbI KOJWPYEM Mapoii, IIe-TO eIé YTO-TO, HO IO CMBICIY 9TO IIPOCTO
KaKasi-TO KOHCTaHTA).

[Tocuuraem Teneps gucio OyseBbix dyukmii Takoro Bujga: f : {0,1}" — {0,1} (momuuM, y HAaC
BCEro N MepeMeHHbIX Ha Bxoje). Takux dynkmuit 6yyer seero 22 (2" BO3MOKHBIX GHHAPHBIX CTPOYEK
JUIAHBI 1, & eI KarXKJLyI0 TaKyl CTPOYKY HAM HYKHO CONOCTAaBUTH 1 min () ¥ IOCYUTATH KOJTMIECTBO
TaKUX CONOCTaBJeHuUit; mosydaercs 22°).
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o 2’VL
Teneps mocumTaem KosmdecTso OyneBbIx dyHKmmii pasmepa < =, (D < ¢). I3 mammcannoro
D¥ log< < DEr =DZ. O
BBIIIIE, KaXK/1yl0 TAKyt0 (DyHKIMIO MOXKHO TIPEJCTaBUTh B Buje D=-log == < D= = D=-. Orciofa Mbl

o 2n Dﬁ on
HOJIy UM, 9TO YUC/IO0 TaKUX (PYHKIMHA, KOTOPbIE JajlyT HaM pasmep < D=, He 6ojee qem 27 ¢ < 2.
3uauuT, QYyHKIU Takas, 9TO €€ pa3mep OOJIbIe 3asBJICHHOIO YHCJIA, BCETJIA CYIIECTBYET. ]

1.3. IlpenukaTHas JiorukKa
1.3.1. IIpeaukarabie PopMyJibl(POPMYJIBI IEPBOTO MOPSIKA)

Onpedenerue 1.3.1.
Bynem o6o3HauaTh MHOMKECTBO BCEX HATYPaJbHBIX YUCeI ¢ HyjJeM Kak N

Onpedenerue 1.3.2.
k-mecTHBIN IpeuKaT Ha MHOXKecTBe M :

p:M" = {01}, ke N

k-mectHast pyHKIMA Ha MHOKecTBe M :
f:MFS MkEkeN

Onpedeaerue 1.3.3. Curnarypa — COBOKYITHOCTh HEKOTOPBIX IpeankaTroB P u dyuknumit F. B Ta-
KOM ciydae murmryT, uro (P, F') — curnarypa, rme P = {pgkl),pgﬁ) .

I I
cUMBOJIOB, a ' = { fl( 1), 2(2) ...} — MHOXKeCTBO (DYHKIMOHAJIBHBIX CUMBOJIOB.

— MHO2KECTBO IIp€JuKaTHbIX

IIpumep. P = {=s, <2}, F' = {+3, X2,00, 1o}, (P, F) — curnarypa

Onpedesenue 1.3.4 (Tepm).
II = {1,22,...,2,} — MHOXXECTBO IIPEJMETHBIX [IEPEMEHHbIX, TOLJIA:

1. TIpeameTHas mepeMeHHas — 3TO TEPM
2. f* € F t1ty,... t), — Tepmbl, Torma f(ty,ts,. .. tx) TOXKe TepM
3. MHO)KeCcTBO TEPMOB — 9TO MUHUMAJIbHOE MHOXKECTBO CTPOK, YIOBJIETBOPsOIIee cBoiicTBaM 1-2.

Ipumep. Iycrs F = {fM ¢? 0} - mexkoropoe muoxectso dyukmuit, Torna ; f(z); g(x, f(z));
9(c, f(2)); g(g(c,c), f(c)) — Tepmpr.

Onpedenernue 1.3.5 (DiemenrapHasi/aTomapHas HOPMyJIa).
Ecmu p¥) € P, t1,ty, ... tx — Tepmbl, TO p(ty,tg, ... 1) — aToMapHas GopMyIa.

IMpumep. Iycrs P = {p?}, torma p(f(z),c); p(g(c, f(x)), g(z,r)) — aromapubie dbopMy.IbL.
Onpedenerue 1.3.6 (Ilpepukarabie hopmysibl/HOPMyIIbI IEPBOTO TIOPSIJIKA) .
1. aromapnas dgpopmysia — npeaukaTHas GOPMyJIa

2., — npeaurarabe HOpMyIIbI, TorAa (), 2@, YV @, Y A p, Y — ¢ ... — TOXKE NPEIUKATHDBIE
dopmyJIBI.

3. ¢ — dopwmyita, x € II, Torma drp u Vry — Toxxe popmysib.

4. MuozxecTBO POPMYJT — 3TO MUHUMAJIbHOE MHOYXKECTBO CTPOK, Y/IOBJIETBOPSIONINX CBOcTBaM 1-3.

Ipumep. p(f(x),g(f(c),x)) = p(f(c),c) = IyVz(p(y, y) V p(z, 2))
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Onpedenerue 1.3.7 (cBOOOIHBIE U CBA3AHHBIE [IEPEMEHHBIE).
CBﬂ3aHHaH InepeMeHHad — 3TO IIEpEMEHHad, KOTOPad HaXOAUTCA B 06HaCTI/I ,ZLeIL/'ICTBI/IH KBaHTODPa.
CB0obOHOI TIepeMeHHOi Ha3bIBAETCs HECBsIi3aHHAasl epeMeHHast. Hanmpumep, B BbIpazkKeHUH

Va 3y p(x,y)] V o(f(x))

[lepemennass x BHyTpH KBaJpaTHBIX CKOOOK CBsi3aHa, & BHE — HET.

Onpedenerue 1.3.8.
Wurepuperarust I curnarypst (P, F)

1. Hocurenb unteprperaruu — MHOXKeCTBO M
2. Vp*) € P comocrasnserca M* — {0, 1}
3. Vf® € F conocrasnserca M' — M
IIpumep. (Benukas teopema ®Pepma jiist 3-X 3J€MEHTOB)
F={+,-0,1,2}
P={=<}
VaVyVz (@2 4+ =2%) = [(z=0)V(y=0)V(z=0V(@<0)V(y<0)V(z<0)]

Onpedenenue 1.3.9. (Orenka)
« : II - M — omenka.

1. z; € II — nepemennasi, Torga o(x;) — eé 3HAYEHHE.

2. f®)(ty,ta, ... 1) € F — mexoropas dyukimsa, Toraa o f) — pesy/abTaT mocie TOICTAHOBKI 3Ha-
qeHuit Beex aft;).

3. p®)(ty,ts, ... ;) € P — HeKOTOpLIt IpeauKar, Toraa o(p) — pe3yIbTaT IOCIe TOJCTAHOBKU 3Ha-
4yeHuit Beex at;)

Torpma ecsim ¢ — HeKoTopas npeaukaTHas Gopmysa, To OyjaeM 0603HAYATDH ||, €6 3HAYECHHWE B UH-
tepupetaruu [ ipu onenke o Torma:

Ve olra = /\ [Plratca

aceM

3 @lra =\ [¢l1aeea

aeM

[Iyctb I — uaTepupetatus ¢ Hocuresiem M. Ecim dpopmyita ¢ cosiepkuT k cBOOOTHBIX TTEPEMEHHBIX,
TO ( 3a1a8T HEeKoTOpoe orobpakenue(npeauxar) M~ — {0, 1}

Onpedenerue 1.3.10.
[ycrs p : M¥ — {0,1}, (P, F) — curnarypa, | — uHTepHpeTayst OTHOCUTEILHO MHOMKeCTBa M,
Torya GyJleM TOBOPUTD, UTO P BBIPDA3KUM, €CJIM €r0 MOXKHO 3aj1aTh dhopMmyoil curaarypset (P, F).
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1.3.2. BaxkHble mpuMepbl ITPeIUKaTOB

Onpedeaerue 1.3.11 (Uurepuperanus «Apudmernkay ).
P={=}
F = {+,x}

N — HOocuTeNIb MHTepIpeTany

TODO

Onpedenerue 1.3.12.

[TocTtaBum J1000MYy YHCIYy T B COOTBETCTBHE CTPOKY, KOTOPYIO MOXKHO IOJYUYUTb U3 JIBOUTHOTO
IIpeJICTaBIECHUS YUCiIa T+ 1, U3 KOTOPOTO BHIYEPKHYJIM EPBYIO eAuHuILly. Tora uncsay 0 cooTBeTCTByeT
mycrad cTpoka, 1 — ctpoka «0», 8 — «001».

Bynem obo3HauaTh TaKyio CTPOKY, COOTBETCTBYIOILYIO YUCIY & KakK Y.

[TpomoskuM cepuio MPUMeEpPOB.

IIpumepnl.
1. x cocTrouT n3 ojEHUX HyJIEH

Ha camoM jiesie 3T0 TO K€ camoe, 9TO U IPOBEPUTH, YTO & + 1 — cremeHb aBoiiku. Pemenue:
Vz[(z=1) — ((x + z) — crenenb nBOVKN)]

2. X ¥ U UMEIOT OJUHAKOBYIO JIJINHY.

DT0 BBLINOJHSAETCA TOTJA U TOJIBLKO TOTMa, Korma 28 < x4+ 1,y + 1 < 20!
Pemenne: 3z[(z — crenenp nBoiikn) A (z+1 2 2)A(y+1 2 2)A(z+1<z+2)A(y+1 < 2+ 2)]

3. CymecrByer BbIpasumblii npeaukar S(z,a,b):

(a) Ya,b € N S, = {z € N|S(a,b,z) = 1} — KOHEUHOE MHOKECTBO.

(b) JIroboe KOHEYHOE MHOYKECTBO MOXKHO 33JIaTh B TAKOM BHJIC.

Nuade roopst, ayist jiro6oro koneuroro muoxkectsa X C N Ja,b € N : S,y = {x € N | S(a,b,x) =
1} =X

JokasaresbcTBO.
SBHO MOKazkeM Takyio DYHKIHMIO.
S(z,a,b) = ((xa aBasiercss noxcTpokoit 5) A || > |x|) lokakeM myHKTBI BbIIIe:

(a) OueBuano, Tak Kak [J — CTPOKa KOHEYHOI JJINHBL.
HYJTH

(b) IIycrs X = {x1,x9,...,x,}. Torma Bo3bMeM B KauectBe o cTpoky «10...01», mpuuem
la] > |x| + 1. Takum 06pazoM, MbI MOJIyIHM, YTO B (v HE MEHee || MOIpsi uyuxX HyJIeii.
[TocTpoum crpoky [ Takum obpazom: [ = axjaXs - - - aX,«. OTciona cpa3y 04eBHIHO, YTO
Bce x € X NeCTBUTENHHO OyJIyT YAOBJIETBOPATH YCJIOBHIO, HO TIOYEMY Ke He OyaeT Jpy-
rux z? Ilycts ecTh Kakas-TO CTPOYKA (, KOTOPasi COOTBETCTBYET KAKOMY-TO JJIEMEHTY He
ux MuoxkectBa X. Torjma HyKHO J0Ka3aTh, YTO MOJCTPOKU (pQr JIJTst JIIOOOTO TAKOTO ( B
CTPOKe (3 He OKazKeTcs. PaccMOTpuM ciiydan, rie Takas CTPOKa MOTJIa Obl HAYaThCs.
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i. Ilycth oHa HavYaIACh C EPBOIO CUMBOJIA HEKOTOpOoro «. Torma mepsbie || cuMBOJIOB
coBriaJii. Jlajee Hy2KHO CpaBHUTH HEKOTOpOe Y U . Ham m3BecTHO, 4YTO OHU HE pABHBI
npyr apyry. CpaBaum ux. Eciu mpousores KOHMIUKT 0 HEKOTOPOMY CHMBOJIY, TO
9TOT CJIydail OYeBUJIHO HE BBINIOJIHAETCd. Eciu KonImuKTa He OBbLI0, TO OO (p TIpe-
dukc y, mmbo Haobopor. Cirydan CHMMETPUYHBI, TIO3TOMY IIYCTh (¢ — Ipedukc x. Tormga
[IOCMOTPUM Ha NEPBBIA cuMBOI (OH paBeH 1), KOTOpasi CTOMT Cpa3y 3a X U YBUIUM,
9TO TIOCKOJIbKY |ar| > |x| + 1, To Ha cooTBeTCTBYIOMIEH TO3UIIUU B (0 Oy/IeT HOJIVK.

ii. Ecau Mbr HaUam rae-t1o u3 cepeauHbl o, To odeBuaHo 0 # 1.

iii. Ecnu u3 1100601 mo3uium x, TO CHOBA IOJIOMAETCS IEPBbI OUT CJIEJYIONIErO (v
iv. Ecaun Mbl Hayasm u3 mocJsie/iHero 6uTa mepBoro o, TO TPOUCXOINUT TTOJIOMKA AHAJIOTTIHO
IEPBOMY IIYHKTY.

]

4. x = 6". Pemenne:
3a, b[Stnay.an N IMVY(Sinyyap = (M=0Ay =1)VI2[(y = 62) A Spn_1.2y.as])]

Benukast u y>kacHasi cTpodka, Ka3ajaoch Obl. Pazoupaemcs. Ha camom Jiesie, Mbl Takoit hopMmyioit
XOTUM YTBEPXKJIATh, 9TO ecjid £ = 6", TO CYyIIEeCTBYIOT CTPOYKHU @ U b, KOTOPbIE 3aKOIUPYIOT BCE
110 CXeMe KOTOPYIO MbI y3HaJl 9yTh pPaHee Tak, 4To...

(a) Crpouka b comepRuT B cebe Bee crenenn 6-Ku. 3aMeTuM, 9TO 38 CYeT TOrO, UTO 1 — KAKOEe-TO
3apaHee 33JIAHHOE YHCJI0, MBI ITOTy9aeM KOHEYHOCTHb KOJIMPYEMOI0 MHOZKECTBA.
(b) DyrleMeHTBI XpaHATCS HapaMy «CTEleHb, 3HAYCHIE
(c) ITapa n,r BXOAWT B TAKYIO CTPOUKY.
MbI HEMHOTO CYNTEPUJIN, KOTJA CKA3aJIi, YTO XOTUM KOJIUPOBATH MTapbl, HO B CPEIHEM JIOJIZKHO
OBITH TOHATHO, KAK C 9TUM ObITh. EiC/TH 2Ke Tenepb IOroBOPUTH HEMHOT'O ITPO (POPMYJTY 10 YACTIM,
TO S(p,z),a,b TOBOPUT HaM O TOM, 9TO 7, T BXOAUT B HyzKHOe MHOKecTBO. Ho Torma Kakum 10/1KHO

ObITH MHOKeCTBO? TakmM, 9T0 U3 TOTrO, 9YTO KAKON-I1O0 3JIeMEHT B HEM JIEIKUT: ‘v’mVy(S<m7y>7a,b
cJIejyeT, 9To OH — crenenb 6-ku : — ((m =0Ay = 1)V 3z[(y = 62) A Sim-1,2),a0]))-

1.3.3. HeBpIpa3uMoCTh IIPEAUKATOB: METOJ, aBTOMOP(PU3IMOB

Onpedenerue 1.3.13.
I — nurepuperanus cursatypbl F, P ¢ HocuTenem M.
a : M — M HaspiBaeTCsi aBTOMOP(PU3IMOM, €CJIU:

1. o — Guekmu4a

2. Vp*) € PVayzy,... .0 € M p®)(a(zy),a(xs),. .., a(zr)) = p¥ (21,29, .. ,24). UHaue rosops,
BCE IPEJIMKATHI yCTOHYMBBI OTHOCUTEILHO aBTOMODPMU3MA.

3. Vf € FVxy,x9,...,x, € M f(a(xy),a(xs),...,a(x,)) = a(f(x,xe, ... ,x,)) Unade roBops, dyHK-
IUsd YCTORYUBA OTHOCUTEILHO aBTOMOPQU3MA.

Teopema 1.3.1 (meroxs aBTOMOPGU3MOB).
« — apromopdusm unTepnperanuu I. Torma ecim k-mectubiit ipeguxar p : M* — {0, 1} Boipasum
B [, TO p yCTOWYUB OTHOCUTEJHHO (.

CoOTBETCTBEHHO, €CJIU TAKO# MpeIuKaT HEyCTOWINB OTHOCUTEIBHO (v, TO P HEBBIPA3UM

HoxkazareabcTtBo. TODO [
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2. MHo>xkecTBa 1 UX MOPAAKU

2.1. KoHeunble MHOXKeCcTBa

Onpedenerue 2.1.1.
X — KOHEeYHOe MHOXKeCTBO, ecyin 3 ouekmust o : X — [n] ={1, 2, ..., n}, | X|=n

Uucsio pasInIHbIX [OJAMHOMKECTB N-3JEMEHTHOIO MHOXKECTBA PaBHO 2" (TO Ke, YTO YUCIO0 0TOO-
paxennit X — {0, 1}).

. X
Ecomm X, Y — nBa KOHEYHBIX MHOXKECTBA, TO KOJIMYECTBO OTOOpaxkenuit X — Y paBHO \Y\' |

Y ={y:yC X}

Onpedenerue 2.1.2.
Pasmernennem u3 n 971eMeHTOB 10 k HA3bIBAETCS MHBEKTUBHOE OTOOpazkeHue (k] — [n].

Afl — KOJINYIEeCTBO paBMemeHHﬁ U3 M 3JIEMEHTOB 10 k.

Ceoticmesa.
1. Al =n
k41 _ Ak
2. AT =nAr_,

3. Ak=n-(n—1)-...-(n—k+1)= Y] k),

Onpedenerue 2.1.3.
Coveranue u3 n 3JIEMEHTOB IO k HA3BIBAETCs k-3JIEMEHTHOE MOJMHOXKECTBO MHOYKECTBA 1.

(Z) = C* — yucno couerannit u3 n 371eMEHTOB 110 k.

Ceoticmesa.

n k n:
L (3 =% = mosm

2. Q)+ (D) +G) et () =2
3 (1) = (%)
4 () = (") + ()

Teopema 2.1.1. (Bunom HrproTona)

(a+b)" = Zn: (7)akon=*

k=0

dokazaresascTBO.
JlokaxkeMm 110 WH/IYKITUH.

Baza:
n=1 (a4 )= (Qa+ (o
[Tepexo:
(@ + 0" = (a+b)(a+ 0" = (a+Db) zn: (Hak o= = zn: (B)ak Tt on=r + i (B)akor =t =
k=0 k=0 k=0
n+1 n n+1
; (k 1)“ prn—k+1 Z ( )ak pr—k+1 — kgl ((Z) + (k:))ak pr—k+1l o gntl o pntl — kz::o (nzl)ak pr—k [
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2.2. Xapakrepuctudeckmue (pyHKIIUN MHO>KECTBA

Onpedenerue 2.2.1.
ACX

X 4 X — {0, 1} — xapakrepucruyeckas (DyHKIUA MHOXKECTBA.

1 ,zeA
XA(Q;) = 0 r¢ A
Ceoticmesa.
L. Xan = Xa - XB
2. XX\A =1-X,4

3 Xas=Xg5=1"Xas=1-"Xa Xzg=1-(10-XD0=Xp)
Orciona X 4o = Xa T X5~ Xa* X5

4. XA1UA2U...UA" = Xm =1-(1- XA1> (1- XA2) (1= XA,L)
Orcioma X 4, uay0..04, = ; Xa, = 22X, Xa, T ZkXAi “Xa, Xa, —

1<J 1<j<

5. [Al = 2. Xalx)

zeX

6. [ALUAU.. . UAL = 3 Xuoau.on, (@) =2 Al =D [ANA+ >0 [Ain AN A —...
reX i i<j i<j<k
YrBepxkKaenue 2.2.1.
KomraecTBo ¢iocob0B MpeicTaBUTh YUCJIO 1 B BUJE CYMMbI k HEOTPUIATENbHBIX CIaraeMbix (Io-

PSJIOK BarKeH) PABHO (nﬁfl) = (n+§_1)

IIpumep. (CuacTiauBble OGUIETUKN)

KonudgecTBo cHacT/IMBBIX OMJIETUKOB — 3TO KOJIMYECTBO TaAKUX IIECTU3HATHBIX YUCEJ (10203040504,
49TO a1 + G2 + a3 = a4 + a5 + ag.

CrenaB 3aMeHy, HOIy9IaeM, 9TO 9TO TO ke, 910 (9 — by) + (9 — bg) + (9 — b3) = by + b5 + by —
b1 4 by + b3 + by + bs + bg = 27. Takum ob6pa3oM, cBeu 33J1a4y K MOUCKY KOJMYECTBa HADOPOB b; C
3a/JlaHHOU CyMMOIA.

Bynem neiicrBoBarh oT mporuBHoro. Ilycts B; — MHOXKECTBO HEPABUJIbHBIX “OUJIETUKOB’, B KO-
Topbix b; > 10. Ilocuuraem TOoTr/a KOJMYIECTBO BCE€X HENPABUIbHBIX OMJIETUKOB, TO €CTb pa3Mep
6
muoxectsa X = J,_; B;.

BaMeTuM, 9T0 KOJIMIECTBO TO3UIMIA i TakuX, 910 b; > 10, MozKeT ObITh He 6OoJIbIIe IBYX (IOCKOJIbKY
cyMMa JIOJI2KHA OBbITH paBHa 27).
6
Torna mocunraem pasmep X 1o yxke usBectHoit bopmyre: | X| = > |B;| — > |B; N By
i=1 i<j
Bamerum, 9T0 B; paBHO KOJIM4YecTBy pasbuenuit 17 ssieMeHTOB Ha 6 Ipynn (WM Ke KOJUIeCTBY
criocoboB MpeIcTaBUTh 17 B BUjE CyMMbl 6 HEOTPUIATEJbHBIX cJlaraeMbix ). POpMAIbHO 3TO MOXKHO
[IPEJICTaBUTh TAKUM OOPA30M:

[Tonmoxkum, 9TO Y HAC €CTh 6 KOP3WH, IO KOTOPBIM MbI JIOJI?KHBI Pa3MECTUTDb 27 MdaYell, a TaKXKe B
KOHKPETHOI KOP3UHE JOJ:KHO OBITH 10 KpaiiHeil mepe 10 msdeit. Torma Mbl MOXKeM cpa3y IOMECTUTH
10 msaueit B 3Ty KOp3uHy, a ocTaBiuecs 17 pa3MecTUTb MPOU3BOJILHBIM 00PA30M.
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[Monyuaem, aro |B;| = (17(?_6; N = (252).
Anasormaabiv obpasoM, Vi < j 1 |B; N Bj| = (72311) = (152).

Taxum o6pazom, | X| = 6(%) — &3(7) =6(%) —15(7).

[TocunTaem Terepb KOJIUYIECTBO KOPPEKTHBIX OmyieTukoB. 1o cyTn, 310 4nc/I0 BCEBOZMOXKHBIX Pa3-
Oouenuit 27 Ha 6 cjaraeMbIX 3a BBIMETOM YHUCJIA HEIIPABUJIBHBIX PAa30MeHumil.

Orcroma orser: (27;_6;1) — X[ = (%) —6(%) +15(7)

2.3. PaBHOMOIIIHbIE MHO>KECTBAa

Onpedenenue 2.3.1.
MmuoxkecrBa A 1 B Ha3bIBAIOTCSI PABHOMOIIIHBIME, €CJIM MEXKJIy HUMU CyIEeCTBYeT OUeKITH.

IIpumep.
1. [0,1] u [0, 2]
2. (0,1) ~ (1,400) ~ (0, +00)
3. A=2Nu B = mnoorcecmso nocaedosamesvrocmeti uz 0 u 1

4. 2% paBHOMOIIHO MHOX)KeCTBY oTobpazkenuit X — {0, 1}

CuérHOE MHOXKECTBO paBHOMOIITHO N.

Teopema 2.3.1. (CBoiicTBa C4ETHBIX MHOYKECTB)

1. JIroboe moaMHOXKECTBO CYETHOIO MHOXKECTBA, CUETHO MJIA KOHEUHO.
2. B 11000M GECKOHEYHOM MHOXKECTBE €CTh CUETHOE ITOIMHOMKECTBO.

3. O6’be,ILHHeHHe KOHEYHOI'O UJIn C‘-IéTHOI‘O YguncJia KOHEYHBbIX WJIN C‘-IéTHbIX MHOZKECTB KOHEYHO UJIN
CYETHO.

Jloka3aresbCcTBO.

1. Ecin moaMHOXKeCTBO CYETHOINO MHOXKECTBa HE KOHEYHO, TO OHO OeckoHedHO. OgHAKO 3aMeTHM,
4qTo, HOCKOHI)Ky OHO BJIdeTCd IIOAMHOXKECTBOM C‘IéTHOI‘O, TO BCE €ro 3jIeMEHTbl MOZKHO 3aHy—
MepOBaTb. CJIe,I[OBaTeJIbHO, MO2KHO HOJIyLH/ITb 6I/IeKI_H/HO Me}K,Z[y JJIEMEHTaMM IIOAMHOZKECTBa 1
MHOXkKecTBO N = 0HO CYETHO.

2. PaccmorpuMm 6eckonedHoe MHOXKeCTBO A. Byem mocsesoBaTe/ibHO CTPOUTD HAllle CIETHOE TIOI-
MHO2>KECTBO.

BribepeMm B KauecTBe IEPBOTO dJEMEHTA (1 TPOU3BOJILHBIA. [lockombKy A GecKOHEYHO, TO B HEM
ecThb emné 3J1eMeHThl (TOMUMO a1). Takum 06paszoM, MOXKEM BbIOPATh JEMEHT ay 7 a.

B obmiem ciyuae, ecam y Hac yKe BbIODAHO TOJMHOXKECTBO 3jeMeHTOB {aj, ag, ..., Gy_1}, TO,
ITOCKOJIBKY OHO KOHEYHO, B A CyIeCTBYIOT 3JIEMEHTHI, OTJINIHbIE OT y2Ke BblOpaHHbiX. CriemoBa-
TeJIbHO, MOXKEM BBIODATH JIEMEHT .

B urtore nmonydaem 6€CKOHEIHYIO MTOCJIEI0BATEIBHOCTD JIEMEHTOB U3 A.
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3. Ilokaxkem, 9T0 0O6bEIUHEHNE CIETHOIO KOJIMIECTBA CIETHBIX MHOYKECTB CIETHO (CAMO€e CHIIBHOE

U3 BCEX BBINICONMCAHHBIX YTBEPKICHUIT).

Pacemorpum caéTHOE KOTMIECTBO CIETHBIX MHOXKECTB A1, Ay, Az, .... Bysem monarats, 910 BCe
9JIEMEHTBI B HUX DA3JIMYHbI (€CJU 9TO He TaK, TO B KOHIIE CMOYKEM BBIKHHYTH WX ). Pacrmomoxum
9JIEMEHTHI HAIITUX MHOXKECTB B Ka9eCTBE TAOJIHIIHL:

Arr ann ap a3 auy
Agt agr axp ax an
Asz: a3 aszx azz a
Ayt agm agp a3 Quy

Bynem Teneps 06xomuTh TaOIHUILY “3MEUKON” 110 JTUATOHAJIAM CJIEIYIOIUM 00Pa30M:

11, A21, 12, G431, A22, A13, A41, A32, A23, A14,

Takum obpazom, JITOOO JEMEHT TaOJUILI OYIET CTOATH HA HEKOTOPOM BIIOJIHE KOHKPETHOM
MecTe B HOCJIEJIOBATEIBHOCTH, 8 CAMO MHOXKECTBO BBIINMCAHHBIX JIEMEHTOB OymeT cuéTHO (I10-
CKOJIbKY KayKJIOMY 3JIEMEHTY COOTBETCTBYET HEKOTODBII HOMED — €ro IMO3WIMS B IOCIeI0Ba-
TeJILHOCTN ).

IIpuMepbl CHETHBIX MHOXKECTB.

1.
2.

Q — cuérHOoe 0ObeaUHEHNE CYETHBIX MHOXKECTB.

N? = |J N x {i} (cuérnoe obbeuHeHne CI6THBIX).
ieN

NF = [J NF1 x {4}

ieN
MHoKecTBO KOHEYHBIX IIOCIeI0BATe/IbHOCTE! HATYPAJbHBIX THCEJL:
NUN'UN*UN?U ...
>} — KOHEYHBIN ayI(haBHT.

E* — MHO2KECTBO KOHEYHBLIX CTPOK, IIOCKOJIbKY CYIIECTBYET COOTBETCTBHUE ME2KIAYy CHUMBOJIaMU
ajadasura u N.

Torma >* — moamuozkectso N.
MmuoxkecTBO porpamMm Ha, s3bike C++.

MmuoxkecTBa aaredpanvaecKux Uucer.

Aneebpauveckoe Huca0 — KOPEHD MHO204AEHA C PAUUOHANDHBLMYU KOIPHPUUUEHMAMU.

Teopema 2.3.2.
A — beckoHeuHOE MHOXKeCTBO, B — He 6oJibIiie yeM cuéTrnoe. Torma A U B paBHOMOIIHO A.

dokazaresbcTBO.
[Iycrs C' C A, C' — cuérHo.

A

= (A\C)UC

[Tockonbky C caérno, To C'U B Toxke cuéTHO — cymiecTByeT omekimsa mexay C' u C'U B.
Takum obpasom, AUB = (A\ C)U (CUB,). O
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Teopema 2.3.3.
[0, 1] paBHOMOIITHO MHOXKeCTBY GECKOHEUYHBIX TOcsenoBaTebrocTed n3 0 u 1.

Joka3aTeabcTBO.

[Ipeacrasum Jsiro6oe uucio u3 [0, 1] B gBonyHOl cucTeMe cuuciaenus. Ecim ke 3anuch HEKOTOPOTo
x € [0, 1] B nBOMYHON cuCTEMe CUUC/ICHUS PEJCTAB/SETCS KOHEIHBIM THCIOM HyJIeil U eIUHHUL], TO
cueaeM u3 apobu nepuogndeckyo. K npumepy, 0,00101101 — 0,00101100(1).

Torna [0, 1] ~ A C 2V, Onaxo 3amerum, uto A — 310 2N ¢ BHIKHHYTBIM CIETHBIM TIOIMHOZKECTBOM
(6e3 koHeuHbIX TOCTEIOBaTebHOCTel U3 0 u 1), a motomy [0, 1] ~ 2N O

Teopema 2.3.4.
[0, 1] ~ [0, 1] x [0, 1]

Jloka3aTesbCcTBO.
Kak m B mokasaresbCcTBe IMPOILJIONH TEOPEMBI, IIPEJACTABUM BCE KOHEUYHBIE IECATUIHBIE JIpPoOU B
BrIe OECKOHEYHDIX.

ITocrpoum Teneps 6ueximio f : [0, 1] x [0, 1] — [0, 1].

Paccmorpum aBa mponsBoIbHBIX duciia a u b, aro a = 0, ayasas ..., b=10,510205. ..

Torga Guekiust 6y1eT BBINIAIETD caeayomuM obpasoM: f(a,b) = 0, aifiasfeasfs . ..

A TIOCKOJIbKY CyIIecTByeT OMEKIs MeK/Iy MHOYKeCTBAMHU, TO OHM PABHOMOIITHBI. [

Teopema 2.3.5. (reopema Kanropa-Bepurreiina)

Ecmu A paBaOMoOIIHO mogmuOXKECTBY B, a B paBHOMOIIHO moaMHOX)KecTBY A, To A m B paBHO-
MOIITHBL.

Apyean dopmyauposra: llycrs Ag D A1 O Ay u |Ag| = |As]. Torma |Ap] = |A4].

JdokazaTejabCTBO.
[Mycrs f @ Ay — Ay — 6uexknus. Torma mosoxkum f(A;) = Az C Ay (mockombky A; C Ayp),
f(AQ) = A4, f(Ag) = Ag, 1 TaK AdaJiee.

[Tosyunim cucremy BJIOXKEHHBIX MHOXKeCTB: Ag D A1 D Ay D A3 D Ay D ...

[IpencraBuM Termepb MHOXKECTBO Ag B BUie 0OObeIMHEHNs] HEIIEPECEKAIOIIMXCS CJIOEB:

Cr = Ap \ A1, C =Nreo Ak, Ao = (Upey Cr) U C

Mpsr 3naem, garo Vk cyiiecTByeT OMEKIHS MeXKJy MHOXKeCTBaMu Aoy W Aogio, & Takke Aoggyq H
Agkys. Hockombky Aggr1 C Agg, a Aogrs C Asggyo, TO cymmectByer ouekimst Mexkty Aoy \ Aok = Cop
1 Agpio \ Agryz = Copga.

CretoBaTeIbHO, MOXKEM YCTAHOBUTH COOTBETCTBUE MeXKIy Ag n A; ciaemyrommmM 06pasoM:

AOZCOU01MCQIJ03UC4M...|_|C

!
Al = CluCQIJCgUC4u...|_|C.
Takum obpazom, mosyunan 6ueknuo Mexxiay Ao u A1 = |Ag| = |Ay]. O

Teopema 2.3.6. (reopema Kanrtopa)

MuoxkecTBo 1mocjiegoBarebaocTer n3 0 u 1 HeCcYETHO.
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dokazaresbcTBO.
Cayuait 0606ménnoit Teopembr Kanropa mpu X = N.

TODO u

Teopema 2.3.7. (06061EHHas Teopema Kanropa)

X HepaBHOMOIIHO 2.

dokazaresbcTBO.
Ot nporussoro. Ilycts X pasromornno 2%. Torma cymecrByer 6uexrusa f : X — 2%,

Pacemorpum muO)kecTBO A = {r € X 1 v ¢ f(x)}.
[Mockosnbky f — 6uekmusi, To Jy € X : f(y) = A. Torma paccMorpuM jBa cirydast:
l.ye A

IMockombky f(y) = A, 0y € f(y) = y ¢ A = muporusopeune

2.y¢ A
Torma anamormaHo mosrydaem, 9to y ¢ f(y) = y € A = mnporuBopeune.
CriesloBaTeIbHO, HAIIE TIPEJIIOJIOKEHHE ObLIO HeBepHO 1 X HEPABHOMOIIHO 2.
A mockombky X C 2%, o |X| < |2¥]. O
IIpumepsnl.
1. [0, 1] mecuérHO.
2. R=(—00, 0) U{0} U (0, +00) HEcuéTHO.
(—o0, 0) ~ (=1, 0); (0, +00) ~ (0, 1)
3. MHOXKeCTBO TPAHCIECHIEHTHBIX (He ajredpandecKux) duces Hec4éTHO (mockoabky R = AUT).

4. J moamuoxkectBo N, myst Koropoit Her mporpaMmmbl Ha C+-, BBIYUC/ISONIEH €€ XapaKTepUCTH-
9ecKy0 (PYHKITHIO.

Hosacnenue:

CymectByer cuéTHOE IUCI0 TporpamM Ha si3bike C++-. A pa3anaHbIX TOMHOXKECTB N — HecdIeT-
Hoe kKoJsimdecTBO. CjieoBaTe/IbHO, HE CYIIECTBYeT OUEKITUU MEXKTy STUMHU MHOXKECTBAMU.
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JluckpeTHast MaTeMaTUKa U MaTeMaTUdecKasl JJOTUKa Teopus rpados

3. Teopusa rpadosn

3.1. BBenenue B rpadbl

Onpedenerue 3.1.1.
V' — MHOXKeCTBO BEPIIUH.

E CV xV — MHOXKeCTBO pedeD.
Bamuce (u,v) € F obo3Havaer CylecTBoBaHme pebpa MexXK/Iy BEPIIMHAMUI U U 0.

[Tapa (V, E') obpasyer oprueHTHPOBaHHBI Tpad.

Onpedesenue 3.1.2. (IIymv mesncdy sepuwuramu)

Mezk 1y BepIIuHAMU 1 ¥ U CyIIeCTBYeT IIyTh, €CIU CyIIeCTBYeT TaKoil Habop BepIIUH Wy, Wa, ..., Wy,
aro (u,wy), (wy,ws), ..., (w,,v) € E.

U~ U — U U U CBI3aHBI IIyTEM.

Uers VU <= U~ VAV~ U
Ceoticmsa ~.

1) u~u

QU VAV W = UMW
Ceoticmea «~.

1) u e u

Q)UWWUI/vaww — U W

3)U<’\N‘>’U — UV U

TaKI/IM 06pa30M, OTHOIIIEHUE <« dBJIAETCA OTHOIIIEHUEM 3KBUBAJIEHTHOCTUA.
Onpedenerue 3.1.3.
KJIaCCbI SKBUBAJIEHTHOCTU IO OTHOIIEHUIO +~» — KOMIIOHEHTHI CUJIbHON CBA3HOCTU.
I'pad, mocTpoeHHbIT HA KOMIIOHEHTAX CUJIbHON CBSA3HOCTU KaK HA BEPIIMHAX, sIBJIAETCHA alliKJIIYI-

HBbIM.

Onpedenerue 3.1.4.
[IyTh MexKay AByMs BepIIMHAME ITPOCTOM, €CJIM BCE BEPIIUHBI B HEM pa3HbIE.

YrBepxkaenune 3.1.1.
JIBe BepIIMHBI COEIUHEHBI TyTEM <—> OHH COEJIMHEHBI IPOCTBIM ITYyTEM.

dokaszareascTBO.
PaccmoTrpum camblit KOPDOTKUI Ty Th.

ECJII/I B HEM €CTb JB€ ITIOBTOPLAIOIIMNECA BEPIIIUHBI, TO OTPE3O0K IIYTHU ME2KAY HUMU MO2KHO BbIKUHYTb,
TO €CTh OH HE CaMbIil KOPOTKWMA.

CreroBaTeIbHO, CaMbIii KOPOTKY ITyTh — IIPOCTOM. ]
Onpedeaerue 3.1.5.
Huka — 3710 myTh Wy, Wa, ..., Wy, YTO W1 = Wp,.

Juna 1uKJ1a — KOJIMYECTBO PEOEp B HEM.
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JluckpeTHast MaTeMaTUKa U MaTeMaTUdecKasl JJOTUKa Teopus rpados

Iuk1 mpocToil, ecau wy, W, ..., W, PA3JIAIHLI U 1 > 1.
Onpedenerue 3.1.6.
I'pad G = (V, E) HasbiBaercs HeOPUEHTUPOBAHHBIM, eciiu Vu,v € V @ (u,v) € E <= (v,u) € E.
U ~ U, €CJIM CYIIECTBYET IIyTh MEXK/y BEPIINHAMEA U U 1U.
~ — OTHOIIIECHUE YKBUBAJICHTHOCTH.
Kacchl 9KBUBAJIEHTHOCTH — KOMIIOHEHTBI CBABHOCTH.

I'pad cBsazHBI, ecan B HEM BCEro OJHA KOMIIOHEHTA CBA3HOCTH.

3.2. /lepeBbsa

Onpedenerue 3.2.1.
JlepeBoO — CBA3HBII HEOPUEHTUPOBAHHBIN T'pad 0e3 IUKIIOB.

Onpedenerue 3.2.2.
degv = {u: (u,v) € E}| — crenenp BepmuHbl (KOTMIECTBO UCXOSIIX PEGED).

Jlemma.
B nepese Bcerza ecth X0Ts ObI 2 BEPIIUHBI CTEITEHN 1.

lokazaresbcTBO.
Paccmorpum cambiit JJIMHHBINA ITPOCTOM Ty Th.

Ero xKoHIIbI — MCKOMBIE BEPIIUHBI. Il
Teopema 3.2.1.

Cremytorme yTBepK IeHUsT SKBUBAJEHTHBI:

1) G — nepeso.

2) G — cBg3HLI rpad ¢ n BepmmHAMEA U 1 — 1 peOpoM.

)
3) G — rpad 6e3 IUKJIOB C N BepIIUHAMA U 1. — 1 pebpoM.
4) G — cBs3ublil rpad, uro npu yaajueraun ¥V pedpa CBsI3HOCTh TEPSIETCSI.
)

5) G — rpad 6e3 uKJIOB, UTO Ipu J0baBaeHnN V pedpa MOSBISETCs ITAKJI.

lokazaresbcTBO.

1) < 4):

Ecnu B rpade ecth 1K1, TO MOXKHO YJIaJUTh peOpO HE HAPYIIUB CBA3HOCTbD.

1) = 5):

Mezkty mr00bIME JIByMsI BEpPIIMHAMU B rpade ecTh MyTh =—> NpHu J00aBJIeHHH JI0O0ro pedpa
MMOABUTCS TIAKJI.

5) = 1):

Ecnu rpad ne cBa3eH, TO MOXKHO COEJMHUTD JIBE BEPIITUHDI, HE CO3/IAB IIMKJIa = IPOTUBOpPEYHE.
1) = 2)ul) = 3):

[Tokaxkem, 9TO B cBA3HOM T'pade 6e3 IUKJIOB N BEpIINH, TO B HEM n — 1 pebpo.

Munykiuys 1o KOJIMYeCTBY BEPIITUH.

Baza: 1 Bepmuna. Ilepexoa: n — n + 1.

Paccmorpum cBsa3ubiit rpad 6e3 mukIoB u3 n + 1 BEpIIUHBL.
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JluckpeTHast MaTeMaTUKa U MaTeMaTUdecKasl JJOTUKa Teopus rpados

Boikunem u3 mero Jio0yio BepIIMHY CTeleHu OfnH. Takas 00sS3aTeIbHO HANWIETCS.
DopmMabHO, MOXKHO OObSCHUTH 3TO OT MPOTUBHOTO:

[IycTb 9TO He Tak, TO €CTh CTEleHb KaxKJI0# BEpIUHBI 110 KpaitHeit mepe 2. Toraa MOKHO BBIOpaTh
IPOU3BOJILHYIO BEPIINHY ¥ HAYATH I'YJISITh OT Heé 110 rpady (He moceinasi HUKAKY0 BEPIIUHY JIBAKIBI).
Torga Mbl MO0 HalIEM UK (Yero ObITH He MOXKET), JInbO MONAIEM B BEPIIUHY CTEIEHU OJ[VH.

Takum obpasom, B octasmiemcst rpade Oyaer n Bepiiun u n — 1 pedbpo.

3arem BepHéM Bepiuny. [lockoIbKy €€ crenenb ObLIa paBHA €IUHUIIE, TO TTOJIYydIuM rpad u3 n+ 1
BEPIIUHBI U N PEOEP.

2) = 1):

[Iycts B rpade ecTb MUK, YIaauM U3 3TOTO IUKJIA JI000e Pedpo.

Tora MbI OJTyduM CBsA3HBIN T'pad Ha n BepimHax u n — 2 péopax. OHAKO 3TO HEBO3MOXKHO.
3) = 1)

[Iycts rpad me cBsasen. Ilosioxkum, 9TO0 B HEM JIB€ KOMIIOHEHTBHI CBA3HOCTH.

Torma B HETO MOXKHO J100aBUTH peOpO, 0OBLEIMHUB JBE KOMIIOHEHTHI W HE TOJIY9IUB ITUKJI.

Takum obpazom, Mbl nojiyauM rpad u3 n BepinuH u n pédep. Ho B Takom rpade obszaresbHO
HaUJIETCA IUKJI = TPOTUBOPEYNE.

]

Teopema 3.2.2.
N3 11pon3BOIBHOrO CBA3HOTO rpada MOXKHO yAAJUTh HECKOJIBKO PEOEP Tak, YTOOBI MOJYyUIUTh JIe-
peBo.

dokazaresbcTBO.
[Toka B rpade ecTb IMUKJIBI, yIasasieM U3 HUX peopa. ]

Caedcmesue.
B cBasmom rpade |E| > |V] — 1.

3.3. Ditj1epoB MYTh U ITUKJI

Onpedenerue 3.3.1.
DilyIepoB IUKJI — IUKJI, TTPOXOJIAIINI 110 KaKI0My pebpy rpada posuo 1 pas.

Teopema 3.3.1.
B cBasHOM rpade ecTb itIepoB UK <> CTEIEHU BCEX BEPIIUH YETHHI.

lokazaresbcTBO.
“j”
OueButHO.
‘C¢77

Pacemorpum cambrit 6016111001 110 KosmmaecTBY pédbep nukia C'. Ecii B Hero Bxomsar Bce pédbpa rpada,
TO MBI HAIILTU DUJIEPOB UK.

IIycrs G' — 3710 rpad G, u3 Koroporo BbIKMHY/IU Bee pébpa u3 C. B G’ crenenu Bcex Bepriuu
JETHEI.

[Tockonbky G cBsizeH, To B G/ Haiinércsa pebpo, ouH U3 KOHIOB KoToporo JjexuT B C'. HazoBém
9TOT KOHEI 0.
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JluckpeTHast MaTeMaTUKa U MaTeMaTUdecKasl JJOTUKa Teopus rpados

Toryga 3amerum, uro B G’ 00si3aTe/IbHO HARJIETCSA MMKJI, COAEPXKAIUN v. DTO TaK, MOCKOILKY
CTEIICHDb Ka,}K,ZLOIL/'I BEPIINHBI qéTHaH, 1 eCJii Mbl BXOJHMM B KaKyIO—HI/I6y,ZLb BEpHIMHY, TO MbI BCEra
CMOYKEM U3 He€ BBIUTHU TIO eIl HEIOCEIEHHOMY pedpy.

Takum 06pa3oM, paHO WM TIO3QHO MbI TONAIEM B v, Haiimgd muka C.
B konne mb1 MoxkeM 00beauanThb mukiabl C' u C' u paccMarpuparh HOBBIA rpad 6e3 mux. I1pomo-

KaTh OyZieM JI0 TeX Mop, MOKa I'pad He OoImycTeer. ]

Onpedenerue 3.3.2.
DityIepoB myTh — IyTh, MIPOXO/IAIINI 110 BceM pédbpam rpada poBHO 1 pas.

Teopema 3.3.2.

DiljIepoB MyTh CYIIECTBYeT TOT/Aa M TOJBKO TOIa, KOIJIa CTeeHd POBHO JIBYX BEPIIUH HEUETHBHI,
JI0OO KOT/1a CyMIeCTBYeT DUTEPOB IIUKII.

Jdoka3zaTejabCcTBO.
“j”
OueBuHO.
“<:77
Ecnu ects DitylepoB MUK, TO €CTh U DAJIEPOB My Th.

Ecnu e ecTh 2 BepIIuHBI HEYETHON CTEIEHM, TO COEIUHUM MX PeOpPOM U HaieM DiIepoB IUKII,
a 3aTeM BBIKIMHEM 3TO pebpo. O]

3.4. Packpacku

Onpedenerue 3.4.1.
G = (V, E) — neopueHTHpPOBaHHBI rpad.
h :V — [k] HasbIBaeTCS MpaBUIIbHON PACKPACKOil B k I[BETOB, €CJIM HUKAKOE PeOPO He COeMHSIET

JIB€ BEPIINHBI OAUHAKOBOTO IIBETA.

Onpedenerue 3.4.2.
I'pad k-packparmBaeM, ecjiu CyIIECTBYET IpaBUJibHasI PACKPACKa €ro B k IBETOB.

Onpedenerue 3.4.3.
JBy/10/1bHBIN Tpad — 2-pacKpaluBaeMblii rpad.
Teopema 3.4.1. (Kpurepwuii aBy1051bHOCTH)

I'pad aBynosbHBINE <= B HEM HET TPOCTBHIX IUKJIOB HEUETHOU JIJIMHBI.

doka3areanscTBO.
L¢:>77
OueBnHO (IOCKOJIBKY IIBETA HA IUKJIAX JIOJIZKHBI YePeOBATHCH ).
44<:77
JokazkeM J1Jist CBA3HBIX I'padoB.

BribepeM kakyo-HUOY Ib BEpIIUHY U HAYHEM 13 Heé 00xoauTh rpad (dfs mau bfs). Takum o6pazom,
MBI MOXKEM BCe BEPIIUHBI PACIIPEIEIUTh 10 “ypoBHAM (T.€. KaXK/I0i BepIIUHE COMOCTABUTDH TIyOUHY
B JiepeBe 00X0J1a), a 3aTeM TI0 yPOBHSIM Ke MIOKPACUTh UX.

[Tokazkem, 4To ecyin B rpade Bce IMUKJIbI YETHOU JIJIMHBI, TO HE MOXKET ObITh pedpa MeK/1y BepIiu-
HaMU OJIHOTO I[BETA.
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JluckpeTHast MaTeMaTUKa U MaTeMaTUdecKasl JJOTUKa Teopus rpados

Ot nporusnoro. Ilycrs h(v) = h(u) u (v,u) € E. Obo3HaINM BEPIIUHY, N3 KOTOPOH MBI HAYAIIM
00xo, 3a S.

Paccmorpum iyt s ~» v 1 s ~» u. [Tockosbky h(v) = h(u), T0 |s ~» v|+|s ~» u| i 2. CrenoBarenbho,
BMecTe ¢ pebpoM (v, %) MBI TIOJIyIUM [IUKJI HEYETHON JUIMHBI = IPOTHBODPEINE. O
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JluckpeTHast MaTeMaTUKa U MaTeMaTUdecKasl JJOTUKa JluckpeTHast TeOpusi BEPOSATHOCTEI

4. JIuckpeTHasd Teopusi BEPOITHOCTEM

4.1. BBeJieHUEe B JIUCKPETHYIO TEOPUIO BEPOATHOCTEN

Onpedeaerue 4.1.1. () — KOHETHOE MHOXKECTBO, IIPOCTPAHCTBO 3JIEMEHTAPHBIX COOBITHUIA.
IIpumep. {1, 2, 3, 4, 5, 6} — 3HaUeHUsI, KOTOPbIE MOI'YT BBINACTb Ha KyOUKe.
Onpedenenue 4.1.2. CobbiTHE — TOIMHOMXKECTBO ().

Onpedeaenue 4.1.3. Bepoarnocrnasa mepa — Pr: 2% — [0, 1].
ITycte A C 2 — nekoropoe cobbitre. Torma BeposgTaOCTD coObITHs A — Pr(A).

Ceoticmeaa.
1) Pr(Q) =1
2) ANB=@ — Pr(AUB) =Pr(A) + Pr(B)

Onpedenernue 4.1.4. (2, Pr) — BeposTHOCTHOE ITPOCTPAHCTBO.

Cesoticmea e8epoamHocm+no20 npocmparcmaea.

1) Pr(2)=0

2) ACB = Pr(A) <Pr(B)

3) Pr(A;UAyU...UA,) < Pr(4;) + Pr(A4y) + ... + Pr(A,)

4) ®opmysia BKIOYEHUS-UCKITIOUCHHUSI:

Pr(U; Ai) = 22, Pr(A4;) = 32, Pr(Ain Ay) + 3, Pr(Ai N A; MA,) — .

5) Q ={wy, wa, ..., wp}

pi = Pr({w;}) — BepostHOCTH COGBITHS W;

Pr(A) = ZwieApi
lokazaresbcTBO.

1) Pr(@) + Pr(Q2) =1

2) B=AU(B\A), AN(B\A) =2 = Pr(B)=Pr(A)+Pr(B\A) >Pr(A)

3) Ilo mumyKIIMM:

Pr(Au B) < Pr(A) + Pr(B), nockonbky Pr(AU B) = Pr(A) + Pr(B\ A) < Pr(A) + Pr(B) O
IIpumep.

B mikoste yuurcs n aereit, Bce OHM XOAAT Ha KPYKKU. B KaXK710M KpyzKKe y4uTCs POBHO d YeJIOBEK,

BCETO B IKOJIe KPyKKoB k < 2971, d > 2. MoKHO /I BBLIATH HEKOTOPBIM JeTAM MO aifhOHy TaK, 9TOOLI
B JIFOOOM KpYy2KKe ObLIN JIeTh Kak ¢ aiidponamu, Tak u 6e3?

Pewenue:
Onwurrem HaIte BEPOSITHOCTHOE TPOCTPAHCTBO.

{2 — BCeBO3MOXKHBIE CIIOCOOBI pa3aaTh aiidonbr jmeram. Kaxkioe cobbitue — OuHapHasi CTPOKa U3
n Hyneir u eauHuUI (B ¢-0if mMO3UIMU CTOUT 1, ecam Mbl BblIaéM aiidon i-omy pebénky, u 0 nHaue),
2| = 2". BepoATHOCTD KazKJI0ro COOBITHS PABHA 5.

[Tostoxkum cobbiTre A; — i-blif KPY?KOK HAPYIIAET OMUCAHHOE ITPABUJIO.
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JluckpeTHast MaTeMaTUKa U MaTeMaTUdecKasl JJOTUKa JluckpeTHast TeOpusi BEPOSATHOCTEI

_ _ n—d+1 _
Torma Pr(A;) = 55 - (274 +2"%) = Z_— = 2177 (10 ecTb cuuTaeM, 4TO B Kpy»KKe WM y BCEX

Jiereit ecrb aiidOHbI, WK Y BCEX JeTell OHU OTCYTCTBYIOT).

Pr(3 xpyorcox, napywarowui npasuno) = Pr(A; U Ay U ... U Ay)
PI‘(A1 U AQ U..u Ak) < PI‘(Al) + PI‘(AQ) + ...+ PI‘(Ak) < 2l—d . 9d=1 — 1

Hanxymmmit cryuait — Korga Kpy»Kos posHo 2971, OnHako 3aMeTHM, 9TO U B TaKOM CJIydae He
OyZIeT IOCTUTATHCS PABEHCTBO, IMOCKOJIBKY JIJIsI JIIOOBIX JIBYX KPYKOK CYIIECTBYET HEHYJIeBas BEPOsT-
HOCTb TOT'O, 4YTO 006a Oy/yT HAPYIIATH IIPABUIIO.

Takum obpaszom, Pr(sce kpyorcku xopowue) > 0. CiemoBarebHO, MOXKHO TaK PACIIPEIE/IUTD aii-
¢OHBI, YTO BCe KPYKKH OyIyT yJIOBJIETBOPATDH IIPABUILY.

4.2. Teopema Idpuema-Ko-Pano

Teopema 4.2.1.
S={0,1,..,n—1}
FcC2d
[IycThb BBITIOJIHAIOTCS CJIEIYIOIIME YCIOBUSI:
H)VYAeF |Al=k k<3
2)VA,BeF ANB#o
Torma |F| < (17}).

Jloka3aTesbCcTBO.
1) Jokazkem HEOOJIBIILYIO JIEMMY.

Pacemorpum Bce muOXKecTBa Ay = {s,s+ 1,...,s + k — 1} (cumraem, 910 CyMMUPOBAHUE TTPOU3BO-
qures o Moayso n). Torma yTeepxkmaercs, aro B F BOMIET He Oojiee k MHOYKECTB TAKOTO BUJIA.

[Tosozkmm, aTO 171 HEKOTOpOTO S € S @ Ay € F.

[Tomumo A, B F MOTYT BXOJIUTH TOJBKO HEKOTOPBIE MHOXKECTBA U3 Ay fy1, ooy As 1, Asi1, oy Agip_1
(TakuM 06pa3oM MbI TpeOyeM, 9TOObI 3T MHOMKECTBA, [IEPECEKANCH ¢ Aj).

PazobbéMm onmcanHble MHOXKECTBA I10 TIapaM CJIEJIYIOIUM 00pPa30M:
(As—k—‘rh As-‘,—l)a (As—k:-l—Qa As-i—?)a ceey (A8—17 As—i—k—l)

3aMeTuM, 4TO BHYTPHU KaXKJOW Mapbl MHOXKECTBA He mnepecekaiorcs. CreqoBaTebHO, U3 KaxK/I0i
mapbl Mbl MOXKEM BBIOpaTh He OoJiee ofHOTO TpejcraBuTesisi. [lockoabKy Bcero map k — 1, TO MbI
MOKEM BBIOpATH He O0jiee k TaKUX MHOXKECTB.

2) 3ameTuM, YTO OMHMCAHHYIO JIEMMY MOXKHO OOOOIIUTH JJIs CIydasi HepeCTaHOBOK:

[Iycts 0 : S — S — Ouekrus.

A7 ={o(s),0(s+1),....,0(s+k—1)}

Torpa Vo F comepxkut < k muoxects AJ.

3) IlycTh 0 — ciydaiinast OuekIms, i — CJIyJaifHbIil 9JeMeHT S.

[Monoxkum BepositHocTHOE TipocTpancTBo 2 = {(0,1) : 0 € S,, i € S}, |Q] =n!-n.

Pacemorpum muoxkectso U = {(0,1) : A7 € F}.

Bamernm, 4ro, ¢ onHoit croponsl, Pr(Uf) < -L - (k-n!) = £ (cymmmpyem 1o Beem nepecranoekam).
C apyroit croponsr, Pr(if) = % CurietoBaTesibHO, % < % = |F| < % . (Z) = (Zj)

]
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4.3. CﬂyqaﬁHaﬂ BeJIMYMHA 1 €€ MaTeMaTu4vecKoe o2KnaaHue

Onpedenerue 4.3.1.
(Q, Pr) — koHe4HOE BEPOSTHOCTHOE TPOCTPAHCTBO.

Cayuqaitaoit BeuuanHO HasbBaeTcs pyuakmusa X : (2 — R, comocTaBasgionas Kax10My COOBITHIO
HEKOTOPOE YNCJIOBOE 3HAYEHUE.

(X eAl={weQ: X(w)e A}, rie A CR.
IIpumep.
Q=1{1, 2, 3,4, 5, 6} — 3HaueHMsI, KOTOPbIE MOI'YT BBINACTb HA UTPAJIBLHOM KyOWKe.
X(1) =12 X(2)=2% ..., X(6) =6
(X €1, 2, .., 10}] =11, 2, 3}
Onpedenerue 4.3.2.
(Q, Pr) — KoHEUHOE BEPOSTHOCTHOE TTPOCTPAHCTBO.
X :Q — R — cayuaiinas BeJUIUHA.

E[X] — maremaTuueckoe oxKugaHue.

E[X] = > Pr(w)  X(w)

we

Ceoticmesa.
1) JluneitHocTs.

X.Y: Q>R a,feR

Torna EjaX + Y] = aE[X] + BE[Y]

2) Ilpuniun ycpegHeHwus.

X:Q—-R

Torna Pr(X > E[X]] > 0u Pr[X <E[X]] >0

Jdoka3aTeabCTBO.
1) Pacruimem 1o omnpejiesieHuro:
ElaX+8Y] = Y Pr(w) (aX(w)+8Y (w)) =a > Pr(w)X(w)+8 Y Pr(w)Y (w) = aE[X]+BE[Y]
weN wel weN
2) Ot mpoTuBHOTrO.

IIycrs Vw € Q: Pr(w) >0 X(w) < E[X]
E[X] = ;QPr(w)X(w) < ;QPr(w)E[X]

E[X] > Pr(w) =E[X] = uporusopequne O

we
Onpedenerue 4.3.3.

Typuaup — oprpad, Mexk 1y JTIOObIMI JIByMs BEPIIMHAMU KOTOPOTO POBHO 1 pedpo.

Teopema 4.3.1.
|
Vn 3 TypHUD Ha N BEpHIMHAX, B KOTOPOM XOTs Obl ;=7 BEpIIMHA.

lokazaresbcTBO.
n(n—1)
() — MHOXKeCTBO BCeX TYPHHUPOB Ha 1 BepuiuHax, | =272 .

X (w) — 4mca0 raMUIbTOHOBBIX Iy Tel B W.

[Iycts 0 — mepecTaHOBKaA BEPIIUH.
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1 | ecnu o 3a71a€T TAMUJIBTOHOB IIYyTh B W
Ckaxem, aro X, (w) =

0 , naadge
Takum obpazom, X (w) = > X, (w).
gESy
E[X]= Y E[X,] = Y (Pr[X,=1]-1+Pr[X,=0]-0)= > Pr[X,=1]
O'ESn UESn O'GSn
3amMeTuM, 9TO 0 3aJaéT TaMUIBTOHOB IIyTh, €CIHU CYIIecTBYoT pébpa o(1l) — o(2) — ... = o(n).
Harmpagiienus octaibHBIX peOep HAC HE UHTEPECYIOT.

n(n—1)
LIGR N
Takum obpazom, Pr(X, = 1] = T = 27}_1.
2 2

Orciona nomyuaem, uro E[X] = > Pr[X, = 1] = ;2.
O’ESn

A 10 puHIMITY yCpeIHEHUsI CYIIECTBYET TaKOil TYPHUDP, UYTO KOJUIECTBO TaMUJIBTOHOBBIX ITyTeil
. o !
B HEM 10 KpaliHei Mepe 5i=t. O

4.4. 3-KH® u nepaBeHcTBO MapkoBa

Teopema 4.4.1.

¢ — dopmyna B 3-KH®, m — 4yucio 1u3bIOHKTOB B (.

Torma 4 Habop mepeMeHHbBIX, KOTOPbIi BBIIIOJIHSIET > %m U3 BIOHKTOB.

dokazaresbcTBO.
[Iyctb n — 4YmcJio mepeMeHHbIX.

2 ={0,1}" — MHOXXECTBO BCEBO3MOKHBIX 3HAUYCHUIT IIEPEMEHHbIX, Pr — paBHOMepHAas Mepa.

ITonoxkum Y — 49MCII0 HEBBIITOJHUMBIX N3 BIOHKTOB.

v 1 , ecsiu He BBITIOJIHAETCS 2-bIil U3 BIOHKT
i =
0 , uaadge

Torna E[Y] = E[Y; + Ya + ... + Y,,] = Y. E[Y;].
i=1
E[Y;] = Pr[Y; = 1] -1+ Pr]Y; =0]-0 = Pr[Y; = 1] = 2;;3 = ¢ (3Hadenusi B JUILIOHKTE MbI
BBIOMPAEM OJTHO3HAYHO, & OCTAJIbHBIE — HE IMPUHIUIMAILHO, KAKIUM 00pa3oM )

CanenosaresbHo, E[Y] = %m = 3 mabop, 410 Y (w) < %m. T.e. BeimosingeT > %m JIN3BIOHKTOB.

O

Teopema 4.4.2. (HepaBenctBo Mapkosa)
X :Q = Rag, E[X] >0
Torna Pr[X > C~E[X]] < % VYO >0

Jloka3aTesbCcTBO.

Pr[X >C E[X]] =Pr({w: X(w) > C-E[X]}) = . );-E[X] Pr(w)

Or nporusnoro. Ilycrs Pr[X > C' - E[X]] >

E[X] = > Pr(w)X(w) = (X( > ]Pr(w)X(w)> + (X( > Pr(w)X(w))

we w)=C-E[X w)<C-E[X]

Ql=

Orciona E[X] > > Prw)X(w) = Pr(w)(C-E[X]) > C-E[X] - § = E[X]
X ()>CE[X] X (w)>C-E[X]
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[Tosyuynsim mpoTuBOpEYHE. 0
IIpumep.
. 7 .
IIpusesém anropurm noucka nabopa nepemenubix B 3-KHD, BLINOIHAONIEro 2> ¢m JU3bIOHKTOB!
1) Boibepem cirydaiinbiii HAOOD.

7

2) 3aKOHYMM, €Cji HAOODP BBITOJIHSIET > 3M U3 bIOHKTOB.

Bocronb3yemcest HepaBeHcTBOM MapKoBa M IMOCYNTAEM BEPOSITHOCTH YCIIEXa:
Ilo-npexxnemy Oyjem cauTaTh, 9T0 Y — YHCIO HEBBINOIHEHHBIX JU3bIOHKTOB, E[Y] = &
Pr[Y > {m] = Pr[8Y > m] = Prl8Y >m+1] = Pr[Y > ZH] = Pr[y > 2. ] g mo
CaemoBatesibHo, Prlamropur mamésn Takoit Habop| > m+r1

[TocuuTaem BEpOATHOCTH TOT'O, YTO HAM HE ITOBE3ET CIIyCTsl k 3aIlyCKOB aJrOpuTMa. DTO (1 — m;ﬂ) k.

Takum 06pazoM, ecsii MbI TOJA0KUM k = (m + 1)t, TO HAM He MOBE3ET C BEPOSATHOCTHIO < e—lt
Onpedenerue 4.4.1.

(Q2, Pr) — BEepOSITHOCTHOE TIPOCTPAHCTBO.

A, B — nesaBucumble cobbitus, ecian Pr(AN B) = Pr(A) - Pr(B).

B wacrnoctu, Ay, As, ..., Ap € Q — mesaBucumsle, ecau Pr([ A;) = [[ Pr(4;).
Onpedenerue 4.4.2.

X, Xo, ..., X, : Q — R — HezaBucuMble ciiydaiiHble BeIUYUHbL, ecan V Ay, Ao, ..., A, :

PI‘[X1:A1, XQZAQ, ceey Xn:An] = PI'[XliAl] . PI‘[XQZAQ] L PI'[Xn:An]
Teopema 4.4.3.

Xy, Xo, ..., X, : Q — R — He3aBucuMbIe CIydailHble BEJIUIHHBI.

TOI‘,IL& E[XngXn] = ]E[Xl]E[XQ]E[Xn]

dokazaresbcTBO.

Al - X1<Q), AQ - XQ(Q), ceey An - Xn(Q)
E[X)-Xo...o Xy = > aPr[Xy- Xo o X, =2 = > >0 0 > aas...a,-Pr[Xi=ay, ..., X,,=a,] =

z€eR a1 €A1 as€A2 an€Ap

= > > .. > mas...a, - Pr[Xj=a;] Pr[Xs=as] ... Pr[X,=a,] =

al €A1 a2€A2 an€An

_ ( > al-Pr[Xl_al]) ( S ag-Pr[Xg—ag]) ( > an-Pr[Xn—an]) _ E[X,|E[X,]..E[X,]

a1€A, as€As an€An
Il

4.5. DHTpONUS CJIyYallHOU BEJIUIUHBI
4.5.1. DHTpONUS U €€ IIPOCTENINNE CBOICTBA

Onpedenerue 4.5.1. (Iumponus)
(2, Pr) — KOHEYHOE BEPOSITHOCTHOE IIPOCTPAHCTBO
X : Q — R* — cayuaitnas Besmauna
X(Q) ={ay,as,...,a,}
pi = Prlz = aj]
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Torma sHTpoONUSA CIyYaitHON BEJIMUNHBI BBIPAXKAETCA CJIELYIONINM 00pPa30M:
n
1
= E pilogy —
Py Di

AHoHC-TIOsICHEHME: SHTPOIUS — 3TO KOJUIECTBO MHMOPMAIMU, KOTOPYIO HECET B cebe CiydaiiHasi
BEJIMYUHA.

IIpumep 1.
IIycrs X € {1,0}" — caywaiinas Beauunna, VS € {0,1}" Prix = S] = 27". Torna:

1 n
HX]= > o log, 2" =n
Se{0,1}»
Teopema 4.5.1. (Hepasencrso Mencena)

[ycts f: (a,b) = R — Boimykiiasi. To ecTb:
Vr,y € (a,b),a € [0,1]
flaz + (1 -a)y) <af()+(1-a)f(y)

Torna:

n

Vai, 2y, @ € (a,0), VAL Agy o A €[0,1],) N =1

i=1
Fqxy + Aaxa + .o+ Axy) < A f(21) + Ao f () + .0+ Ay,

3amevarue.
log, x — BoruyTast dpyHKIus (MHAYE TOBOPSL, —[0gaT — BBITYKJIAs)

JIemma (o0 ay»xkux jorapudmax).
T1, 225+, Tp, Tj > Oazyzlxi = 17 Y1, Y2,y Yny Yi > 072?:1?% g 1

Torma:

Z x; log2 Z x; log2

Jloka3aTesbCcTBO.

Z T; log2 —— Z x; log2 Z X log2 < log, i v <0
i=1

T; Hepagencrso Mencena

SamevaHue.
(X,Y): Q= (X(Q),Y(Q))
X: Q- R
Y: Q=R
(X,Y):Q— RE+
Teopema 4.5.2.

H[X,Y]| < H[X] + H[Y], upuuém, paBeHCTBO JIOCTHIAETCs TOTJA U TOJIBKO Torja, Korjga X u Y
HE3aBUCUMBI
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dokazaresbcTBO.
[Tycre X npuHuMmaer 3HaveHus {ai,as,...,a,}, Y — 3nadenus {by,bs,..., b, }, a Takxke
Pa; = Prlz = ai], @, = Prly = b, pa, s, = Prlr = a;,y = bj]. Torma:

n m

Z Z pa,,b 10g2 P

=1 j=1 ai;b;

_ 1 _ 1
HIX]+ H[Y] = p,, log, - +) ", log, o
i=1 @i =1 J

3 o m _ n .

aMeTHM, 9TO Dy, = » im1 Pash; B Qo = Y i1 Pai; eHCTBATENIBHO, BEPOATHOCTH TOTO, YTO TIPO-
MU30MJIET KAKOe-TO KOHKPETHOE COOBbITHE M3 X — CyMMa BEPOsiTHOCTEH TOTO, UTO IPOU3OMIET TaKOe
dpukcupoBaHHOE COOBITHE U ITPU ITOM J1I000e cobbiTre n3 Y. VI Haobopot. Torma:

H[ Z Z paz,b 10g2 — + Z Z pal,b logQ Z Z Pa;, b 10g2

i=1 j=1 @i i=1 j=1 i=1 j=1 b

n m
Ocrasoch IpoBepUTh, UTO » iy > 50 Pa,p; = 1.

n m n
Ilomensien MOPSAOK CyMMUPOBAHMSL: » 5"y Pa; D5 g Gb; = D i—q Pa; = 1. SHATHT, MOXKHO MCIIOJIBL30-
BaTh JIEMMY O Iy KHX Jorapudmax, 110 KOTOPOIi:

Z Z pal,b 10g2

=1 j=1 a“J =1 j=

n m

— H[X] + H[Y]

J'

Pa;b; IOgQ
1

3amevarue.

Ecmu X 'Y npu sTom 6butu nesasucumMel, 10 Pr{z=a;, y=b;| = Pr{z=a;]Prly=b;] = pa, s, = Pa; b,
U HEPABEHCTBO OOpAIlaeTCsl B PABEHCTBO.
Caedcmesue. (Iloayaddumuserocms anmponuu)

[Iycte X1, Xo, ..., X, — cayqaitabie Besmamnbl. Torma H[ X, Xo, ..., X,| < H[X |+ H[Xo] + ... +
H[X,]

dokazaresbcTBO.
VYupaxkuenue. [logckaszka: J10Ka3bIBACTCA 110 WHILYKIIAH. [l

Onpedenerue 4.5.2.
h(p) = plog, % + (1 - p) log, 1%;; — OuHapHAs SHTPOIUS

h(p) T,p € [0, 5] m h(p) L, p € [5,1]

YrBepxkaenue 4.5.3.
[IycTs mMMeeM HEKOTOPYIO BEPOATHOCTH p Takyto, 9To ) < p < % Torna:

n n n n
. = > < 2mhip)
0) () ()= = (D)<
0<i<|pn|
JlokazaresbcTBO.

Hokazxkem, uro ecau ecth HekKoropoe muoxkectso F C {0,1}" : Vs € F B s < pn eauHui, To

|]:| = Zogigpn (?)
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[Iycrs X — ciyuaiinas Bemunna, papaomepnas ua [F|. Torma H[X] =" ﬁ log, | F| = log, | F]|.

Yro xe 310 ObLIa 3a Beqmuunaa? X = x1 + 29 + ...+ x,, TOe T; = 1, ecam i-it 6ur s pasen 1, u
x; = 0 unayge. Torma mosydaem, 9TO:

H[X] = H[z1+zo+...+x,) < H[zy |+ Hxo)+. . .+ H[z,) = nH[z1] = n-h(q), rne ¢ — BeposTHOCTD
TOT'O, YTO CUMBOJI CTPOKHU u3 F Oyner paseH 1.

SaMeTuM Temepb, YTO MOCKOJBbKY KOJUYECTBO €IMHWI] B TAKUX CTPOKAX HE IMPEBBIMIAET NP, TO

q < p= h(q) < h(p) (r.x. Gunapuasi suTpONUs Ha oTpe3ke [0, %] CTPOrO BO3PACTAET).

Takum 06pa3zoMm, Mbl UMEEM CJIETYIONLYIO OIEHKY:
H[X] = log, | F|, HX] <n-h(p) = |F| <2vh® .

4.5.2. Ogno3HavHo Jekoaupyembie Koabl. HepaBeunctBo Kpadta

Onpedenerue 4.5.3.
[Tycts umeercs nekoTopsiit andasur A = {a, as, ..., a,}, rue a; — i-i cuBoJ andapura.

Torma C': A — {0,1}* — 0IHOBHAYHO JEKOAUPYEMBbIil KO, ecyiu V 2-X CJIOB MX KOJI He COBIAJIAET.
C:¥" = {0,1}; Clxy, 29, ..., x) = C(x1)C(xq) ... C(ay)

Ve,ye A, x #y= C(z) # C(y)

Onpedenerue 4.5.4.
Ko nasbiBaercst npedukcHbiM, eciu Vo # y € A : C(x) e saBisercs npedukcom (y)

IIpumep.
A ={a,b,c}, Cla) =0, C(b) =10, C(c) = 11. 3aecs C' — npedUKCHBI OIHOZHAYHO JIEKOIUPYe-
MBI KOJI.

JIemma. (HepasencrBo Kpadra)

1. IIycrs C': A — {0,1}* — onrosnauno jexoupyemsiii koxa. Torma Y- - 4 2-1Cal < 1
2. Iycrs Uylg, ... L, € N, YO 275 = 1. Torma 3 npedukcnbiit kox C : A — {0,1}* : [, = |C(a;)]

Teopema 4.5.4.

1. Ecou C' : A — {0, 1}* — ofHO3HAYHO JEKOIUPYEMBIii KO/, TO:
sz,c(al)’ < H[p17p27 cee 7pn]vp17p27 -+ sPn € [07 1] : sz =1
i=1 i—1

2. 3 npedukcubtii kox C @ A — {0,1}* = > pi|C(a;)| < H[p1,pas ... .pn] + 1, e p; — acrora
BCTPEYAEMOCTH CUMBOJIA (; B A3BIKE.

Jloka3aTesbCcTBO.

1. 13 nepasencrsa Kpadra: > 21l < 1. Torma:

“ 1 “ 1
;Pi log, 510G P Z;pz‘ log, ZZ = Hp1,p2, ... .pn]
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_ 1 . n —1; n o .
2. Ckaxewm, uro l; = [log, --|Vi € [n], 37,2, 27" < 3/, p; = 1 = no Bropoit 1actu nemmet Kpadra
3 kox ¢ Takumu ymHaAMu. OCTaIoCh J0Ka3aTh, 9TO TpeOyeMoe HEPABEHCTBO BBITTOJTHUTCH:

szl —szlog2 sz log2 sz— 1:>2le < le,pg,...,pn]-i—l

TODO Hoxkaszars jtemmy Kpadra

4.6. YcJOBHbIE€ BEPOATHOCTH

Onpedenerue 4.6.1.
(Q, Pr) — KoHEYHOE BEPOSTHOCTHOE MPOCTPAHCTBO.
A,BCQ, Pr(B) #£0
Pr(ANB)

YcnosHoit BepostHOCTBIO Pr(A| B) = )
[IPH YCJIOBUU y7Ke IIPOU3OIIIEIIEero coobITus 3.

Ha3bIBACTCA BEPOATHOCTDb HACTYILJICHUA cobbiTua A

Onpedeaerue 4.6.2. (DPopmyaa nNoaHOU 8EPOATMHOCTIU,)
Bl7 B27 ceey Bn g Q
PI‘(BZ) > 0, B;nN Bj 7é 1]
Torma Pr(A) =) Pr(ANB;) => Pr(A|B;) - Pr(B;)
i=1 i=1
Teopema 4.6.1. (Popmyna Baiieca)

Pr(ANB Pr(B|A)-Pr(A
Pr(A|B) = (r(lr;)) — = }l’r()B) =

B uacrunoctu, Pr(A| B)Pr(B) = Pr(B | A)Pr(A)

4.7. Jducnepcusa

Onpedenerue 4.7.1.
(Q, Pr) — KoHEYHOE BEPOSTHOCTHOE MPOCTPAHCTBO.

X — cayvaiinasi BeJTMIuHA.

D[X] =E[(X — E[X])?|] — nucnepcus ciay4aiiHoil BeIuHbL.

D[X]=E[(X — E[X])?)] =E[X?+ E[X]? - 2XE[X]] = E[X?] + E[X]* - 2E[X]* = E[X?] — E[X]?
U3 onpenenenns: MaToxkuganns ogesuano, uro E[X?) — E[X]? > 0 = E[X?] > E[X]%

Jlemma.
X1, Xo, ..., X,, — momnapHO He3aBUCUMBbIE CJIy4YailHble BEJTUYNHBI.

Torma D[X; + Xo + ... + X)) = D[ X1] + D[X5] + ... + D[X,,]
Bameuanue. D[aX]= oa’D[X]

,D;OKaBaTeJIbCTBO.
DXi+Xo+ ...+ X, |=E[(Xi + Xo+ ...+ X, —E[Xi + Xo + ... + X,,)* =

<Z EX}+2Y E[X; X, ]) — (izn:l(E[Xi])z +2> E[X)]- E[Xj]>

1<J 1<J
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Bamerum™, uro Vi # j : E[X;- X;] = F[X;]- E[X|] (HockoIbKY CirydailHble BeJIMIHHBI HE3ABUCHMBI).
Ciie10BaTesIbHO, TIOJIyIaeM, dTo:

DX, + Xy + ..+ X, = 3. B[X2) — 3 B[X,? = 32 (BIX?] - EIXJ?) = 3. DX, m

i=1 i=1 =1 =1

4.8. HepaBencTtBo YeObIIEBa

Teopema 4.8.1. (HepaBenctBo YebbIéna)

DX
VC >0 Prf|X —E[X]|>C] < 2X

dokazaresbcTBO.

1) Hycrs Pr[X = E[X]] = 1. Torga HepaBeHCTBO 0MEBUIHO.

2) ITycts X me Bcerga pasen E[X].

onoxkum Y = (X — E[X])?, E[Y] > 0 (ciemyer u3 onmucanuoro BbIIIE yCJIOBHS).

B wacrnoctu, D[ X| = E[Y].

Pr[|X —E[X]| > C] = Pr[(X — E[X])? > C?] = Pr [Y > %E[Y]] < Y (1o mepasencray
Mapkosa). O

Teopema 4.8.2. (3akoH OOJBHINX YHCEJI JIJIS MOMAPHO HE3ABUCUMBIX CJIyYaWHBIX BeJIH-
YVH)

X1, Xo, ..., X, — momapHO He3aBUCUMBbIE CJIy4YailHble BEJTUINHBI.
_ _ 2
E[X;] =u, D[Xi]=0
2

Torna Pr [ —X1+X2;"'+X” — ,u‘ > 6} < =

JlokazaresbcTBO.
Y = X1-|-X2+~--+Xn7 E[Y] = u

n

Pr[|Y —pl>e] =Pr[|Y —E[Y]| > ¢] < P (10 mepasencrsy Yebpimésa)
DIY] = 3 D[%] = 3 kDX = 3% — 2 = £
2

Taxum obpazom, Pr[|Y —pul > ¢] < & = Pr[|[S8ebat | > ] < 2 O

n ne?
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5. MaTrpu4ynbie UTrpbl

5.1. HepaspemumMocTp JUHEMHBIX CPaBHEHUMN

JIemMma (Papkama).
Ecom cucrema u3 m JMHERHBIX HEPABEHCTB HE MMeeT pereHuil, 10 3¢1,ga, . . . ,qn = 0 Takue, 4ro
€CJIN CJIOKUTH HEPABEHCTBA, JOMHOMKEHHBIE Ha KOIDMUIMEHTDI ¢1, G2, - - . , m, TO moaydnTcs 0 > 1

V) Z ¢;a;; =0, Zqibi =1
=1 i=1

JlokazaresbcTBO.
Nuaykius 1o 9uc/y nmepeMeHHbIX .

Baza: n = 1.

V
Q

T

8
—

=
A\
SR

N

dy

(L1

OueBuHO, YTO TaKas cHCTEMa OyIeT HEBBIIOJIHIMA TOIBKO ecau max(c) > min(d). Maade rosops,
cucreMa He MMeeT pelleHuit, ecau Jcj, d; Takue, 91O ¢; > dy

x1 = ¢j > d; > v — JIeUCTBUTEJILHO, €CJIU TaK, TO MOJydaeM HEABEHCTBO Ti > I, PEIEHUIl HeT.
Emé MoxKHO IoKa3aTh 9TO Tak: T = ¢j, —%1 = —dy = 0> ¢; —dy >0

[Tepexom: n — n + 1. Paznesimm Bce HepaBecHTBa Ha, 3 TPYIIILL:

1. Hepasencrsa, B KOTOpbIE I7 HE BXOJIUT
2. m HepaBeHCTB BUJA T1 > [i(T2,X3,...,%,), 1 € [m]
3. | mepasencTs Buga r1 < gj(T2, T3, ..., %), j € [{]

Hanurmem sSKBUBaJIEHTHYIO CHCTEMY HepaBeHCTB. IlepBast Ipylina HepaBeHCTB OCTaHeTCsa 6e3 u3Me-
HeHU. BTOPYIO 1 TpeTbio COBMECTHM, 3aIIICaB B HOBYIO CUCTEMY BCe HepaBeHCTBa BuIa f; < g, Vi, j
i € Im],j € [l]. IlokazxkeMm Temepn, 9TO MCXOHASI CUCTEMa BBIIOJHUMA TOTJA U TOJIBKO TOT/A, KOTJA
BBITIOJTHUMA TIOJIy9YeHHas. B ojiHy cTOpoHy o4eBHIHO. IlycTh mcxo/HAasi BBIMOJHUMA, TOTJA ITOJCTa-
BUM BBITIOJIHSIONMI HAOOP B TOJyYEHHYIO CUCTEMY M OHAa BBITOJIHUTCS. B apyryio cropony. Ilycrs
[OJIydeHHast cucTeMa uMeer perienue. Torma mojacTaBuM B Heé BBINOJHAONINE 3HAYEHUS W Hailaem
a = max(f;) u b = min(g;). Jas nux uzBecrro, 410 @ < b T.K COOTHOIIEHNE «MEHBIIE» OBLIO BBEJIEHO
Ha BCexX mapax f;, ¢;. Beibepem smoboe dnciio u3 orpeska [a,b|, moacrasum Ha Mecto z. Iosmy«umn
BBITIOJTHAOIIAI HAOOP /I MCXOIHOU CUCTEMBI.

Bepuemca k noucky koadpdurmenton. Terepb Mbl 3HAEM, YTO €CJIM UCXOJIHASI CUCTEMA HEBBITIOJ-
HUMa, TO U MOJydYeHHasi Toxke. Torjaa mo mpeInooKeHnI0 WHIYKIMA (MBI TOJBKO 9TO M30ABUIIMCH
OT MEPEeMEHHHOT), 3HAYUT, JJI [TOJYYEeHHON CHCTMEMbI eCTh HYXKHBIH HAabop Kod(hdUImeHToB. 3Ha-
YUT, OH €CTb U JJIsi UCXOJHOM CHUCTEMBI U €r0 MOXKHO BBIBECTH U3 KOIMDMUITMEHTOB I8 MOy YeHHOM
CUCTEMBI. O]
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JIlemma.
[Iycts A — BemecTBeHHAST MATPUILA M X N, TOT/A BBINOJHATCS POBHO OJIHO U3 JIBYX:
L 3pipos.. pm =0:V5€ ] D" A ipi >0

2. EIQ1,(]2, - sQn 2 0: VZ € [m] Z;’L:I Aqu <0

3ameuanue. MOXKHO HEPEHOCUTH CTPOroCTb Mexy yTBepxkiaenusimu. (IIpoBepsiercsi mepeBopoToM
MATPUIIbI U JIOMHOYKEHUEM Ha -1)

Jloka3aresbCcTBO.

[Iycte 1. He BBINOJHUTCA HU AJId KaKUX D, MOAXOASAIINX TOJ yciaoBus Bblime. Torma coctaBum
Y
CJIEJTYIONIYIO0 CUCTEMY YPaBHEHUil, O KOTOPOil OyeM 3HATDH, YTO OHA HEBBIIIOJIHIMA':

St Aipi =0 Vj € [n] conocraBum sTuM HepaBHecTBaM K03bdUIMEHTbI];

pi =0 Vi € [m] stum — «;

Yompi =1 a 9TuM — 7y
Pa3z takag cucrema HeBBIIOJTHUMA, TO HaiiayTcs Takue KoddduimenTsl u3 jgemmbl Papkaria, 910
CyMMa BCeX HEPaBEHCTB BbIle jacT HepaBencTtBo (0 > 1. Haiiyiem stu koadpdurmentor. Haunem c
04eBHIHOTO. A mMeHHO, ¥ = 1 (Ham GOJIbllle HEOTKY/Ia MOJIyYUTh €JIWHUILY B TPABOil Y4acTh ypaBHe-

HYs ). Bbinminem rernepb 0T bHO CyMMY BCEX HEPABEHCTB (pa3 Mbl B PE3YJIbTATE JOJIXKHBI IOy YUTh
HepaBencTBo () > 1, To cyMMa BCeX JIEBBIX YacTeil JIOJIZKHA ObITh paBHA HYJIIO):

quZAi,jpi +Zozz~pi +Zpi =0
j=t =l i=1 i=1
sz ZAM‘JJ + Zaz’pi + Zpi =0
=1 Jj=1 i=1 i=1

sz(z Aijgi o +1)=0
=1 j=1

BcnomauM Terepb, UTO 3TO PABEHCTBO JIOJIZKHO OBITH HYJIEM IPU JIIOOBIX 3HAYEHUSAX TEPEMEHHBIX P.
SHaUNUT, KaxK/ bl KOIMOUIUEHT P p; J0J2KeH ObITh paser 0. OTciona:

j=1

ZAi’jqj = —Q; — 1, VZ € [m]
j=1

Bamerum, uro —a;—1 < 0, Vi € [m] (o temme Papkarna, Ko3HUIUEHTHI HEOTPUIIATETBHBI = —; >
0). Orcrofia moJydaeM BBINOJHEHUe IyHKTa 2 T.K. Mbl HAILIA HEOTPUIATEIbHbIE KOIMDMUIUEHTDHI ¢
TaKWe, 9TO IOCTOJIONOBLIE CyMMbI OKA3AJIACH MEHBIIIE HYyJIs.

[]
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5.2. OcHOBHbBIE IOHATUS MATPUYHBIX UTP

Onpedenerue 5.2.1.

A — 1raTexKHasi MATPUIlA, Ha KOTOPOW BeIETCs wrpa. 1orga ecyim CTOJOIOBBIA UTPOK BHIOpAJT
cToJiOer; BbIOpaJl CTOJIOeI ¢, a CTPOYHBIN UIPOK BBIOpAJ CTPOKY j, TO CTOJIOIOBBI UTPOK ILJIATHUT
crpounomy A;; (9T0 9HCIO MOMXKET OBITH B TOM UHCJIE M OTPUIATEIHLHBIM, TOTJA CTPOYHBIH HIPOK
wrarut croabnosomy —A, ;).

Onpedenenue 5.2.2 (Crparerus).

1. Yucras. B Ttakom ciydyae cTPOYHBIN/CTOJIONOBBIA UIPOK BCETJA BBIOUPAET TOJBKO OJMH CTOJI-
Ger/onny crpoky. Bynem ob6osHadarh (i) UMCTYIO CTPATErdiO, KOTOpas BBIOMpAET i-i CTOJI-
6e11/CTPOUKY.

2. Cmemannag. Torga oHa mpeacTaBigeT coOOOM pacupeiesieHne BepOITHOCTEH BLIOOPa TOr0 WJIn
WHOT'O CTOJIONA WJIA CTPOYKU.
m
uade roBopsi, CTpaTerus CTOJIONOBOrO (IIEPBOTO) UTPOKA — P1,P2, - - - Pm, Di = 0, D o pi =1

Crpounoro (BTOpOro) — 1,42, - - - 1qn, ¢; = 0, ZLI g =1
3ameuarue. VIrpoKM UIparoT HE3aBUCUMO.

Onpedenerue 5.2.3.

A(p,q) — MaTeMaTHUeCKOE OXKMJIAHWE BBIUTPBINA | UIPOKA, €CJIM OH UIPAET [0 CTPATErud p, a
UrpoK [I — mo crpareruu q.

Alp.q) = Z Zp’iqjai,j = Z%’(Zpiai,j) = Z 0;A(p, (7))

i=1 j=1

[Tocnemanit mepexon HeTpUBHUAJIEH, TTOACHIO. /[aBaiiTe BHUMATEIHHO TOCMOTPUM Ha Z:L Diij U
IMOMEM, YTO OHA SKBUBAJIEHTHA TOMY, UTO CTPATErus ¢ — YUCTasd, BIOMparorias cCTpouKy j. [Ipu arom
cTpaTerus p — mo-upexkHeMy JanHasi HaMm cMernaniast. (Kcim Beé emgé Her, T0o mpejicTaBbTe, 9T0 y Bac
€CTb HEKOTOpasd P, a ¢ IIPU TOM — BCE HYJIM U eJUHUYKa Ha no3uiuu j. [locunTaiiTe Mar. oxxuganue.
OHO JIOJIZKHO MOJIyYUTHCS PABHBIM UMEHHO TaKOil cyMMe).

Anajorugso

m n

Alp.q) = Z Zpinai,j = sz(z q0;,j) = ZPiA((i)a q)

i=1 j=1

Onpedenerue 5.2.4.
Crparerusi p rapanTupyer BeUrpbiit xors o1 C, ecou Vg A(p, q) > C.

Cesolicmea cmpameaui.

1. Crpaterusi p rapaHTUPYeT BHIUTPHIII XO0Ts1 Ob1 C' TOT/1a ¥ TOJIBKO TOT/1a, KOT/Ia V YUCTOM CTpATeruu ¢

A(p,q) = C.

lokazareabcTBO.

B onny cropony odeBumno. Eciu p rapantupyer Boiurpbiit xoTsd 661 C' jijist 10001 cTpaTeruu
¢, TO JIJI YUCTBIX TeM OoJiee.

B obparnyio: A(p,q) = Y7 ¢;Ap, (7)) = Y11 ¢;C=C¥ ¢ =C 0

2. a) JIubo y 1epBOro UrpoKa eCcTh CTpATerus, TapaHTUPYyIOImas emy Boiurparh > 0, b) aubo y
BTOPOT'O UI'POKA €CTh CTpaTerud, rapaHTupyomas eMy npourpatb < (.
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dokazaresbcTBO.
Hy B camom j1es1e, mocMOTPHUM, 9TO MBI XOTUM IMOJIYYUTH:

a) 3p:Vj Alp,(j)) 20
Yo pidiy 20,3 pi=1

b) Jq: Vi A((i),q) <0
Z?:l GAi; <0, ¢ =1

3aMeTnM, ITO MBI 9TO y2Ke BUJIEU B 9TOM jJemMe. /leiicTBUTEIHHO, TIO HEll MBI 3HAEM, 9TO HY K-
HBIIf 3HAK MOYKHO TIOJIYYHUTb TOJILKO OJIHUM U3 JABYX criocoboB. Ho 3ameTnm, 9To cymMma HAImX
BEPOSATHOCTE JOJ2KHA OBITh paBHA euHUYKe. Mbl MOXKEM IOJIyIUTh TaKue u3 KOIMDUINEeHTOB,
HOJIyYEHHDIX IO JIeMMe, JOMHOXKEeHUEM Ha KOHCTAHTY. O]

3. Yu € R qubo y mepBoro urpoka e€CTb CTpaTerus, rapaHTUPYIONasd eMy BBIUTPAThb > [, JIUOO Y
BTOPOT'O UI'POKA €CTh CTpaTerusd, rapaHTUPYyIoIas eMy IpourpaTb < (i

Jloka3aresbCcTBO.
3 Bcex 3/1eMEHTOB BBIYTEM (i W BOCIIOJIB3YEMCS IIPEIBIIYIIINM CBONCTBOM. [

Onpedenerue 5.2.5.
C € R nasbiBaercsd 1eHoil urpbl, ecaum Jp*, ¢* Takue, 4TO p* rapaHTUPYET MEPBOMY HUIPOKY
BeIMI'PATh He Menee C, a ¢* rapaHTUpPyeT BTOPOMY UT'POKY Ipourpars e 6osee C'.

4. Ecou 1, Cy — nenst urpsl, To C7 = (.
Paccemorpum, ne Tepss obmunoctu C) < Cy. Torma mycts crpareruu p*, ¢* 1ai0T HaM IEHY UTDbI
Cy, a p*™*, ¢ — Cy. Torma Cy > A(p*™, ¢*) > Cy. Ilporusopeune.

5.3. Teopema ®Pon-Heitmana

Teopema 5.3.1 (®oun-Heiimana).
B sro6oit maTpuunoit urpe 3! 1eHa urpsl.

lokazaresbcTBO.
EnuncrBennocTs ObLia goka3aHa Bbire. /JlokaxkeM cylecTBOBaHUE.

p — crparerus p P — 9uCTas CTPATErus

flo)= max Alp,g)= max > pA((i)g)=  max = Alpqg)

n

g(p)= min A(p,g)= min > gA@p(j))=  min  Ap,q)
q — cTparerus q — cTparerus ey ( — YuCTas CTpaTerus

Vp,q f(q) = Alp.a) = g(p)
f(q) = supg(p)
inf f(q) = sup g(p)
Hokazkem, 4ro HaM Ha caMoM jiesie paBercTBo. [lycrs inf f(g) > pu p > sup g(p). Ho mo ceoiicray

3 6o Ip : g(p) = p, smbo Iq : f(q) < p. porusopeune. Crenosarensho, inf f(q) = sup g(p) = C.
Bynem noka mpocto yreepxKaaTh, 9To Haiigernoe C' — IeHa UIPHIL.

Jlo cux mop ObLI0 HEMOHATHO, TIOYEMY K€ MbI BOOOIIE MMeeM IIpaBo MucaTh max u min. Bapyr onu
npocto He gocruratorcs? [lo ceoiictBy 3 smbo dp : g(p) = C, mbo g : f(q) < C = Ip* : g(p*) = C.
Awnayormano 1o TOMY 2Ke cBoiicTBy Jmbo Ip 1 g(p) > C, mmbo Jq: f(q) < C = 3J¢*: f(¢")=C. O
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6. Yuciga PamMmcesi

6.1. HYucaa Pamcea

Onpedeaerue 6.1.1.

R(m,n) — MuHUMAaBHOE HATypasjbHOe uncyao N, 4ro ecsu B mojaHOM rpade u3 N BepiiuH Bce
p€Opa MOKpacuTh B JIBa IIBETA, TO JIMOO HANIETCS 1M BEPIIUH, YTO BCE PEOPA MEXKJTy HUMU ITOKPAIIIEHBI
B IEPBbBIi 1IBET, JIMOO HANIETCA N BEPIIUH, YTO BCe PEOPA MEXKIy HUMHU IMOKPAIIEHbI BO BTOPOIi IIBET.

R(m,n) — umucno Pamces.

IIpumep.
R(3,3) = 6 (pasbupasach Ha MPAKTHUKE)

3amevarue.
Heouesumno, aro R(m,n) < +oo.

Cesoticmaa.

1. R(2,n)=n
2. R(m,n) = R(n,m)
3. R(m,n) < R(m,n—1)+ R(n—1,m) npu m,n >3

dokazaresascTBO.
Pacemorpum nosabiit rpad wHa R(m,n — 1) + R(m — 1,n) Bepumnax (mpezmosaraeM, 94To 3Ta
BeJIMYNHA KOHEYHA).

Pacemorpum onny Bepiuny v. Ona coequnena ¢ C BepmuHamu pe6pom 1epBoro mpera u ¢ Co
BepIIMHAME PEOPAMK BTOPOI'O IIBETA.

Yreepxaenue. Jlubo |Cy| = R(m — 1,n), mbo |Cy| = R(m,n — 1).

Hokazarenscrso. Ot nporusroro. R(m — 1,n) + R(m,n —1) — 1 = |Cy| + |Cy| < R(m —1,n) +
R(m,n—1)—2

Paccmorpum coryyan:

1) |Ci] = R(m — 1,n) = B C} b0 ecTb n BEPINUH, COEJIUHEHHBIX péOpamu nBeta 1, Jaubo
m — 1 BepiuHa, coeuHEéHHAs pEOpaMu 1BeTa 2.

2) |Cy] = R(m,n — 1) = umbo B C| ecrb m BEpPIINH, COeAUHEHHBIX pEOpaMu 1BeTa 1, Jaubo
n — 1 BepimHa, coeTMHEHHAs pEOpaMu IBeTa 2. O]

4. R(m,m) < (™72 = (")

m—1 n—1

Jloka3aresbCcTBO.
Nupykiysa mo m u n.

Basa: R(2,n) =n < (}) =n

[Tepexom: Ilycts m,n > 3
R(m,n) < R(m — 1,n) + R(m,n —1) < (™1 + (™)) = (™) .

m—2 m—1 m—1

5. R(n,n) < (*'7) <4t

n—1
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6. R(n,n) > (vV2)"

lokazaresbcTBO.
Ot mporusHoro. Pacemorpum rpad us N < (v/2)" Bepruum.

PaccmorpuM citydaitHyo pacKpacKy B JIBa IIBETA.

ITocunTaem BepoOsiTHOCTH TOTO, YTO HAWIAETCH N BEPIINH, BCe pEOpa MEKTy KOTOPBIMU ITOKPAaIIe-
HBI B OJIVH TIBET.

TODO
Pr[3] = Pr| ‘fgﬁ] B A BCe pébGpa 0JHOTO TiBeTa] < ‘,ﬂ:{zﬁ] Pr[B A Bce pébpa omHoro nsera] =
C . C
N 2 N© 2 on /2.2 2n/2+1
(n)—zn(nfl)/2 <L ko < T = e < 1 = g n > 3 BBIIOJIHAETCSI.

To ectb pu n > 3 ¢ HEHYJIEBOII BEPOSITHOCTHIO HAWIETCs TOJIHBIN rpad Ha N BeprimHax, KOTO-
PBIil HEJIb3sI PACKPACUTH B JIBa I[BETA ONMKUCAHHBIM 0OPa30M.

]

Onpedenerue 6.1.2.

R(S,m,n) — MUHUMAJIbHOE HATYpaJbHOE Yucjo N, 4TO ecjiu Bce S-3JIeMEHTHbIE TOJMHOXKECTBA
[N] mokpacuth B 2 1BeTa, TO JMOO HARIAETCSA M-IJIEMEHTHOE TOJMHOXKECTBO, BCE €ro S-3JIeMeHTHbIe
ITOJIMHOKECTBA MOKPAIIEHbI B IIBET 1, JInO0 HAMAETCs N-3JIEMEHTHOE ITOJIMHOXKECTBO, BCE €10 S-3JIeMEeHTHbIE
IIOAMHO2KECTBa IMOKPaIll€eHbl B IIBET 2

Cesoticmesa.

7. R(1,m,n) =m+n— 1.
8. R(s,m,n) < R(s—1,R(s,m—1,n), R(s,m,n—1)) + 1

Jloka3aTesbCcTBO.
Beiesnnm ssement v € [N].

Packpacum Bece (s — 1)-asemenTthbie nogmuoxectsa [N]\ {v} B 2 npera: B TOT 11BeT, B KOTOPBIii
HOKPAIIIEHO S-3JIEMEHTHOE IOJIMHOYKECTBO, TI0JIyYaeTCsl JI00aBICHUEM U

[To MHAYKIMOHHOM IIpEAIOIOKeHNI0, HaiiéTcs mbo 1) R(s,m — 1,n) 31eMeHTOB, B KOTOPBIX
(s — 1)-a/1eMeHTHBIE TOJMHOYKECTBA MOKpAaIIeHbl et 1, b0 2) R(s,m,n — 1) sjmemenTOB, Bee
(s — 1)-as1eMeHTHBIE MTOJMHOMKECTBA, [TOKPAIIEHbI B TIBET 2.

m — 1 371eMeHT: Bce s-KU IOKpallleHbl B 1BeT 1 mobasieanem v —> OK

1) R(s,m—1,n) —
N 9JIEMEHTOB: BCE S-KH IOKDAIIEHbI B IBET 2

M 3JIEMEHTOB: BCE S-KH ITOKpAIlleHbl B IBET 1
2)R(s,m,n—1) —
n — 1 aJ1eMeHT: Bce s-Ki MOKpAaIlleHbl B I[BET 2 JI00aBJIEHUEM U

Onpedenerue 6.1.3.

Ri(s, my, mo, ..., my) — 0006mienue ynces Pamvces: Ha k 1BeTos.

Ri(1, my, ma, ..., mg) =mq +mo+ ...+ mp — k+1

Ri(s, my, mo, ..., mp) < Rp(s — 1, Ri(s, my — 1, ma, ..., mg), ..., Ri(s, my, ma, ..., mp — 1)) + 1
IIpumep.

1. (Teopema Illypa).

Vr € N dn € N : ecsin packpacurh 4ucya [n] B r 1BeToB, To 00si3aTe/IbHO HAlyTCst X, Y, 2 € [n] :
OHU OJIHOTO IIBeTa U T + Y = 2
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dokazaresbcTBO.

r times
n=R(253 .9
@] =1Ir], e((z,y) = ez —yl)
Juser u Jr,y, 2 |z —y|) = @(ly — 2|) = ¢(jz — 2])
[Iycrs z <y < z. Torpa (y —z) + (2 —y) = z — .
TODO Ocozuars 310 ]

2. (Teopema Dpperma-Cekepera)

Vm € N 3N € N : u3 mobeix N Touek 0OIIero mosiokenns (HUKaKue TPU TOYKH HeE JIesKaT Ha
OJIHO}I TIPSIMOIL) Ha IIOCKOCTH MOYKHO BBIOPATH BBIIYKJIbIH 1M yTOJIbHUK.

doka3aresbcTBO.
TODO Hy:xen pucynok un 4eii-uuOy/ib KOHCIIEKT. [

JIemma. (Kénwura)

B n1r060M 6eckoHeIHOM KOPHEBOM JlepeBe KOHEYHOM CTeleHr HailIeéTcss OeCKOHedIHasi BETBb.

Jloka3aTesbCcTBO.
Haiiném china 6eckoHeIHOro pasmepa (Takoil 00si3aTeIbHO €CTh) U epeiijiéM B Hero. O
Teopema 6.1.1. (Beckoneunasi reopema Pamcest)

Pébpa mosrHOTO GeckonedHoro rpada MOKpallleHbl B 7 IIBETOB. 1oria HalIETCa 00 MHOXKECTBO
BEPIIIH, YTO BCe PEOpa MKy HUMHM ITOKPAIIEeHbl B OJUH I[BET.

lokazaresbcTBO.

TODO u
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