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Ïîíÿòèå íåïîäâèæíîé òî÷êè

Îïðåäåëåíèå

Ïóñòü X � ïðîèçâîëüíîå ïðîñòðàíñòâî, f : X → X . Íåïîäâèæíîå òî÷êîé
îòîáðàæåíèÿ f íà X íàçûâàåòñÿ x∗ ∈ X , äëÿ êîòîðîãî âûïîëíÿåòñÿ

f (x∗) = x∗.
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Ïðèìåðû

1. f : R→ R, f (x) = x2, äâå íåïîäâèæíûå òî÷êè: {0, 1}.
2. g : Rn → R, g äèôôåðåíöèðóåìà f (x) = x − α∇g(x). Ëþáàÿ òî÷êà

ìèíèìóìà g ÿâëÿåòñÿ íåïîäâèæíîé òî÷êîé f .

3. d
dx : C (1)[a, b]→ C [a, b] � îïåðàòîð äèôôåðåíöèðîâàíèÿ. Íåïîäâèæíûå
òî÷êè � ôóíêöèè âèäà Cex .

4. f : ∆n → ∆n, ãäå ∆n = {x ∈ Rn | x ≥ 0n, 1T x = 1} � ñòàíäàðòíûé
n-ìåðíûé ñèìïëåêñ, f (x) = Px , ãäå PT � ñòîõàñòè÷åñêàÿ ìàòðèöà.
Ïðîöåññ

xk+1 = f (xk)

ïðèíÿòî íàçûâàòü ìàðêîâñêèì ïðîöåññîì. Êîìïîíåíòà i âåêòîðà xk
ïðåäñòàâëÿþò ñîáîé âåðîÿòíîñòü îêàçàòüñÿ â ñîñòîÿíèè i íà èòåðàöèè k .
Ìàòðèöà P çàäàåò âåðîÿòíîñòü ïåðåõîäà. Ïðåäåëüíîå ñîñòîÿíèå ïðîöåññà
ÿâëÿåòñÿ íåïîäâèæíîé òî÷êîé f .
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Íåïðåðûâíîñòü ïî Ëèïøèöó

Îïðåäåëåíèå

Ïóñòü (X , δX ), (Y , δY ) � ìåòðè÷åñêèå ïðîñòðàíñòâà. Îòîáðàæåíèå f : X → Y
íàçûâàåòñÿ íåïðåðûâíûì ïî Ëèïøèöó ñ êîíñòàíîé L > 0, åñëè ∀x , y ∈ X
âûïîëíÿåòñÿ

δY (f (x), f (y)) ≤ LδX (x , y).

Çàìå÷àíèå. Íåïðåðûâíîñòü ïî Ëèïøèöó ìîæíî ââåñòè è äëÿ íîðìèðîâàííîãî
ïðîñòðàíñòâà êàê

||f (x)− f (y)||X ≤ L||x − y ||Y
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Íåïðåðûâíîñòü ïî Ëèïøèöó

Òåîðåìà (Î ôóíêöèè ñ íåïðåðûâíûì ïî ëèïøèöó ãðàäèåíòîì)

Ïóñòü f : Rn → Rm, ∇f íåïðåðûâåí ïî Ëèïøèöó ñ êîíñòàíòîé L, òîãäà ∀x , y

f (y) ≤ f (x) +∇f (x)T (y − x) +
L

2
||y − x ||2,

(∇f (y)−∇f (x))T (y − x) ≤ L||y − x ||2.

Äîê-âî. Çàìåòèì, ÷òî

(∇f (y)−∇f (x))T (y − x) ≤ ||∇f (y)−∇f (x)|| · ||y − x || ≤ L||y − x ||2.

Îñòàëüíîå ïîëó÷àåòñÿ ïî àíàëîãèè ñ ñèëüíîé âûïóêëîñòüþ.

Ìàëüêîâñêèé Í. Â. (ÑÏáÀÓ) Ðåêóððåíòíûå ñõåìû 5 / 18



Ñæèìàþùåå îòîáðàæåíèå

Îïðåäåëåíèå

Ïóñòü (X , δ) � ìåòðè÷åñêîå ïðîñòðàíñòâî. Îòîáðàæåíèå f : X → X íàçûâàåòñÿ
ñæèìàþùèì, åñëè îíî íåïðåðûâíî ïî Ëèïøèöó ñ êîíñòàíòîé L < 1.

Ïðèìåðû

1. f : Rn → Rn, f (x) = αx + b, |α| < 1.

2. f : Rn → Rn, f (x) = Ax + b, A � ñèììåòðè÷íàÿ âåùåñòâåííàÿ ìàòðèöà
èσ(A) < 1 (σ(A) = max{|λ| | ∃v 6= 0n, Av = λv}).
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Òåîðåìà Áàíàõà

Òåîðåìà (Áàíàõà î ñæèìàþùåì îòîáðàæåíèè)

Ïóñòü (X , δ) � íåïóñòîå ïîëíîå ìåòðè÷åñêîå ïðîñòðàíñòâî (áàíàõîâî
ïðîñòðàíñòâî), f � ñæèìàþùåå îòîáðàæåíèå íà X ñ êîíñòàíòîé q, òîãäà

Ñóùåñòâóåò åäèíñòâåííàÿ íåïîäâèæíàÿ òî÷êà x∗ ∈ X ôóíêöèè íà f íà X .

Ïðè ëþáîì x0 ∈ X ðåêóððåíòíàÿ ïîñëåäîâàòåëüíîñòü xk+1 = f (xk)
ñõîäèòñÿ ê x∗.

Äîê-âî. Äëÿ ïîñëåäîâàòåëüíîñòè xk+1 = f (xk) èìååò ìåñòî

δ(xk+1, xk) = δ(f (xk), f (xk−1)) ≤ qδ(xk , xk−1) ≤ . . . ≤ qkδ(x1, x0).

Òàêèì îáðàçîì, äëÿ ëþáûõ n < m

δ(xn, xm) ≤
m−1∑
i=n

δ(xi+1, xi ) ≤ qn
m−n−1∑

i=0

qiδ(x1, x0) ≤ qn

1− q
δ(x1, x0),

à çíà÷èò xk � ôóíäàìåíòàëüíàÿ ïîñëåäîâàòåëüíîñòü (ïîñëåäîâàòåëüíîñòü
Êîøè). Òàê êàê X ïîëíî, òî xk èìååò ïðåäåë â X , îáîçíà÷èì åãî çà x∗.
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Òåîðåìà Áàíàõà

Òàê êàê xk
δ−→ x∗, òî

δ(f (xk), f (x∗)) ≤ qδ(xk , x
∗)→ 0,

ò.å. f (xk)
δ−→ f (x∗). Ïåðåõîäÿ ê ïðåäåëó â ðåêóððåíòíîì ñîîòíîøåíèè

ïîëó÷àåì
x∗ = lim

k→∞
xk+1 = lim

k→∞
f (xk) = f (x∗).

Îñòàëîñü ïîêàçàòü åäèíñòâåííîñòü x∗: ïóñòü f (y) = y , òîãäà

δ(x∗, y) = δ(f (x∗), f (y)) ≤ qδ(x∗, y) ⇒ δ(x∗, y) = 0 ⇒ x∗ = y . �

Çàìå÷àíèå. Ìîæíî îöåíèòü ñêîðîñòü ñõîäèìîñòè:

δ(xk , x
∗) ≤

∞∑
i=k

δ(xi , xi+1) ≤ qk
∞∑
i=0

qiδ(x1, x0) =
qk

1− q
δ(x1, x0)
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Çàìå÷àíèÿ

Çàìå÷àíèå 1. Ëåãêî ïðîâåðèòü, ÷òî äëÿ ôóíêöèè f : R→ R, f (x) = x+
√
x2+1
2

âûïîëíÿåòñÿ
|f (x)− f (y)| < |x − y |,

íî ïðè ýòîì ó f íåò íåïîäâèæíûõ òî÷åê

f (x)− x =

√
x2 + 1− x

2
>
|x | − x

2
≥ 0.

Çàìå÷àíèå 2. Äëÿ àôôèííûõ îòîáðàæåíèé f : Rn → Rn, f (x) = Ax + b
âûïîëíÿåòñÿ

||f (x)− f (y)|| = ||Ax − Ay || ≤ ||A|| · ||x − y ||.

Äëÿ ñèììåòðè÷íûõ ìàòðèö ||A|| = σ(A), ÷òî íåâåðíî äëÿ íåñèììåòðè÷íûõ
ìàòðèö, îäíàêî óñëîâèå σ(A) < 1 âñåãäà ãàðàíòèðóåò ñõîäèìîñòü
ïîñëåäîâàòåëüíîñòè

xk+1 = f (xk)
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Ñõîäèìîñòü ëèíåéíûõ ðåêóððåíòíûõ ïðîöåññîâ

Ïîñìîòðèì ïîäðîáíåå íà ïîñëåäîâàòåëüíîñòü âèäà

xk+1 = Axk + b, (1)

ãäå xk , b ∈ Rn, Rn×n.

Çàìåòèì äëÿ íà÷àëà ÷òî äëÿ æîðäàíîâà áëîêà Ji

Ji =


λi 1 . . . 0 0
0 λi . . . 0 0
...

...
. . . i

...
...

0 0 . . . λi 1
0 0 . . . 0 λi


âûïîëíÿåòñÿ

Jki =


λki C 1

k λ
k−1
i . . . C n−2

k λk−n+2
i C n−1

k λk−n+1
i

0 λki . . . C n−3
k λk−n+3

i C n−2
k λk−n+2

i
...

...
. . .

...
...

0 0 . . . λki C 1
k λ

k−1
i

0 0 . . . 0 λki
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Ñõîäèìîñòü ëèíåéíûõ ðåêóððåíòíûõ ïðîöåññîâ

Äàëåå, ïðè ôèêñèðîâàííîì n, C n
k � ïîëèíîì ñòåïåíè n îò k , ðîñò êîòîðîé

ñêîëü óãîäíî ìàë ïî ñðàâíåíèþ ñ λki . Îïóñêàÿ íåêîòîðûå òåõíè÷åñêèå äåòàëè,
∀0 < ε < 1− |λi | ∃C > 0 : ∀k âûïîëíÿåòñÿ

C n
k λ

k
i ≤ C (|λi |+ ε)k

è àíàëîãè÷íî äëÿ Jk : ∀0 < ε < 1− |λi | ∃C : ∀k âûïîëíÿåòñÿ

||Jki || ≤ C (|λi |+ ε)k

Äàëåå, åñëè A = P−1JP � æîðäàíîâà ôîðìà A, òî

Jk =


J1 0 . . . 0
0 J2 . . . 0
...

...
. . .

...
0 0 . . . Jl


k

=


Jk1 0 . . . 0
0 Jk2 . . . 0
...

...
. . .

...
0 0 . . . Jkl


È íàêîíåö Ak = P−1JPP−1JP . . .P−1JP = P−1JkP, ÷òî íàêîíåö äàåò
∀0 < ε < 1− |λi | ∃C : ∀k ||Ak || ≤ C (σ(A) + ε)k . �
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Ñõîäèìîñòü ëèíåéíûõ ðåêóððåíòíûõ ïðîöåññîâ

Òåïåðü âåðíåìñÿ ê ïîñëåäîâàòåëüíîñòè (1). Ïî àíàëîãèè ñ òåîðåìîé Áàíàõà
äîêàæåì ñóùåñòâîâàíèå ïðåäåëà â ñëó÷àå σ(A) < 1:

||xk+1 − xk || = ||Axk + b − Axk−1 − b|| = ||A(xk − xk−1)|| = . . .

= ||Ak(x1 − x0)|| ≤ ||Ak || ||x1 − x0||.

Ïðè n < m

||xm − xn|| ≤
m−1∑
i=n

||xi+1 − xi || ≤ ||An|| ||x1 − x0||
m−n−1∑

i=0

||Ak ||

Èç ïîëó÷åííûõ ðåçóëüòàòîâ ∃C1 > 0 :
∑∞

i=0 ||Ak || < C1. Ïóñòü
ε = 1

2 (1− σ(A)), òîãäà äëÿ íåêîòîðîãî C2 ∀n

||xm − xn|| ≤ C1C2

(
σ(A) + 1

2

)n

||x1 − x0||
n→∞−−−→ 0,

òî åñòü xk � ôóíäàìåíòàëüíàÿ ïîñëåäîâàòåëüíîñòü, à çíà÷èò èìååò ïðåäåë,
îáîçíà÷èì åãî x∗.
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Ñõîäèìîñòü ëèíåéíûõ ðåêóððåíòíûõ ïðîöåññîâ

Î÷åâèäíûì îáðàçîì
x∗ = Ax∗ + b.

Íàêîíåö

||xk−x∗|| = ||Axk−1+b−Ax∗−b|| = . . . = ||Ak(x0−x∗)|| ≤ C (σ(A)+ε)k ||x0−x∗||.�
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Ñõîäèìîñòü íåëèíåéíûõ ðåêóððåíòíûõ ïðîöåññîâ

Ïóñòü òåïåðü f � ïðîèçâîëüíàÿ ôóíêöèÿ, x∗ � íåïîäâèæíàÿ òî÷êà f ,
ðàññìîòðèì ïðîöåññ

xk+1 = f (xk) (2)

Åñëè f äèôôåðåíöèðóåìà â òî÷êå x∗, òî ïîâåäåíèå (2) ñõîæå å¼ ëèíåéíîìó
ïðèáëèæåíèþ xk+1 = f (x∗) +∇f (x∗)T (xk − x∗).

Òåîðåìà

Åñëè f äèôôåðåíöèðóåìà â òî÷êå x∗, òîãäà äëÿ ëþáîãî 0 < ε < 1−σ(∇f (x∗))
íàéäóòñÿ òàêèå δ > 0 è C , ÷òî ïðè ||x0 − x∗|| < δ â ïðîöåññå (2) âûïîëíÿåòñÿ

||xk − x∗|| ≤ C (σ(∇f (x∗)) + ε)k

Äîê-âî. Îáîçíà÷èì A = ∇f (x∗), σ = σ(A). Èç äèôôåðåíöèðóåìîñòè f â x∗

ñóùåñòâóåò α : Rn → Rn, α(x)
||x−x∗||

x→x∗

−−−→ 0

f (x) = f (x∗) + A(x − x∗) + α(xk)
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Ñõîäèìîñòü íåëèíåéíûõ ðåêóððåíòíûõ ïðîöåññîâ

||xk − x∗|| = ||A(xk−1 − x∗) + α(xk−1)|| = . . .

≤ ||Ak || ||x0 − x∗||+
k∑

i=1

||Ai−1|| ||α(xk−i )||

Èç äîêàçàííîãî ðàíåå ∃C : ||Ak || ≤ C (σ + ε)k . Çàôèêñèðóåì íåêîòîðîå K > 0,
âûáåðåì δ òàê, ÷òîáû äëÿ âñåõ xk 0 ≤ k ≤ K âûïîëíÿëîñü
|α(xk)| ≤ σ+ε

C(C+1)K ||xk − x∗||. Äîêàæåì ïî èíäóêöèè, ÷òî â ýòîì ñëó÷àå ïðè

0 ≤ k ≤ K âûïîëíÿåòñÿ ||xk − x∗|| ≤ (C + 1)(σ + ε)k ||x0 − x∗||:

||xk − x∗|| ≤ ||Ak || ||x0 − x∗||+
k∑

i=1

||Ai−1|| ||α(xk−i )||

≤ C (σ + ε)k ||x0 − x∗||+ 1

(C + 1)K

k∑
i=1

(σ + ε)i ||xk−i − x∗||

≤

(
C (σ + ε)k +

1

K

k∑
i=1

(σ + ε)k

)
||x0 − x∗|| ≤ (C + 1)(σ + ε)k ||x0 − x∗||
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Ñõîäèìîñòü íåëèíåéíûõ ðåêóððåíòíûõ ïðîöåññîâ

Âûáåðåì K (è âìåñòå ñ íèì δ) òàê, ÷òîáû âûïîëíÿëîñü
γ = (C + 1)(σ + ε)K < 1, ÷òî äàåò íàì

||xK − x∗|| ≤ γ||x0 − x∗|| < ||x0 − x∗||.

Ó÷èòûâàÿ ýòî ìîæíî ïîâòîðèòü âñþ ïðîöåäóðó íå èçìåíÿÿ âûáðàííûõ
êîíñòàíò íà÷èíàÿ íå èç x0, à èç xK , ÷òî äàåò äëÿ 0 ≤ k ≤ K

||xK+k − x∗|| ≤ (C + 1)(σ + ε)k ||xK − x∗|| ≤ (C + 1)2γ(σ + ε)K+k ||x0 − x∗||

Ïîâòîðÿÿ íóæíîå ÷èñëî ðàç, ïðè k = iK + j

||xk − x∗|| ≤ (C + 1)i+1(σ + ε)k ||x0 − x∗||

≤ (C + 1)

(
(C + 1)

(
σ + ε

σ + 2ε

)K
)i

(σ + 2ε)k

Íàêîíåö âûáåðåì K è âìåñòå ñ íèì δ òàê, ÷òîáû (C + 1)
(

σ+ε
σ+2ε

)K
< 1. �
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Çàìå÷àíèÿ

Çàìå÷àíèå 1. Ñõîæèå ñîîáðàæåíèÿ èñïîëüçóþòñÿ äëÿ àíàëèçà ëîêàëüíîé
óñòîé÷èâîñòè äèíàìè÷åñêèõ ñèñòåì: åñëè x∗ = f (x∗), òî ðåøåíèå x(t) = x∗

ñèñòåìû äèôôåðåíöèàëüíûõ

ẋ = f (x)− x

àñèìïòîòè÷åñêè óñòîé÷èâà åñëè âåùåñòâåííûå ÷àñòè âñåõ ñîáñòâåííûõ ÷èñåë
ìàòðèöû ∇f (x∗)− I ñòðîãî îòðèöàòåëüíû. Ñèñòåìó (2) ìîæíî ðàññìàòðèâàòü
êàê äèñêðåòèçàöèþ ýòîé:

xk+1 = f (xk) ⇒ xk+1 − xk = f (xk)− xk

Ìàëüêîâñêèé Í. Â. (ÑÏáÀÓ) Ðåêóððåíòíûå ñõåìû 17 / 18



Êâàäðàòè÷íàÿ ñõîäèìîñòü ðåêóððåíòíûõ ïðîöåññîâ

Òåîðåìà

Ïóñòü f : Rn → Rn, x∗ = f (x∗), f äèôôåðåíöèðóåìà íà
S = {||x − x∗|| ≤ ||x0 − x∗||}, ∇f óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà ñ
êîíñòàíòîé L, ∇f (x∗) = 0 è q = L

2 ||x0 − x∗|| < 1, òî ïîñëåäîâàòåëüíîñòü (2)
óäîâëåòâîðÿåò

||xk − x∗|| ≤ 2

L
q2

k

Äîê-âî.

||x1−x∗|| = ||f (x0)−f (x∗)|| = ||f (x0)−f (x∗)−∇f (x∗)T (x0−x∗)|| ≤
L

2
||x0−x∗||2

Â ÷àñòíîñòè ||x1 − x∗|| ≤ q||x0 − x∗||, ò.å. x1 ∈ S , ÷òî ïîçâîëÿåò ïîâòîðèòü
îöåíêó äëÿ x2, . . .

||xk − x∗|| ≤ L

2
||xk−1 − x∗||2

≤
(
L

2

)2k−1

||x0 − x∗||2
k

=
2

L
q2

k

�
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