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1 Ywncaa ®Pubouagun

0,1,1,2,3,5,8,13... — nocsegopareibHOCTh PuboOHATUN.
Fp=Fy o+ F

1.1 SKCIOHEHIMNAJbHBINI PEKYyPCUBHBIA aJTrOPUTM

Fib(k):
if (k == 0):
return 0
if (k == 1):
return 1
return Fib(k - 1) + Fib(k - 2)

Tk)>T(k—1)4+T(k—-2)+3> F,

Cxkopocthb pocta unces GuboHATIN FKCIHOHEHITUATHHAS.
F, ~ ®F ~1,618"

F, > 2§-ﬂﬂﬂﬁk;2 6 (9KCMOHEHIMATBHAST CKOPOCTh POCTA).
Jloka3zaTeabCTBO:

JlokaxkeM O WHIYKITAH.

bBaza: k =6,k =7,

[lepexom: k — k+ 1

Fopr = Fooy + F > 27 425 =27 (1+2%> > o4t
|

1.2 IloauHOMMAJILHBINA AJITOPUTM

F[0...k]
F[0] =0
F[1] =1
for i = 2 . k

F[i] = F[i - 1] + F[i - 2]
return F[k]

Apudmernaeckux onepanuii - O(k)
Butosbix onepanuii - O(k?)



2

2.1

Cxkopoctb pocta pyHKImIii

@O — cuMBOJIMKA

T(n) — Bpems paboThl AITOPUTMA.

T: Ny — Ny

1.

2.

3.

4.

2.2

3

3.1

Crek: |0000000|—

n

= O(f(n)), ecim e > 0:VnT(n) < cf(n)(<)

(f(n)), ecmun f(n) = O(T(n))(" =7)

= 0(f(n)), T(n) = O(f(n))T(n) = Qf(n))(==)
)

= o(f(n) 7£ — 0(<) (T pacrer megyennee f)

(n) p—inf

I
2

n

n

n

(n)
(n)
(n)
(n)

Pocr pysknmii

. n? = o(n?)

(n) = o(n)
n® = o(n) ecmm a < b
3n® +5n% +n +20 = O(n?)

. (logyn)® = o(n10)

(log, n)?(nomunorapudpm) = o(n®)

. n'% = 0(2") (3xcuounenta)

HOJUIOTOPUMM < MHOTOWIEH < IKCIOHEHTA
2
logn < log’n < +/(n) < \/(n)logn <n3 <n <nlogn <n?<n’<2" <3

n! ~ (%)”

log(n!) ~ nlogn

ITpocreiinne CTPYKTYpPhbI JaHHBIX

Crek

FILO (stack) O(1) — Bpems paboThl.

Pop()
Push(x)
IsEmpty()



3.2 Crek ¢ mogaep>KKoii MaKCUMYyMa

XpaHuM JiBa CTEKA.
B mepBoMm 3j1eMeHTBI, BO BTOPOM MaKCUMyM Ha, 1Ipedukce.
13, 2, 4, 5 —] (crek)
13, 3, 4, 5 —| (cTek ¢ MakcuMyMmMOMm)
Max()

3.3 Ouepenp

Ouepenp: __ —|ooooooo|— __ FIFO (queue)
Push_back(x)
Pop_front
Ouepennb ¢ MOMOIBIO IBYX CTEKOB.
=M(E) =

Kitajiem sj1eMeHT B IepBblil cTeK

HocTaeM 3/1eMeHTBI U3 BTOPOIO CTEKA.

Eciu Bo (2) cTeke KOHUNIUCH 3JIEMEHThI TIePEKIIBIBAEM BCE JIEMEHTHI U3 TIEPBOTO CTEKA.
Cymmapnoe Bpemst paborsl O(N) (KazKablii 370eMeHT epeK/aibiBaeM TPH pa3a)

3.4 nek

YKazare1b Ha HaYaJI0, YKa3aTe b HA KOHeIl. 3aKOJbIIOBAHHBIN MaCCUB.

3.5 Crouckm

O— 0 — 0 —

next
— O —ppey O — O0+=—o0

4 ynasienue ajiemMentTa

= O0—0=—=0o0

3.6 JlepeBbs

Bunapuoe jepeso(ne 6osee aByx jereii)
MokHO y KaxKJ0il BePIIUHBI XPAHUTH JIBE CCHLJIKH — JIeBbIil peOEHOK U TpaBbiii coce/t
ITouTu mosHOE OWHApPHOE JdepPeBO
2] « [i] —[2i +1]
BMmecTo JiepeBa MOKHO XpaHUTh B Maccuse |1, 2, 3,4 ...

4 Pacmupgmoinuiica MacCcuB

Korma mecTo 3akaHYuBaeTCs, CO3/1aeM HOBBI MaccuB OOJIBIIEr0 pasMepa M KOIMHPYeM TyJa dJie-
MEHTOB.



OcraJjioch IIOHATb, HACKOJIbKO HaJ0 yBE€JIUYHUBATL MaCCUB.

1. ameruBHag cxema peasokamuu (I — [ + 10)
c+2c+3c+...+n=c(l+2+...+2)=0(n?

(He moaxOIHUT)

2. mynpruiinkatusHa cxema(l — 1, 51)

c+c+ 4+ ... +n=0(n)

4.1 Meroa moTeHIINAJJIOB

cl+02+...+cn§n*maxlgignci

6 —--0

c=c+00;, =c¢;+ P, — P,y — yuernas cCTOUMOCTbD.

Z?:l ;= Z?:l ci + (Pn — Do)
| - nauna, K - KOIUYECTBO 3aHATHIX TUEEK
bd=2k—-101>0

1. mobapjenne Ge3 HepeBbIIETeHUS
b, =2k—1
D, =2k—-1+2
c=c+0d=3

2. ¢ mepeBbIIeIeHHEM
a=c+00;,=(k+1)+2k+1)—2k)—2k—k)=k+14+2k+2—-2k—2k+ k=3
3In=> ¢+ (P, — Py) = > c;i ~O(n)

5 CopTtupoBKn

Al A7]
A[] > A2 > A3] > A[4] > ... > A'[n)

5.1 KsaapaTtudable COPTUPOBKH

Bpemsa padorsr O(n?)
[IpocThl B peajn3aluu.
MaterbKast KOHCTaHTa, OBICTPO pabOTAIOT IPU MAJTEHBKOM pa3Mepe MAaCCUBA.



5.2 Iloncuerom

A|] — ucxoaublit maccus
B[2, 2, 1| — Komm4ecTBO 3JeMEHTOB JTAHHOTO BHA
C|0, 2, 4] — ¢ Kakoro mMecra HaJI0 HAYNHATH 3aMUCHIBATH.

6 Huxuasa onenka ((nlogn) ajasa copTupoBKu

[TocTpoum s1epeBo BOIPOCOB U BO3MOXKHBIX HTOTOBBIX OTBETOB.
OTBeTHI - JIUCThS JEPEeBA.

Bpems pabotsl - rrybuna gepesa

d - riybuna.

Koangaectso qucthen < 24

riaybuna — Q(log,(Komn4ecTBo TUCTHEB))

log,(n!) = ©(nlogn)

B cpeanem ciydae oleHKa TOXKE BEpHA.

6.1 crabuapbHag COPTUPOBKA

Ecim a == b u a 6bL10 panbine b u3HAYAIBHO, TO U B OTCOPTUPOBAHHOM MaccuBe a OyjeT UITH
paHBbIIIe.
CTa6I/IJIbeIe COPTUPOBKU: IOACYCTOM, BCTaBKaM#t, CJIMAHUECM.

6.2 1mdpoBas cOpTUPOBKA

COpTHPYEM CHaYaJIa [0 MocjaenHell mudpe, TOTOM 0 TPeANOCTeIHAR 1 T.1.
Pesynprar OyaeT KOppeKTHBIH, TOCKOIBKY COPTHPOBKA MOACYETOM CTAOMILHA.
Bpewmst paborst O(d *n), d - jgjauHa, N - KOJUYECTBO JIEMEHTOB.

7 CopTrupoBKa CINAHUEM

7.1 c pekypcueii

Meton "pasnensit u BaacTByii"

MergeSort(A, 1, r)
if r-1 <= 30
InsertSort(A, 1, r)
m=(1+1r)/2
MergeSort(A, 1, m)
MergeSort(A, m + 1, r)



Merge(A, 1, m, r)

T(n) <2T(n/2)+ O(n) = T(n) = O(nlogn)
7.2 0e3 pekypcun

Q = Queue()
for i = 1 to n:
Q.push_back({A[i]1})
while Q.size() > 1
A1 .PopFront ()
A2 .PopFront ()
B=Merge (A1, A2)
Q.push_back (B)

8 DbeicTpasg copTupoBKa

QuickSort(A, 1, r):
m=Partition(A, 1, r)
QuickSort(A, 1, m - 1)
QuickSort(A, m + 1, r)

Partition(A, 1, r):
x = A[1]
j=1
for i =1+ 1 to r:
if (A[i] <= x)
swap(A, i, j + 1)
j=J3+1
swap(A, 1, j)
return j



8.1 CpenHee BpeMsa padOThbI

Teopema 8.1. Maremaruueckoe oxujganue spemenu paborel QuickSort ecrb O(nlogn). B xyu-
mem ciaygae — O(n?).

JokazareabcTBO: Bpems paboThl ~ KOJIMYIECTBO cpaBHeHHH = O (KoamuecTBa cpaBHeHM )

E(Bpems paborarsr) = O(FE())

E(konuvecTBa cpaBHeHUH) = E21§i<j§n Tij = Zl§i<j§n Ex;j =% (Plxy;=1))=>" j—?—i—l =
O(nlogn)

{1, ecsin mpou3onLio cpapHenune A'lil u A’[j], A’ — orcoprupoBaHHBIH MacCCHB;
xij =

0, wunHaue

Jlemma: P(z; = 1) = - 2
JoxazareabcTBo: P(z;;
YTBepxkgenue 1 + % +
logn 1 1 1 1
= Sgtytiotg

%:@logn
s+ +2<14+i+35+...+=<logn+1=80logn

8.2 IntroSort

Ecsin paboraer jiogbiie clogn npepbiBaem gsort u coprupyem heap sort

8.3 Co3nanme HeO0IBINON TIIYyOMHBI pEKYypCUN

QuickSort(A, 1, r):
m=Partition(A, 1, r)
QuickSort(A, 1, m - 1)
QuickSort(A, m + 1, r) -- xBOCTOBadg pekypcus, tail recursion

JLng MaieHbKo# riiyOuHbl peKypCH.

QuickSort(A, 1, r):
while 1 < r
m = Partition(A, 1, r)
UIeM B MEHBLIINHA
QuickSort(A, 1, r - 1)
l1=m+1

['mybuna He Oosiee logn.

10



8.4 QuickSort3

Jemum maccuB Ha 3 9acTH. DJIEMEHTBI, KOTOPbIE MEHbIIE HAIIero, KOTOPbie PABHBI HAIIEMY W
KOTOpPbIe OOJIBITIE HAIIIETO.

9 Kyua

9.1 heap sort

Crpoum Kydy 3a JUHEHHOE BPEMs, IMOCAE 3TOTO BHITACKUBAEM SJI€MEHTHI.

9.2 YacTtuyHasi COPTUPOBKA

XOTHM y3HATh B OTCOPTHPOBAHHOM HOPSAJIKE TepBbie K 9/1eMeHTOB U 4TO OBl OCTAJbHBIE IILIA KaK-
TO.
CrpouMm Kydy 3a JUHEHHOE BPEMS U BBITACKHBAEM IepBbIe K.

Bpewms padorsr O(n) + O(klog(n))

9.3 ouepens ¢ mpuopureramu(priority queue)

Getmin() O(1)
Extractmin() O(h)
Insert(x) O(h)
Delete(ptr) O(h)
Change PriorityO(h)

9.4 JIBomuHada Ky4a

Jponunoe gepeso.

st mo6oro mojiepeBa BEPHO, UTO 3JIEMEHT B KOpHe 0OJIbIIe /MEeHbIIIE BCeX JIEMEHTOB B MOJI-
Jlepese.

ShiftDown O(h)

[IpocenBanue Buu3. Ecjin B KOpHE He BEPHBI 3JIEMEHT, a /i 000UX MOJJIEPEBHEB KyUda BepHAas.
XOoTuM TOCTPOUTH MPABUWIBHYIO KyTYy.

st 3Toro BHIGHpaeM min/max u3 BepIiuHbl U jeTeil. MeHsieM KOPeHb ¥ MEHBIIEro MeCTaMu
U UJIEM B MeHbIIero pedeHka.

Extractmin()
swap(root, c mociemHUM 3JIEMEHTOM)
SiftDown()
return moOCHeIHUN 3JIEMEeHT

11



SiftUp() O(h)

Insert(x)

no0aBageM B KOHEII.

SiftUp();

Delete()

MEHSIEM € TIOCJICHUM 3JIEMEHTOM IIPOCEUBAEM BHHS.
XPAHUM JIEPEBO B MACCHBE

9.5 IlocTpoeHme Ky4um 3a JIMHEITHOEe BpeMs

CravaJsia MOCTPOMM JIEPEBO U3 JIEMEHTOB MACCHBA He 00paIlasi BHUMAHHE HA M3 HOPSIOK, TOTOM
AJid BCEX 9JIEMEHTOB, ¥ KOTOPBLIX €CThb IIOTOMOK BbI3OBEM IIPOCECHMBAHHUEC BHUSI. HpOCGHBaHHe BHU3
6yﬂeM BBI3BIBATH B IIOPAAKE OT JIUCThEB K KOPHIO.

n=14+2+4+... +2

Bpewmst paborst 28 + 2% 281 4+ 3% 282 4 4 k=n+n/2+n/4+...+1=06(n)

9.6 k-uynas Kyd4a

Y KaxKkI0ro ajieMenTa 10 k mereii.
SiftDown - O(dlog,n)
SiftUp - O(log, n)

10 IlopgakoBasi CTaTHUCTHKA

XOTHM y3HaTh, KTO CTOUT Ha K-0if MO3UIUU B OTCOPTUPOBAHHOM MACCHBE

E(T(n)) = O(n)

T(n) <Ty(n— ?jT”) + T(%”)

E(n) < E(n— 2+ B(3)

J-.[eMMa: cpeagnee KOJINn4IeCTBO HO,ZL6paCbIBaHI/IH YeCcTHON MOHETKU A0 TIEPpBOrO BBIKUAbIBAHUA
opaa = 2.

doka3zaTeabCcTBO:

£ = Y i Plil = X if =2

=172

—_~

n) < E(3) + O(n) = E(n) = O(n)
n) < en+E(%) < entc24+EB(%) =

O(n)

en(14 % + % )yOBIBaOIAst TeOMETPUIECKAs IIOCIeI0BATEIbHOCTD =

u
E
E

)

E(n

12



11 JIumnaMm4yeckoe nporpaMMHPOBaHUIE

11.1 [dwunamuka Buepen/Ha3an/JIeHUBad

r—ax+1
T — 2x
T — 3x
Haiitu MuHIMaIbHOE KOJIHYIECTBO XOJI0B, 9TOOBI HOJYIHTh HYZKHOE YHCJTIO.

11.1.1 Hazsan

d[x] = cKOJIBKO HYKHO XOJIOB, 9TO OBl MOJIYyYUTH X.

ans = d[n]

d[1] =0

dlz — 1]
dlz] =14+ min { d[z/2], ecam kparHO 2
d[z/3], ecam kparno 3

11.1.2 Buepen

d[] = inf

df1] =0

for x =1 ton
relax(x + 1, d[x] +1)
relax(2x, d[x] +1)
relax(3x, d[x] + 1)

11.1.3 Jlenusaga

int f(int x)
if (marked[x])
return d[x]
marked[x] = 1
dlx] = f(x - 1)

if(x mod 2 = 0)

d[x] = min({d[x], £(x/2))
if(x mod 3 = 0)

d[x] = min(d[x], £(x/3))

return ++d[x]

13



Borycsl neanBoil TUHAMUKY:
1. mepebupaeT TOJBKO TO, YTO HY2KHO.

2. He JymMaeM, B KAaKOM IOpsJIKe HAI0 rmepedupaTh BEPITUHDI.

11.2 MaxkcumaJjbHad BO3pacTalolias MOJAII0CJIeJ0BATEIbHOCTD

Al .on] 1<y <idg <iz <...<ip <n Aliy] < Alig] < Alig] < ... < Alig]

D[1...n] Dli|= anura MakCcHMaIbHOI BO3PACTAIOMINI TOAIOCAEI0BATEILHOCTH A, 3aKAHINBAST
B Alil.

D[i] = maxi;<i1[D[j] : Aj] < Ali]] +-1

11.3 Prok3ak

EcTb npeamersl onpeieieHHOr0 Beca n prok3ak BMecTuMocThio W. Hy»kHO nmoMecTuTh Kak MOKHO
OoJIbIIIe HIPeIMEeTOB.

>4 <W

> ai = max

Ha3ang

is[0, 0] =1
for i =1 ton
for w =0 to W
is[i, w] = is[i - 1, w] or is[i - 1, w - al[ill
ans = is[n, w]

MozxkHo XPaHUTDb TOJBKO JIBa MaCCHBaA.

11.3.1 Prok3ak. Boccranosisienue orsera

is[0, 0] =1
for i =1 ton
for w =0 to W
is[i, wl] = is[i - 1, w]
pli, wl =0
if (w >= ali] and is[i - 1, w - alill)
is[i, w] =1
pli, wl =1

if (is[n, W)

14



for i =n to 1l
if(pli, wl = 1)
print(alil)
w -= ali]

VYMEHbIUINM KOJUYECTBO IIaAMSITHA. ,ZLI/IHaMI/IKa BIIEepen

is[0] =1
for i =0 ton -1
for w =W to O
if is[w]

islw + al[il]l =1
ans = 1is[w]

is[0] =1
for 1 O0ton-1
for w =W to O
if is[w] and !'is[w + al[il]] (Baxmoe ycmoBume, TecT 1 2 3)
is[w + ali]]l = 1
plw + al[il]l = 1

if (islwl)
while(w > 0)
i = plwl]
print(alil)
w -= ali]

11.4 OnrumaabHas TPUAHTYIAIAA

(kapTHHKA)

D[i, j] = mepBas um mociemHee BepUMHA, KOTOpas 330aeT MHOTOYIOJBHUK
for i =1 ton - 2:

D[i, i +2] =0
for 1 = 3 ton

for i =1ton -1

15



j=1

+1
D[i, jl =

min;<x<; (D[i, k1 + D[k, j1 + d(i, k) + d(k, j))

11.5 He3aBucumMbie MHOXKECTBA B JIePEBbAX

(kapTHHKA)
I C V(G) - nesaBucumo, ecau Yu, v, € I : (u,v) ¢ E(G)
Bapemennoe gepeso.

Dlu] - orBer st gepeBa ¢ KOpHEM B U.
Dlu] = max(wlu] + > D[Buykos], Y | D[cbuos|)

12 Aaropumrm Xwupimbepra Haxo0XKJIeHHEe PACCTOSHHUSA peaak-
tupoBanus(Paccrosaue no JleBenmreiiny)

X[n]

y[m]
CTpouKkH, MOXKEM VIAJIATH, 3aMEHITDH JeMEHTHI.

EditDistance(x[1..n], y[1..m])
Dn + 1, m + 1]
for 1 = 0 ton

D[i, 0] =1
for j =0 tom
pDlo, j1 =]

for i =1 ton
for j=1tom
D[i, j] = min(1 + D[i, j - 1], 1 + D[i - 1, jI)
if (x[i] == y[jD)
D[il[j] = min(D[il1[j], D[i - 11[j - 11);

ILOCT&TO"IHO XPaHUTb TOJIBKO /[Ba IIOCJICAHUX CJIOA.
[Mamsatu - O(n)

Bpewms - O(nm)

Xorum HayTu orBeT o 0 0 10 n m.
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Hirschbery(x, y)
HaiimeM k
k = argmini<;<m(dist((0,0) — (i,n/2)) + dist((i,n/2) — (m,n)))
Hirschberg(x[1...n/2], yl[1..k])
Hirschberg(x[n/2...n], ylk + 1, ml)

T(n,m) < O(nm)+T(n/2,k)+T(n/2,m—k) < cnm+c(5k)+ci(m—k) < cnm = T(n,m) =
O(nm)

13 JImHaMuka Ha MOAMHOXKeCTBaX

13.1 3agadya 0 raMuJIbBTOHOBOM ITUKJIE

[IpoiiTi o BeeM BepIIMHAM POBHO 1O ofuHoMy pasy. O(2"n?)
D[S, i] - onTumanbHbI MyTh U3 1 B i NpOXOAAIIHIii 10 BEPITHHAM U3 S 10 Pa3y.

14 Ilouck B riayoumy
Cnocobbl xpanenus rpada:

1. Cuoucok cMexkHOCTH

2. Marpuna cMe:KHOCTH

3. Cuucok pebep

Explore(v)
visited[v] = true
for (u, v) € E

if visited[u] == false
Explore (u)
DFS()
for v € V
visited[v] = 0
for v € V
if (visited[v] = false)
Explore(v)

++CC - KOJIW4YEeCTBO KOMIIOHEHT

Bpewms padorst O(V + E)
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14.1 Tomosoruveckas COPTUPOBKA

Anukyimaeckuii opuentTupoBanubiii rpader DAG.
Jlemma: y rpada ectb TOMOMOTrHYECKAs COPTHPOBKA TOTA U TOJBKO TOTAA Ipad aIuKI.
JlokazaTeabCTBO:
Y anukJi. rpada Bceraa ecTb UCTOK W CTOK.
CToK MOYXKeM MOCTaBUTH B KOHeIl 1 U3 rpada yaaauTh. TakuM o6pa3oM HEYEro He HCIIOPTUTCS.
(JokazaTesbCTBO, 110 KOJMYECTBY BEPIIUH)

15 Broigenenne KOMIIOHEHT CUJIBHOI CBA3HOCTH

OTcopTupyemM BepIIHHBI TOII COPTOM, HE CMOTPs Ha TO, YTO TOMOJOTHYECKOH COPTUPOBKH TaM
MOKET U He OBbITh.

Bynem mepebuparh BepIUHBI B TOPSIIKE TOMOJOTHYECKON COPTUPOBKH W 3amyckarh dfs Ha
nnBenTupoBannoM rpade. To uro BoigesuT dfs u OygeT KOMIOHEHTA CHJIBLHOM CBSI3HOCTH.

dokazareabCcTBO KOppPEKTHOCTH Bepiunbl s u t JiexkaT B 0JIHON KOMIIOHEHTE TOTIa U TOJIb-
KO TOT/Ia, KOT/Ia OHU B UTOTe B OIHOM Aepese dfs.

=

Ecan s m t B3amMOZOCTHKUMBI, TO B WTOre OHH OyAyT Jie’KaTh B OJHOM JepeBe 00Xoma B
ray6uny. (113 t 3anycrum dfs u on goiiger 10 s)

<«

1. Bepmunsl s 1 t Jie:KaT B OJIHOM JiepeBe, 3HAYUT B MHBEHTHPOBAHHOM rpade OHH 00e JIOCTH-
KUMBI U3 KOPHS T.

2. T IJIO paHbIlle B MOPSAAKe TOI cOpTa, 9eM s U t. PaccMoTpuM JiBa corydad.

(a) B mpsimom Tpadye s U t JOCTHKUMBI U3 T, TOTJA BCE OK.

(b) xoTst 6bI OfHA, MYCTH t W3 T HE JOCTHAKUMA. [IpH 5TOM U3BECTHO, YTO I' JTOCTHIKHMA W3
t, HO Toraa OblI I IO IO32Ke t 1o mocTpoenuio. IIporuBopedne.

16 Ilouck B mupuny

Heg3ssemennniii rpad.

BFS (s)
dist[1..N] = inf
dist[s] = 0
Q.pushBack(s)
while(Q.size() > 0)
u = Q.popFront ()
for (u, v) € E
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if dist[v] = inf
dist[v] = dist[u] + 1
prevlv] = u
Q.pushBack (v)

17 JleiikcTpa

Dijkstra(s)
dist[1..N] = inf
prev[1l..N]
distl[s] = 0
while(Q.size() > 0)
u = Q.ExstractMin()
for (u, v) € E
if v € Q and dist[v] > dist[u]l + w(u, v)
dist[v] = dist[ul + w(u, v)
prevlv] = u
MEeHseM oYepemnb

17.1 oreHKa BpeMeHu paboThI

Bpewms paboTer k-manag Ky4ya | ABOMYHAS Ky4a | MACCUB

V*T(Insert) O(vlogy, v) O(vlogw) O(v)

V*T(Extract Min) | O(vklog,, v) O(vlogv) O(v?)

E*T(Change Prio) | O(FElogv) O(Elogv) O(E)

18 aaropurm Popaa-benamana

FordBelman(G, s)
MHVIAAJIb3AlUs
IOBTOPUTL V - 1 pas
ona scex (u, v) € E
update (u, v)

Bpemst paborot O(V E)
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18.1 oTpunaTeJbHBIN TUKJI

Ecyin na V-0it urepanuu 4To-TO CPeJaKCUPOBAIOCH,3HAYUT €CTh UK/ OTPUIATEIbHOIO BECa.

JlokazaTeanCTBO
Ecim aro-1o cpesakcupoBaoch, TO MUK TOYHO €CTh.
Ecan ecTth oTpunaTe/IbHBIR DUKI @1, Ao, A3, . . . , Gy

[IycTh HEWYero He cpeaKCHpOoBaIOCh, TOTIA
d[ag] < d[al] + wy
d[ag] S d[ag] + Wo

dlaq] < dla,] +wy,
= 0 < > w; IIporusopedune

19 Kparyaiimmme nyTn B allUKJINYECKNX OPUEHTUPOBAHHBIX
rpadax

OtrcopTupyem BepIInHBL TOI COPTOM.
Mozkem 3arnyckaTh JUHAMHUKY B JITAHHOM TOPSJIKE.

20 aJjgropurm PJioiijia

Floyd(G)
for i =1 ton
for j=1¢ton
D[i][j]= w(ecmm ecTp Takroe pebpo)
D[i][j] = inf (unaue)
for k =1 ton
for i, j

DLil[j] = min(D[il[j], DLillk] + DLkI[j1)

21 ajgroputm JI>KOHCOHA

Heukcrpa He paboraer [yist pebep ¢ OTPUIATETBHBIMU BECAMH.

Beenem norennumaist, Torgaa w'[u, v] = wlu, v] + Phlu] — Ph[v]

Torna dist[s, f] = dist'[s, f] — Ph[s| + Phl[f]

OcTaoch IpuyMaTh ITOTEHIMATBL TAK,9TO Obl BECa ObLIM T10JI0KHTE/TbLHbIE.

[Torennuan Gyger paBeH paccTOAHUIO OT (DUKTUBHON BEPIIMHBI, ¢ PeGPOM BO BCE BEPIIHHBI
Beca (.
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22 Cucrema HemepeceKalonimxcs MHOXKECTB

(kapTHHKA)

XoTuM 00beMHATH MHOKECTBA U TIOHUMATh, TIPHHAJIEXKAT JIH BEPITHHBI OTHOMY MHOKECTBY.

MakeSet(x)

Find(x)

Union(x, y)

g kaxk a0t BeprinHbl Oy1eM XPaHUTD 1IBeT MHOYKECTBA, TJe JIEXKHT BepITHHA.

[Tpu cimBaHme JABYX MHOXKECTB MEPEKPAITHBAEM MOJTHOCTHIO MEHbIIee MHOKECTBO.

Kazkiast BepImna, KOT/ia MePeKpaIiBaeTcs MOMafaeT B MHOYKECTBA B JBA pa3a OoJiblmee. =
Bpems pabotsiO(n logn)

23 CHM 3a log™n

BymeM ncnonb30Barh Be 9BPUCTHKH: C2KATHE MYTeH U PAHTOBAs IBPUCTHKA.

J1st KayK1oif BEPITUHKA XPAHUM CCBLIKY Ha IPEICTABATES.

HpeﬂCTaBI/ITeﬂb MHO2KeCTBa - KOPEHb.

PaHFOBaH IBPpHUCTHUKA - AJId Ka)K,ZLOIU/I BEPIIHUHBI XPpaHUM BBICOTY IIOJAJEpEeBa U MEHbLIICC IOIALe-
PEBO MPUBEITNBaEM K OOJIbIIEMY.

KopueBas - KaxKablii pa3, KOIJa HOJydaeM 3ampoc o0 y3HAaBaHHE IIBETa MOJBEIINBACM BCE
BEPIMTHHBI HA [MYTH K KOPHIO.

Teopema: cymmapuoe Bpems m omeparmit CHM u3 koropeix n < m - sto MakeSet, ecth
O(mlog" n)

JlokazaTeabCTBO:

Cymmapnoe Bpems Find ~ KOJIHYeCTBO MEPEXOMOB OT BEPIIUHBI K POTUTENIO — KOTHIECTBO
[EePEXOJI0B K KOPHIO + KOJMYECTBO MEePeXo0B K POIUTEII0 W3 TOrO YKe OTPe3Ka + KOJIHIecTBa
MEePeXOJIOB K POIUTeNo u3 apyroro orpeska = (O(m) - mepexonos K kopuio) + (O(nlog™n) -
epexoioB K poxutenato BHyTpu orpeska) + (O(mlog™n) - mepexomoB K pPOIUTETIO U3 JAPYTOro
oTpe3Ka)

[1...1][2...2][3...4][5...16][17...2'6][2'6 + 1 ... 22']

[k + 1...2%] B kaxxmom orpeske log* mmeer oauHaKOBOE 3HATEHHE.

[lepexonos BHYTpH onHOro orpeska [k + 1...28] - O(n)

Bepmun panra k + 1 < 5% Bepmmn panra k +2 < 5% ...

=> KOJIM4EeCTBO BePITHH MONABIINX B OTPE30K < g

Jlnst KaskI0if BEpIIHHBI B OTPE3Ke MBI TMEPeXoM K ee TMPeJKy BHyTpH oTpeska e Gomee 2F
pa3(mocJie KazK0ro Mepexojia PAHT MPeIKa YBeJHIHBACTCS ).

24 AaroputMm Ilpuma

JlaH HeOpHEeHTUPOBAHHBIN B3BEIICHHBIN CBA3HBIN rpad. XOTUM BBIOpATH OCTOBHOE JIEPEBO MUHH-
MaJIbHOTO Beca.
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Jlemma o paspese: T C E - yactb HekoToporo MO/ S C V - Takoii paspes, uro T ne
mepecekaeT paspes, e MuUHUMaIbHOe pebpo rpada G, mepecekarormee paspes. = T U {e} - qacTtb
HEKOTOPOro(Bo3MOKHO Jpyroro) MO/I.

Jloka3zaTeabCTBO:

Paccmorpum nepeBo u gobaBieHHoe HaMu pebpo.

Eciim nobapyiennoe HaMu pebpo MPUHAILIEKUT JIEPEBY,3HAUUT BCE XOPOIIO.

Ecin He npunaiiekut, To obpasoBaJics nuka. CyIecTByeT pedpo KOTOpoe BXOAUT u3 V8B S u
IPUHAJJIEZKAT UKIY. DT0 pedpo He MeHbIne pebpa e(uHade Mbl Obl BHIOPAJIN €r0), 3HAYUT MOZKEM
€ro BLIKUHYTH U ﬂO6aBHTb €, OT 9TOr0 B€C OCTOBHOT'O JepeBa TOJBKO YJIYyYIIUTCA.

|
Ausropurm Ipnma

V3HaganbHa y HAC €CTh KOMIIOHEHTA 13 OJIHOM BepHIuHbI. [IbiTaeMcsa ee paciuputhb. s sroro
JUIsl TAHHON KOMIIOHEHTBI Lo IepKuBaeM Bec pebep u3 S o V/S.
Asropurm mumirercst Kak Jlemkcerpa ¢ 3aMeHONl CyMMBI HA MUHHMYM.

Bpewms paborsr O(FE log V)

25 Aaroputm KpyckaJja
1. orcoprupoBarh pebpa 10 Becy
2. nepebupaem pedpa B HOPsiJIKE YBEJUUCHUS BECA

3. ecau pebpo He cO37AeT IUKJIA, JT0DABISIEM ero

Kruskal(G)
sort ()
T= [1; for v € V:
MakeSet ()
for (u, v) B mopanxe COPTHUPOBKM II0 YBEINYEHUD Beca
if (Find(u) != Find(v))
T = TU(u,v)
Union(u,v)

g pabotsl ¢ Find u Union ucnoas3yercs CHM.
Bpewms paborst O(ElogE) = O(Elog E) + O(V) + O(Elog*(V))

26 Koap Xaddmena

Y HAC ecTh TEKCT,XOTUM €ro 3alucaTb B OMHAPHOM BU/IE.
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Ecim 11g Kazk 106t 6YKBbI BBLICIATH OQMHAKOBOE KOJIHYECTBO OUT, PE3YJIbTAT MOKET IIOJIY YIUTCS
JIAJIeKO He ONTHMAJbHLIM. Hampumep ogma OyKBa BCTpETHIACH OOUH pa3, BTOPAS MOBTOPSETCS
O4Y€Hb MHOTO.

[Tocumraem gacTory jjsi KazxKa0ii OyKBHI.

[TocTpoum GuHApPHOE IEPEBO U B JUCTHAX 3AIUIIEM OYKBLL.

st Kazk10i BepITUHBI(KPOMe KOPHsI) 3allUIlleM CYMMY BecOB B mojjepeBe. Torjga jinHa 3a-
OUCH — CYyMMe BECOB BCEX BEpIIHH.

Teneps noiimMem, Kak HOCTPOUTH OUTUMAJILHOE JIEPEBO.

JIst 9TOT0 OTCOPTHPYEM BCE YaCTOTHI B MOPSI/IKE YBEJINYEeHUSI.

CymecTByeT ONTHEMAILHOE JePeBO, B KOTOPOM JBe CaMble PeJKHe BepHIMHBI OpaTha. Torma
00beIMHAM UX U HOBTOPHM AJTOPHTM.

Bpewms noctpoenus mepesa O(nlogn)

27 BBIIMOJIHIMOCTH XOPHOBCKOI (POPMYJIBI

27.1 3amaua Bemoauunmoctu (SAT)
x1,%9, ..., o, € {0,1} = {false, true}

@opmyra B KH®. Ilposepsiercs BeimosanMocth 38 O(m2™)
27.2 XopHoBckasd dopmyia

B kaxknoMm qu3bioHKTe He 6ojiee OJHOM IMOTOXKUTEIbHON mepeMeHHOit

T1,To, ..., Ty, =0

while (ecTb HeBepHHH AW3BOHKT COLEPXamWil NOJOXUTENBHYH II€PEeMEHHYD ;)
Tr; = 1

ecnu QopMyJia BHIIOIHHMA
BEPpHYTb X1,T2,...,Tn

UHa4e
BepHyTH NO

Bpewmst padorst O(N)

28 3ajada 0 HOKPBITUM MHOXKECTBAMU

Y Hac ecth HADOP MHOYKECTB.
Tpebyercs BLIOpATH MUEHUMAIBLHOE KOJIMIECTBO MHOZKECTB, TAK, 9TOOLI TOKPBITH BCE 3JIEMEHTHI.
ZKaabiit aropuT™: Ha KazKJIOM Mare BBIOMpaeM MHOKECTBO, KOTOPOE MOKPBIBAET MAKCHMAb-
HOE KOJIMYECTBO U3 €Ie He MOKPBITHIX 3JeMEHTOB.
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Jlemma: 7Kajuubiit anroput™ siBjisiercss In n npubIuzKeHHBIM. (N - KOJXYIECTBO JIEMEHTOB,
KOTOPBI€ HAJIO TIOKPHITH )

Jloka3aTeabCcTBO: n; - KOJIMYECTBO HEMOKPBHITHIX 3/JIEMEHTOB IMOCJIe Irara i.

XoruMm JioKazaThb, 9TO N; - yObIBaeT OBICTPO.

k - pasmep onTUMAaJIbHOIO MOKPLITHS.

1—1—1

n; < ni_1(1— %) (Ha KasKJIOM Imare Mbl JOJXKHBI YMeTh MOKPBIBATH X0Ts Ob1 1/k dacTh or
ocrasmxcs. TAKO# 1€eMEeHT CyIIecTBYeT, HOCKOJIbKY 7;_1 Mbl MOYKEM MOKPBITH K MHOKECTBAMH).

ni<nii(l—4)<nmo(1—7)0<...<n(l-3)<le(1-7) <2

l4+z<e” X
. 1 i 1

(1 — %)l < (e_E) = e k = eilk
n

i=klnn

[ |

29 JlepeBbda moucka

B J1eBoM T0jiIepeBe BCe HJIEMEHTHI MEHBINEe KOPHSI, B MIPABOM - GOJIbIIIE.

DTO BEPHO 15T JIFOOOIO MOIIEPEBA.

ITeuaTp 37eMeHTOB: Pacneuarars jieBoe MOAIEPEBO, PACIEUATATh HAC, PACIIETATAThH PABOE
O/IJIEPEBO.

Brisox 3a O(N) =

Find/lowerBound/UpperBound O(h)

Insert O(h)

Min/Max O(h)

Suce/Prev O(h)

Delete O(h)

YaamaeHue

JIETKO YJIQJIUTD JIUCT, BEPIIUHY, Y KOTOPO# 0JinH PeOEHOK.

MeHHeM MeCTaMMt HaC C CaMBbIM IIPpaBbBIM B JIEBOM IIOJJiepeBe U yIaJIdeM.

29.1 ABJI-nepeso

s 1r0001#t BepIIMHBI BHICOTA €e MOJIepeBheB padjndaeTcs He bosee vem Ha 1.
JIemma Beicora ABJI-aepesa — O(logn)
HokazareabcTBo B nepese BHICOTH h > ¢ semenTos.
6aza h =0
nepexoa: h —1 — h
KosmaectBo > 1+ 142> =c+1> 2

KOHEIT
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