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1 Òåîðèÿ

• f = O(g) ∃N,C > 0: ∀n ≥ N, f(n) ≤ C · g(n)
Èëè áîëåå ãðóáî: ∃C > 0: f ≤ C · g ïðè äîñòàòî÷íî áîëüøèõ n.
È åùå áîëåå ãðóáî: ∃C > 0: f ≤ C · g.
Äàëåå âåçäå áóäåì èñïîëüçîâàòü ñàìûé ãðóáûé âàðèàíò è îïóñêàòü ñëîâà �ïðè äîñòà-
òî÷íî áîëüøèõ n�.

• f = o(g) ∀C > 0: f(n) < C · g(n)
Ïî-äðóãîìó: lim

n→+∞
f
g

= 0⇔ ∀ε > 0: f
g
< ε⇔ ∀ε > 0: f < εg

• f = Θ(g) ∃A,B > 0: A · g ≤ f ≤ B · g

2 Ïåðâàÿ ïîðöèÿ çàäà÷

Íàéäèòå êîðîòêóþ çàïèñü ÷åðåç Θ. Åñëè òàêîé íå ñóùåñòâóåò, îáúÿñíèòü, ïî÷åìó, è çàïè-
ñàòü ÷åðåç O.

1. 2n

2. 2n+ 1

3. n2 + 5n+ 1

4. n2+3
7n+1

5. n(2 + sinn)

6. n(1 + sinn)

7. arctgn
n

+ log logn
logn

8. Äîêàæèòå: ∀f, g > 0: f + g = Θ(max(f, g))

3 Èñòîðèÿ ïðî ñèíóñ

Äîêàæåì, ÷òî ∀ε > 0, y ∈ [−1..1] ∃n ∈ N : |y − sinn| < ε.
π èððàöèîíàëüíî ⇒ ∀i, j ∈ N, i 6= j : (i mod 2π) 6= (j mod 2π). Ðàññìîòðèì ïåðâûå

n íàòóðàëüíûõ ÷èñåë, èì ñîîòâåòñòâóþò ðàçíûå îñòàòêè ïî ìîäóëþ 2π, òî åñòü ðàçíûå
òî÷êè íà åäèíè÷íîé îêðóæíîñòè. Åñòü äâå òî÷êè i è j íà ðàññòîÿíèè íå áîëüøå ε = 2π

n
.

(|j − i| mod 2π) ≤ ε. Ðàññìîòðèì òî÷êè x = arcsin y, k = b x
|j−i|c ⇒ |y − sin(k|j − i|)| < ε
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4 Äîêàçàòåëüñòâî òîãî, ÷òî (log n)100 < n1/3

Äîêàæåì, ÷òî ∀a > 0, C > 1: na = O(Cx).
Ïî õîäó äîêàçàòåëüñòâà ïðåäïîëàãàåì, ÷òî ìû íå çíàêîìû ñ ïðîèçâîäíûìè, ïðåäåëàìè...

1. na = O(Cn)

2. na ≤ Cn | äîêàæåì äëÿ êîíñòàíòû 1

3. na ≤ 2n logC | C = 2logC , (ab)c = acb

4. n ≤ 2n
logC

a | âîçâåëè â ñòåïåíü 1
a

5. n ≤ 2nC2 | C2 = logC
a

6. zC3 ≤ 2z | z = nC2, C3 = (C2)
−1

7. Äîñòàòî÷íî äîêàçàòü ïðè äîñòàòî÷íî áîëüøèõ z. Ïóñòü z ≥ C3, îñòàëîñü z
2 ≤ 2z.

Äîêàæåì ïî èíäóêöèè, äàëåå áàçà è ïåðåõîä.

8. z ∈ [10..11)⇒ z2 ≤ 2z è 2z + 1 ≤ z2

9. (z + 1)2 = z2 + (2z + 1) ≤ z2 + z2 ≤ 2z + 2z = 2z+1
è

2(z + 1) + 1 = (2z + 1) + 2 ≤ z2 + 2 ≤ z2 + 2z + 1 = (z + 1)2

Äîêàæåì, ÷òî ∀ε > 0, a > 0: nε = Ω(loga n).

1. nε ≥ loga n | äîêàæåì äëÿ êîíñòàíòû 1

2. (eε)k ≥ ka | log n = k, ek = n

3. Ck ≥ ka | C = eε, ñâåëè ê ïðåäûäóùåé çàäà÷å

5 Ïðîâåðüòå êîððåêòíîñòü, äîêàæèòå

1. 2n+3 = Θ(2n)

2. 22n+1 = Θ(2n)

3. g(n) = O(f(n))⇒ 2g(n) = O(2f (n))

3. g(n) = o(f(n))⇒ 2g(n) = o(2f (n))

4. f(n) + g(n) = Θ(f(n)+g(n)
2

)

5. nlogn = O(1.1n)

6. n3

n2+n logn
= O(n log n)

7. f(n) = O(f(n
2
))

8. f(n) + o(f(n)) = Θ(f(n))

9. log n! = Θ(n log n)

10. nn = O(n!)

11. n log n− log n! = Θ(n)
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6 Äîìàøíåå çàäàíèå

1. 4.{5,6,7,8,9}
Ïðè ðåøåíèè 4.5 ìîæíî ññûëàòüñÿ íà óæå äîêàçàííûå ôàêòû.

2. Çàïîëíèòü òàáëè÷êó. A = O(B)? A = o(B)? è ò.ä.

A B O o Θ ω Ω
n n2 + + − − −

lgk n nε

nk cn√
n nsinn

2n 2n/2

nlgm mlgn

lg(n!) lg(nn)

3. Óïîðÿäî÷èòü ôóíêöèè â ïîðÿäêå âîçðàñòàíèÿ. Åñëè êàêèå-òî ôóíêöèè ðàâíû (f =
Θ(g)), óêàçàòü ýòî. Çäåñü lg n�äâîè÷íûé ëîãàðèôì, lnn�íàòóðàëüíûé ëîãàðèôì.

lg(lg∗ n) 2lg
∗n (

√
n)lgn n2 n! (lg n)!

(3/2)n n3 lg2 n lg n! 22n n1/ lgn

ln lnn lg∗ n n · 2n nlg lgn lnn 1
2lnn (lg n)lgn en 4lgn (n+ 1)!

√
lg n

lg∗ lg n 2
√
2 lgn n 2n n lg n 22n+1

Ïðèìå÷àíèå: lg∗(n) =

{
0 åñëè n ≤ 1;
1 + lg∗(lg n) èíà÷å

4. Ïîñ÷èòàòü òî÷íî:∑∞
k=0

1
2k∑∞

k=0
(−1)k
2k
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