
Çàäà÷è (ìíîãî÷ëåí ×åáûøåâà)

Äàíà ôóíêöèÿ
Tn(x) = cos(n arccosx),

çàäàííàÿ íà [−1, 1].

1. Äîêàçàòü, ÷òî Tn(x) � ïîëèíîì ñòåïåíè n, óäîâëåòâîðÿþùèé ðåêóð-
ðåíòíîìó ñîòíîøåíèþ

Tn+1(x) = 2xTn(x)− Tn−1(x)

2. Äàíà ïîñëåäîâàòåëüíîñòü

xk = x0Tk(z).

Íàéòè ðåêóððåíòíîå ñîîòíîøåíèå äëÿ xk.

3. Äîêàçàòü, ÷òî maxx∈[−1,1] |Tn(x)| = 1 è ïðè n > 0, Tn(x) ïðèíèìàåò

çíà÷åíèå −1 ðîâíî
[
n+2
2

]
ðàç, è çíà÷åíèå 1 ðîâíî

[
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2

]
(â ñóììå n+1).

4. Äîêàçàòü, ÷òî ñòàðøèé êîýôôèöèåíò Tn(x) ðàâíÿåòñÿ 2n.

5. Äîêàçàòü, ÷òî ñðåäè ìíîãî÷ëåíîâ ñòåïåíè n ñî ñòàðøèì êîýôôèöè-
åíòîì 1 ìíîãî÷ëåí 1

2nTn(x) ìèíèìèçèðóåò ìàêñèìàëüíîå îòêëîíèåíèå
îò íóëÿ íà îòðåçêå [−1, 1], òî åñòü äëÿ ëþáîãî ìíîãî÷ëåíà P ñòåïåíè
n− 1

max
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|xn + P (x)| ≥ max
x∈[−1,1]
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6. Íàéòè ìíîãî÷ëåí ñî ñòàðøèì êîýôôèöèåíòîì 1, èìåþùèé íàèìåíü-

øåå îòêëîíåíèå íà [a, b] (âûðàçèòü ÷åðåç Tn(x)).

7. Íàéòè ìíîãî÷ëåí Pk(x) ñ ìëàäøèì êîýôôèöèåíòîì 1, èìåþùèì íàè-
ìåíüøåå îòêëîíåíèå íà [a, b] ïðè 0 < a < b.

8. Íàéòè ðåêóððåíòíîå ñîîòíîøåíèå äëÿ Pk(x).


