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Óñëîâíîå ìàòåìàòè÷åñêîå îæèäàíèå

Îïðåäåëåíèå (Óñëîâíîå ì.î.)
Ñîâñåì íåôîðìàëüíîå îïðåäåëåíèå E (Y |X ): ñëó÷àéíàÿ
âåëè÷èíà, óñðåäíÿþùàÿ çíà÷åíèÿ Y îòíîñèòåëüíî çíà÷åíèé X.
Ñâîéñòâà:
1) Äëÿ íåçàâèñèìûõ âåëè÷èí E (Y |X ) = E (Y )
2) E (E (Y |X )) = E (Y )
3) E (f (X )Y |X ) = f (X )E (Y |X )
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Bias-variance

Òåîðåìà
Ïóñòü åñòü ñîâìåñòíîå ðàñïðåäåëåíèå P(x , y) è íåêîòîðàÿ
âûáîðêà (X ,Y ). Ðàññìîòðèì ìàòåìàòè÷åñêîå îæèäàíèå îøèáêè
E (y − f (x))2. Ëó÷øàÿ îöåíêà â ñìûñëå E (y − f (x))→ min
áóäåò E (Y |X ).

Îïðåäåëåíèå

E (y − f (x))2 = E (y − E (y |x))2 + E (E (y |x)− f (x))2

E (y − E (y |x))2 - øóì
E (E (y |x)− f (x))2 - bias-variance
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Bias-variance

Îïðåäåëåíèå
Òåïåðü ïðåäñòàâèì, ÷òî åñòü ìíîãî äàòàñåòîâ D è îöåíêà
çàâèñèò îò D: f (x ,D).

ED(E (y |x)− f (x ,D))2 =

= (E (y |x)− ED(f (x ,D)))2 + ED(f (x ,D)− ED(f (x ,D)))2

(E (y |x)− ED(f (x ,D)))2 - bias2

ED(f (x ,D)− ED(f (x ,D)))2 - variance
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Bias-variance

5/13



Bias-variance
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Bias-variance

Ïðèìåð
Ðàññìîòðèì ôóíêöèþ h(x) = sin(2πx). È âîçüìåì L = 100
äàòàñåòîâ ïî N = 25 òî÷åê. Ïîñòðîèì ðåãðåññèþ ñ
ðåãóëÿðèçàöèåé L2 è ãàóññîâñêèìè áàçèñíûìè ôóíêöèÿìè.

y(x) =
L∑

l=1

y (l)(x)

bias2 =
1

N

N∑
n=1

(y(xn)− h(xn))
2

1

N

N∑
n=1

1

L

L∑
l=1

(y (l)(xn)− y(xn))
2
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Bias-variance
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Bias-variance
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Bias-variance
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Bias-variance
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Êðîññ-âàëèäàöèÿ

Îïðåäåëåíèå
1) Äàòàñåò S ðàçäåëèì íà Strain è Scv
2) Òðåíèðóåì ìîäåëè íà Strain
3) Âûáåðåì ìîäåëü ñ íàèìåíüøåé îøèáêîé íà Scv
4) (îïöèîíàëüíî) Òðåíèðóåì âûáðàííóþ ìîäåëü íà âñåì S
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Ê-êðàòíàÿ êðîññ-âàëèäàöèÿ

Îïðåäåëåíèå
1) Äàòàñåò S ðàçäåëèì íà k ðàâíûõ ÷àñòåé: S = S1 ∪ . . . ∪ Sk
2) Äëÿ êàæäîãî j = 1 . . . k òðåíèðóåì ìîäåëü Mi íà
S1 ∪ . . . ∪ Sj−1 ∪ Sj+1 ∪ . . . ∪ Sk , ïðîâåðÿåì íà Sj , ñ÷èòàåì
îøèáêè
3) Âûáèðàåì ìîäåëü ñ íàèìåíüøèì ñðåäíèì ïî j îøèáîê
4) (îïöèîíàëüíî) Òðåíèðóåì âûáðàííóþ ìîäåëü íà âñåì S

13/13


