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Îáùàÿ èäåÿ ñóáãðàäèåíòà

Äëÿ ïðîèçâîëüíîé äèôôåðåíöèðóåìîé âûïóêëîé ôóíêöèè f âûïîëíÿåòñÿ

f (y) ≥ f (x) +∇f (x)T (y − x).

Ãðàäèåíòíûé ñïóñê
xk+1 = xk − αk∇f (xk).

Ïðè ïðàâèëüíîì âûáîðå αk ïîñëåäîâàòåëüíîñòü ñõîäèòñÿ.

Íà ñàìîì äåëå âìåñòî ∇f (xk) ìîæíî âûáèðàòü ëþáîé âåêòîð g òàêîé, ÷òî

f (y) ≥ f (xk) + gT
k (y − xk).

Âûïóêëàÿ ôóíêöèÿ íå îáÿçàíà áûòü äèôôåðåíöèðóåìîé, íî îáÿçàíà èìåòü
õîòÿ áû îäèí òàêîé âåêòîð g â ëþáîé òî÷êå x .
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Îïðåäåëåíèå ñóáãðàäèåíòà

Îïðåäåëåíèå

Ïóñòü f : D → R. Âåêòîð g íàçûâàåòñÿ ñóáãðàäèåíòîì ôóíêöèè f â òî÷êå

x ∈ D, åñëè ∀y ∈ D âûïîëíÿåòñÿ

f (y) ≥ f (x) + gT (y − x).

Îïðåäåëåíèå

Ñóáäèôôåðåíöèàëîì f â òî÷êå x íàçûâàåòñÿ ìíîæåñòâî âñåõ ñóáãðàäèåíòîâ f
â òî÷êå x è îáîçíà÷àåòñÿ ∂f (x).
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Ãåîìåòðè÷åñêèå ñâîéñòâà ñóáãðàäèåíòà

f(x)

x∗

f(x ∗
) +∇f(x ∗

) T
(x−

x ∗
)

Îïîðíûå ïðÿìûå äëÿ ýïèãðàôà äèôôåðåíöèðóåìîé âûïóêëîé ôóíêöèè.
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Ãåîìåòðè÷åñêèå ñâîéñòâà ñóáãðàäèåíòà

x∗

f(x)

f
(x ∗

)
+
g T1 (x−

x ∗
)

f(x ∗
) + g T

2 (x− x ∗
)

Îïîðíûå ïðÿìûå äëÿ ýïèãðàôà ïðîèçâîëüíîé âûïóêëîé ôóíêöèè.
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Ãåîìåòðè÷åñêèå ñâîéñòâà ñóáãðàäèåíòà

g(x) ≤ 0

∇g(x∗)

x∗

∇g(x ∗
) T
(x−

x ∗
) =

0

Îïîðíûå ïðÿìûå äëÿ ìíîæåñòâà, îãðàíè÷åííîãî äèôôåðåíöèðóåìîé
âûïóêëîé ôóíêöèåé.
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Ãåîìåòðè÷åñêèå ñâîéñòâà ñóáãðàäèåíòà

f(x) ≤ α

x∗

g1g2

g T
1 (x− x∗) = 0gT2 (x

− x∗ ) =
0

Îïîðíûå ïðÿìûå äëÿ ìíîæåñòâà, îãðàíè÷åííîãî ïðîèçâîëüíîé âûïóêëîé
ôóíêöèåé.
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Ïðèìåð: âûïóêëûå êóñî÷íî-ëèíåéíûå ôóíêöèè

f (x) = |x | = max{x ,−x}

|x|

∂f (x) =


{1}, x > 0

[−1, 1], x = 0

{−1}, x < 0

f (x) = max
1≤i≤m

aix + bi

a i
x
+
b i

∂f (x) =

[
min
i∈I (x)

ai ; max
i∈I (x)

ai

]
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Ñâîéñòâà ñóáãðàäèåíòà

1. Åñëè f âûïóêëà è çàìêíóòà íà D, òî ∀x ∈ IntD ∂f (x) � íåïóñòîå çàìêíóòîå
âûïóêëîå ìíîæåñòâî.

Äîê-âî. Åñëè f âûïóêëà íà D, òî ýïèãðàô f � âûïóêëîå ìíîæåñòâî, òîãäà â
òî÷êå (x , f (x)) ñóùåñòâóåò îïîðíàÿ ãèïåðïëîñêîñòü c íîðìàëüþ
(g , h), 0 6= h ∈ R, g ∈ Rn:

∀y ∈ D, τ ≥ f (y) : h(τ − f (x)) + gT (y − x) ≥ 0.

Íå óìàëÿÿ îáùíîñòè ìîæíî ñ÷èòàòü, ÷òî h2 + ||g ||2 = 1. Òàê êàê τ ìîæíî
âçÿòü áåñêîíå÷íî áîëüøèì, òî äëÿ âûïîëíåíèÿ ýòîãî íåðàâåíñòâà
íåîáõîäèìî h ≥ 0.
Òàê êàê f çàìêíóòà è âûïóêëà, òî â íåêîòîðîé îêðåñòíîñòè Vx òî÷êè x îíà
óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà:

f (y)− f (x) ≤ M||y − x ||, y ∈ Vx ,

÷òî äàåò ïðè y ∈ Vx

−gT (y − x) ≤ h(f (y)− f (x)) ≤ hM||y − x ||.
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Ñâîéñòâà ñóáãðàäèåíòà

Âçÿâ y = x − εg ïîëó÷àåì ||g ||2 ≤ Mh||g ||, ÷òî, ó÷èòûâàÿ ||g ||2 + h2 = 1, äàåò

h ≥ 1√
1 + M2

> 0,

à çíà÷èò − 1
hg � ñóáãðàäèåíò f â òî÷å x .

Ñ äðóãîé ñòîðîíû, åñëè g ∈ ∂f (x), òî ïðè y = x − εg/||g || ∈ Vx

ε||g || = gT (y − x) ≤ f (y)− f (x) ≤ M||y − x || = Mε,

÷òî äàåò îãðàíè÷åííîñòü ∂f (x). Âûïóêëîñòü è çàìêíóòîñòü ëåãêî
ïðîâåðÿþòñÿ ïî îïðåäåëåíèþ. �

Çàìå÷àíèå. Ôóíêöèÿ f (t) = −
√
t çàäàíà íà D = {t ≥ 0}, âûïóêëà è

çàìêíóòà, íî ïðè ýòîì â òî÷êå t = 0 ñóáäèôôåðåíöèàë ïóñò.
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Ñâîéñòâà ñóáãðàäèåíòà

2. Åñëè f âûïóêëà è äèôôåðåíöèðóåìà íà D, òî ïðè
x ∈ D : ∂f (x) = {∇f (x)}.

Äîê-âî. Î÷åâèäíûì îáðàçîì ∇f (x) ∈ ∂f (x). Ñ äðóãîé ñòîðîíû, åñëè
g ∈ ∂f (x), òî

f (y) = f (x) +∇f (x)T (y − x) + o(||y − x ||) ≥ f (x) + gT (y − x),

(∇f (x)− g)T (y − x) ≥ o(||y − x ||).
Ïîñëåäíåå íåðàâåíñòâî ìîæåò áûòü âûïîëíåíî òîëüêî åñëè g = ∇f (x). �
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Ñâîéñòâà ñóáãðàäèåíòà

3. Ïóñòü D ∈ Rn,B ∈ Rm, f : D × B → R � âûïóêëàÿ ôóíêöèÿ, x ∈ D, y ∈ B,
òîãäà ôóíêöèÿ

φx(y) = f (x , y)

âûïóêëà è ïðè ýòîì åñëè (g , h) ∈ ∂f (x , y), òî h ∈ ∂φx(y).

Äîê-âî.

φx(z) = f (x , z) ≥ f (x , y) + gT (x − x) + hT (z − y)

= φx(y) + hT (z − y) �

Äàëåå áóäåì îáîçíà÷àòü ∂y f (x , y) = ∂φx(y). Ñòîèò îòìåòèòü, ÷òî â îòëè÷èè
îò äèôôåðåíöèðîâàíèÿ, åñëè g ∈ ∂x f (x , y), h ∈ ∂y f (x , y), òî ýòî åùå íå
çíà÷èò, ÷òî (g , h) ∈ ∂f (x , y) (íàïðèìåð f (x) = ||x ||2 ïðè x = 0n). Ñòîèò
îäíàêî îòìåòèòü, ÷òî ∀h ∈ ∂y f (x , y) ∃g ∈ ∂x f (x , y) òàêîå, ÷òî
(g , h) ∈ ∂f (x , y).
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Ñâîéñòâà ñóáãðàäèåíòà

4. Îáîçíà÷èì çà f ′(x ; p) � ïðîèçâîäíóþ f â òî÷êå x ïî íàïðàâëåíèþ p, ò.å.

f ′(x ; p) = lim
α→0+

f (x + αp)− f (x)

α
.

Åñëè f âûïóêëà íà D, òî äëÿ x ∈ IntD f ′(x ; p) ñóùåñòâóåò è

f ′(x ; p) = sup
g∈∂f (x)

gTp.

Äîê-âî. Ïóñòü x ∈ IntD, îáîçíà÷èì ϕ(p) = f ′(x ; p). Åñëè g ∈ ∂f (x), òî

f (x + αp) ≥ f (x) + αgTp.

Ñëåäîâàòåëüíî, ó÷èòûâàÿ ϕ(0) = 0, ∂f (x) ⊂ ∂ϕ(0). Äàëåå, åñëè g ∈ ∂ϕ(0), òî

f (x + p) ≥ f (x) + ϕ(p) ≥ f (x) + gTp.

Ñëåäîâàòåëüíî ∂ϕ(0) ⊂ ∂f (x) (Ïåðâîå íåðàâåíñòâî è ñóùåñòâîâàíèå f ′(x , p)
áåç äîêàçàòåëüñòâà).
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Ñâîéñòâà ñóáãðàäèåíòà

Ðàññìîòðèì gp ∈ ∂ϕ(p), α > 0, òîãäà

αϕ(y) = ϕ(αy) ≥ ϕ(p) + gT
p (αy − p).

Óñòðåìëÿÿ α→∞ ïîëó÷àåì

ϕ(y) ≥ gT
p y = ϕ(0) + gT

p y .

Ñëåäîâàòåëüíî, gp ∈ ∂ϕ(0). Óñòðåìëÿÿ α→ 0 ïîëó÷àåì

ϕ(p)− gT
p p ≤ 0.

Íî ðàç gp ∈ ∂f (x), òî

ϕ(p) = lim
α→0+

f (x + αp)− f (x)

α
≥ gT

p p.

Çíà÷èò,
gT
p p = sup

g∈∂f (x)

gTp = max
g∈∂f (x)

gTp = f ′(x , p). �
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Ñâîéñòâà ñóáãðàäèåíòà

5. Åñëè f1, f2 âûïóêëû íà D, f = αf1 + βf2, òî ∂f (x) = α∂f1(x) + β∂f2(x).

Äîê-âî. Â ñèëó ëèíåéíîñòè ïðîèçâîäíîé ïî íàïðàâëåíèþ

f ′(x ; p) = max
g∈∂f (x)

gTp = α max
g∈∂f1(x)

gTp + β max
g∈∂f2(x)

gTp

= max
g∈α∂f1(x)+β∂f2(x)

gTp.

Òàêèì îáðàçîì îïîðíûå ôóíêöèè ∂f (x) è α∂f1(x) + β∂f2(x) ñîâïàäàþò.
Ñëåäîâàòåëüíî, ñîâïàäàþò è ñàìè ìíîæåñòâà. �

Ìàëüêîâñêèé Í. Â. (ÑÏáAÓ) Ñóáãðàäèåíòíûé ñïóñê 15 / 34



Ñâîéñòâà ñóáãðàäèåíòà

6. Åñëè f1, . . . , fm � âûïóêëûå ôóíêöèè, òî äëÿ ôóíêöèè
f (x) = max1≤i≤m fi (x) âûïîëíÿåòñÿ

∂f (x) = Conv∪i∈I (x)∂fi (x),

ãäå I (x) = {i | fi (x) = f (x)}, ConvX � âûïóêëàÿ îáîëî÷êà ìíîæåñòâà X .

Äîê-âî. Äëÿ ïðîñòîòû ïîëàãàåì, ÷òî I (x) = {1, . . . , k}.
f ′(x ; p) = max

i∈I (x)
f ′i (x ; p)

= max
1≤i≤k

max
gi∈∂fi (x)

gT
i p

= max
α∈∆k

{
k∑

i=1

αi max
gi∈∂fi (x)

gT
i p

}

= max
α∈∆k , gi∈∂fi (x)

{
k∑

i=1

αig
T
i p

}
= max
α∈∆k , g∈

∑k
i=1 αi∂fi (x)

{gTp} = max
g∈Conv∪i∈I (x)∂fi (x)

{gTp}. �
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Ñâîéñòâà ñóáãðàäèåíòà

7. Åñëè x∗ ∈ IntD, òî x∗ ÿâëÿåòñÿ òî÷êîé ìèíèìóìà f íà D òîãäà è òîëüêî
òîãäà, êîãäà 0n ∈ ∂f (x∗).

Äîê-âî. Ýêâèâàëåíòíîñòü ïîëíîñòüþ îïèñûâàåòñÿ ñëåäóþùèì íåðàâåíñòâîì

f (x) ≥ f (x∗) + 0T
n (x − x∗). �
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Ñâîéñòâà ñóáãðàäèåíòà

8. f � íåïðåðûâíà ïî Ëèïøèöó ñ êîíñòàíòîé M òîãäà è òîëüêî òîãäà, êîãäà
∀x ∈ D, ∀g ∈ ∂f (x) : ||g || ≤ M.

Äîê-âî. (Íåîáõîäèìîñòü) Î÷åâèäíûì îáðàçîì, åñëè äëÿ íåêîòîðîãî x
ñóùåñòâóåò g ∈ ∂f (x), ||g || > M, òî äëÿ y = x + αg èìååì

f (y)− f (x) ≥ gT (y − x) = |α|||g ||2 > M||y − x ||.

(Äîñòàòî÷íîñòü) Åñëè g ∈ ∂f (x), òî

f (x)− f (y) ≤ gT (x − y) ≤ ||g || · ||y − x || ≤ M||y − x ||. �
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Ïðèìåð: l1 è l2 íîðìû

f (x) = ||x ||1 = max
s∈{−1,1}n

sT x

Î÷åâèäíûì îáðàçîì, åñëè sT x = pT x
ïðè s, p ∈ {−1, 1}n, òî xi 6= 0 ⇒
pi = si . Òàêèì îáðàçîì
∂f (x) = J1(x)× . . .× Jm(x), ãäå

Ji (x) =


{1}, xi > 0

[−1, 1], xi = 0

{−1}, xi < 0

f (x) = ||x ||2 =

√√√√ n∑
i=1

x2
i

f äèôôåðåíöèðóåìà âî âñåõ òî÷êàõ
êðîìå 0n, ñëåäîâàòåëüíî, åñëè x 6= 0n,

òî ∂f (x) = {∇f (x)} =
{

x
||x||2

}
. Äëÿ 0n

èìååì

f (0n; p) = lim
α→0+

||αp||2
α

= ||p||2,

÷òî ÿâëÿåòñÿ îïîðíîé ôóíêöèåé
åäèíè÷íîãî øàðà. Ñëåäîâàòåëüíî,
∂f (0n) = {x | ||x ||2 ≤ 1}.
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Ñóáãðàäèåíò ìàòåìàòè÷åñêîãî îæèäàíèÿ

Ïóñòü F : D × Ω→ R, F âûïóêëà ïî ïåðâîìó àðãóìåíòó, ω � íåêîòîðàÿ
ñëó÷àéíàÿ âåëè÷èíà íà Ω. Ðàññìîòðèì ôóíêöèþ

f (x) = EωF (x , ω).

f � âûïóêëà.

Eω∂xF (x , ω) ⊂ ∂f (x)

Åñëè g : Ω→ ∂xF (x , ω), òî Eωg(ω) ∈ ∂f (x):

F (y , ω) ≥ F (x , ω) + gT (ω)(y − x)

Âçÿâ ìàòåìàòè÷åñêîå îæèäàíèå îò îáîèõ ÷àñòåé íåðàâåíñòâà ïîëó÷àåì
âëîæåííîñòü ñóáãðàäèåíòà è åãî íåïóñòîòó (à ñëåäîâàòåëüíî è âûïóêëîñòü).
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Ñóáãðàäèåíò ïîòî÷å÷íîãî ñóïðåìóìà

Ïóñòü F : D × Y → R âûïóêëà ïî ïåðâîìó àðãóìåíòó. Ðàññìîòðèì

f (x) = sup
y∈Y

F (x , y)

Ðàíåå ðàññìàòðèâàëñÿ ñëó÷àé êîíå÷íîãî Y , äëÿ ïðîèçâîëüíîãî æå
âûïîëíÿåòñÿ

Conv
⋃

F (x,y)=f (x)

∂xF (x , y) ⊂ ∂f (x)

Â ÷àñòíîñòè, åñëè F (x , y) = f (x), òî ∂xF (x , y) ⊂ ∂f (x).
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Ñóáãðàäèåíò ïîòî÷å÷íîãî èíôèóìà

Ïóñòü F : D × Y → R âûïóêëà (ïî (x , y)). Ðàññìîòðèì

f (x) = inf
y∈Y

F (x , y)

Ïîêàæåì, êàê íàéòè õîòÿ áû îäèí ñóáãðàäèåíò: ïóñòü f (x∗) = F (x∗, y∗) äëÿ
íåêîòîðûõ x∗, y∗. Òàê êàê F (x∗, y∗) = infy∈Y F (x∗, y), òî 0Y ∈ ∂yF (x∗, y∗),
ñëåäîâàòåëüíî ñóùåñòâóåò (g , 0Y ) ∈ ∂F (x∗, y∗), òàêèì îáðàçîì

F (x , y) ≥ F (x∗, y∗) + gT (x − x∗) + 0T
Y (y − y∗).

Ìèíèìèçèðóÿ ïî y ëåâóþ ÷àñòü (ïðàâàÿ íå çàâèñèò îò y) è ó÷èòûâàÿ
f (x∗) = F (x∗, y∗) ïîëó÷àåì

f (x) ≥ f (x∗) + gT (x − x∗)

Çàìå÷àíèå. Íàõîæäåíèå ñóáãðàäèåíòà ïðåäïîëàãàåò äîñòèæèìîñòü èíôèóìà,
ò.å. ôàêòè÷åñêè f (x) = miny∈Y F (x , y).
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Óñëîâèÿ ÊÊÒ è ñóáãðàäèåíò

Ïóñòü f : D ⊂ Rn → R, g : D → Rm 1 ≤ i ≤ m � íåïðåðûâíî
äèôôåðåíöèðóåìûå ôóíêöèè íà D. Ðàññìîòðèì çàäà÷ó

ìèíèìèçèðîâàòü f (x)
ïðè óñëîâèè gi (x) ≤ 0m.

Ââåäåì äâå âñïîìîãàòåëüíûå ôóíêöèè

F (t, x) = max{f (x)− t; gi (x), 1 ≤ i ≤ m}

f ∗(t) = min
x

F (t, x)

Ëåììà

Åñëè t∗ = ming(x)≤0m
f (x), òî{

f ∗(t) ≤ 0, t ≥ t∗,

f ∗(t) > 0, t < t∗.
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Óñëîâèÿ ÊÊÒ è ñóáãðàäèåíò

Äîê-âî. Ïóñòü f (x∗) = t∗, òîãäà ïðè t ≥ t∗

f ∗(t) ≤ F (t, x∗) = max{t∗ − t, gi (x
∗)} ≤ 0.

Ñ äðóãîé ñòîðîíû, åñëè äëÿ íåêîòîðîãî t < t∗ âûïîëíÿåòñÿ f ∗(t) ≤ 0, òî äëÿ
y = argminx F (t, x) èìååì

f ∗(t) = max{f (y)− t, gi (y)} ≤ 0,

ò.å. g(y) ≤ 0m è f (y)− t < f (y)− t∗ ≤ 0, à çíà÷èò x∗ � íå òî÷êà ìèíèìóìà
èñõîäíîé çàäà÷è. �
Ñëåäñòâèå. x∗ = argming(x)≤0m

f (x)⇔ x∗ = argminx F (t∗, x).

Åñëè x∗ = argming(x)≤0m
f (x), òî F (t∗, x∗) = 0. Èç ëåììû ñëåäóåò, ÷òî

0 = F (t∗, x∗) = f ∗(t∗), ò.å. x∗ ìèíèìèçèðóåò F (t∗, ·).

Ñ äðóãîé ñòîðîíû, åñëè F (t∗, x∗) äîñòèãàåò ìèíèìóìà íà x∗, òî F (t∗, x∗) = 0.
Ñëåäîâàòåëüíî, g(x∗) ≤ 0m, f (x∗) = t∗. �
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Óñëîâèÿ ÊÊÒ è ñóáãðàäèåíò

Íàêîíåö, èç ñâîéñòâ ñóáãðàäèåíòà, åñëè x∗ ìèíèìèçèðóåò F (t∗, ·), òî

0n ∈ ∂xF (t∗, x∗) = Conv
⋃

i∈I (x∗)

{∇f (x∗);∇gi (x∗)}

Â ñîîòâåòñòâóþùóþ âûïóêëóþ îáîëî÷êó âñåãäà âûõîäèò ∇f (x∗), à òàê æå
àêòèâíûå îãðàíè÷åíèÿ gi (x

∗) = 0. Èç õàðàêòåðèñòèêè âûïóêëîé îáîëî÷êè
ïîëó÷àåì, ÷òî ñóùåñòâóþò òàêèå íåîòðèöàòåëíûå êîýôôèöèåíòû λ0, . . . , λm,
÷òî

0n = λ0∇f (x∗) +
m∑
i=1

λi∇gi (x∗),

Ïðè ýòîì λi 6= 0⇒ gi (x
∗) = 0. Äîáàâëÿÿ óñëîâèÿ ðåãóëÿðíîñòè (âåêòîðû

∇gi (x∗) ëèíåéíî íåçàâèñèìû) ïîëó÷àåì, ÷òî λ0 > 0.
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Óñëîâèÿ ÊÊÒ è ñóáãðàäèåíò

Èòîãî èìååì: x∗ = argming(x)≤0m
f (x), òîãäà ñóùåñòâóþò λ1, . . . , λm òàêèå, ÷òî

1. ∇f (x∗) +
m∑
i=1

λi∇gi (x∗) = 0n

2. g(x∗) ≤ 0n

3. λi ≥ 0

4. λigi (x
∗) = 0
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Ñóáãðàäèåíòíûé ñïóñê

Èòàê, ïóñòü f : D → R � âûïóêëàÿ ôóíêöèÿ. Çàìåíÿÿ â ãðàäèåíòíîì ìåòîäå
ãðàäèåíò íà ñóáãðàäèåíò ïîëó÷àåì

xk+1 = xk − αkgk , gk ∈ ∂f (xk) (1)

Îñíîâíîå ïðåèìóùåñòâî: ïðèìåíèì äëÿ ëþáîé âûïóêëîé ôóíêöèè

Îñíîâíîé íåäîñòàòîê: ýêñïîíåíöèàëüíóþ ñõîäèìîñòü ìîæíî ïîëó÷èòü â
äîâîëüíî ýêçîòè÷åñêèõ ñëó÷àÿõ. Â ïîäàâëÿþùåì áîëüøèíñòâå ñõîäèìîñòü
ìåäëåííàÿ.

Îñíîâíàÿ ïðîáëåìà: â îòëè÷èè îò ãðàäèåíòíîãî ñïóñêà íåëüçÿ ãàðàíòèðîâàòü,
÷òî gk → 0n äàæå åñëè xk → x∗.
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Îñíîâíûå ïðåäïîëîæåíèÿ

Â äàëüíåéøåì áóäåò ïðåäïîëàãàòüñÿ ñëåäóþùåå

f � âûïóêëàÿ íà D ôóíêöèÿ.

f íåïðåðûâíà ïî Ëèïøèöó ñ êîíñòàíòîé L, èíà÷åãî ãîâîðÿ âñå
ñóáãðàäèåíòû f ðàâíîìåðíî îãðàíè÷åíû íà D êîíñòàíòîé L.

Ðàññòîÿíèå îò íà÷àëüíîãî ïðèáëèæåíèÿ äî áëèæàéøåé òî÷êè ìèíèìóìà
îãðàíè÷åíî R. Èíà÷å ãîâîðÿ,

||x0 − x∗|| ≤ R
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Ñïîñîáû âûáîðà øàãà

Ïîñòîÿííûé
αk = α

Ðàñõîäÿùèéñÿ ðÿä

αk → 0,
∞∑
i=0

αk =∞

Ðàñõîäÿùèéñÿ ðÿä ñî ñõîäÿùèìñÿ ðÿäîì êâàäðàòîâ

∞∑
i=0

αk =∞,
∞∑
i=0

α2
k <∞

Íîðìèðîâàííûé

αk =
γk
||gk ||

γk � îäíà èç âûøåóêàçàííûõ ïîñëåäîâàòåëüíîñòåé.
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Îñíîâíîå íåðàâåíñòâî ñóáãðàäèåíòíîãî ñïóñêà

Ïóñòü φk = min1≤i≤k f (xk), òîãäà

||xk+1 − x∗||2 = ||xk − x∗||2 − 2αkg
T
k (xk − x∗) + α2

k ||gk ||2

≤ ||xk − x∗||2 − 2αk(f (xk)− f (x∗)) + α2
kL

2

≤ ||x0 − x∗||2 − 2
k∑

i=0

αi (f (xi )− f (x∗)) + L2
k∑

i=0

α2
i

= ||x0 − x∗||2 − 2(φk − f (x∗))
k∑

i=0

αi + L2
k∑

i=0

α2
i

Òàêèì îáðàçîì

φk − f (x∗) ≤ R + L2
∑k

i=1 α
2
i

2
∑k

i=1 αi

(2)
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Ñõîäèìîñòü ñóáãðàäèåíòíîãî ñïóñêà

Òåîðåìà (Î ñõîäèìîñòè ñóáãðàäèåíòíîãî ñïóñêà)

Åñëè f � âûïóêëàÿ íà D ôóíêöèÿ, x∗ � òî÷êà ìèíèìóìà f íà D, f
íåïðåðûâíà ïî Ëèïøèöó ñ êîíñòàíòîé L, ||x0 − x∗|| ≤ R, òî äëÿ íàèëó÷øåãî

ïðèáëèæåíèÿ, ãåíåðèðóåìîãî ïî ïðàâèëó (1) âûïîëíÿåòñÿ

Ïðè αk = α

lim
k→+∞

φk − f (x∗) ≤ αL2

2

Ïðè αk → 0,
∑∞

k=1 αk =∞

φk − f (x∗)→ 0.
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Ñõîäèìîñòü ñóáãðàäèåíòíîãî ñïóñêà

Äîê-âî. Ïåðâîå óòâåðæäåíèå âûâîäèòñÿ íåïîñðåäñòâåííî ïîäñòàíîâêîé
αk = α è ïðåäåëüíûì ïåðåõîäîì â (1)

Äëÿ âòîðîãî óòâåðæäåíèÿ â ñèëó αi → 0 ñóùåñòâóåò N1 : ∀k > N1 αi <
ε
L2 , à

â ñèëó
∑∞

i=0 αi =∞ ñóùåñòâóåò N2 : ∀n > N2

∑n
i=0 αi >

R
ε òàêèì îáðàçîì

äëÿ k ≥ max{N1,N2} ïîëó÷àåì

φk − f (x∗) ≤ R + L2
∑k

i=1 α
2
i

2
∑k

i=0 αi

≤ R

2
∑k

i=0 αi

+
L2ε
∑k

i=0 αi

2
∑k

i=0 αi

<
R

2R
ε

+
ε
∑k

i=0 αi

2
∑k

i=0 αi

= ε
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Îïòèìàëüíûé âûáîð øàãà îòíîñèòåëüíî (2)

Îöåíêà (2) ïðåäñòàâëÿåò ñîáîé ôóíêöèþ ïåðåìåííûõ α1, . . . , αk ,
ìèíèìèçàöèÿ êîòîðîé áóäåò äàâàòü ãàðàíòèþ ëó÷øåé ñõîäèìîñòè.

Îáîçíà÷èì

Φ(α1, . . . , αk) =
R + L2

∑k
i=1 α

2
i

2
∑k

i=1 αi

.

Äèôôåðåíöèðóÿ ïî αi ïîëó÷àåì

∂Φ

∂αi
=

4L2αi

∑k
i=1 αi − 2(R + L2

∑k
i=1 α

2
i )

(2
∑k

i=1 αi )2
= 0.

Óðàâíåíèå èäåíòè÷íî äëÿ ðàçëè÷íûõ i , ÷òî äàåò ðàâåíñòâî âñåõ αi .
Èñïîëüçóÿ ýòî ïîëó÷àåì óïðîùåííîå óðàâíåíèå íà αi :

4L2kα2
i = 2R + 2L2kα2

i ,

÷òî äàåò

αi =

√
R

L
√
k
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